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Abstract

Increasing recognition is being placed, both in industry and in academia, on effective
supply chain management. The term supply chain management presupposes that there
exists a supply chain to be managed. With afocus on supply chains in which demand
uncertainty is the key challenge, this dissertation devel ops strategies and modelsto aid in
the design of certain supply chain features, namely capacity, flexibility and wholesale
price schedules.

Firstly, this dissertation studies capacity investments in single-product supply chains
in which the participants make investments to maximize their individual expected profits.
Using a stylized game theoretic model of a supply chain comprising a supplier and a
manufacturer, simple non-linear wholesal e price schedules, whether they be quantity
premium or quantity discount schedules, are shown to outperform simple linear schedules
in terms of the total supply chain profit achieved. While the model is stylized, it provides
insight into how actual wholesale price schedules can be structured to induce near
optimal supply chain capacity investments.

Next, this dissertation then extends the work of Jordan and Graves (1995) so asto
develop process flexibility strategies for multiple-product multiple-stage supply chains.
The ability of multiple-stage supply chainsto fill product demands is shown to be
affected by two inefficiencies, termed stage-spanning bottlenecks and floating
bottlenecks, that do not affect single-stage supply chains. Flexibility configurations
differ in the protection they provide against these inefficiencies. The chaining strategy of
Jordan and Graves (1995), with augmentation if either the number of stages or number of
productsislarge, is shown to provide a high degree of protection and therefore to enable
multiple-stage supply chains to better meet demand.

Finally, this dissertation studies the capacity decision in multiple-product multiple-
stage supply chains. Solution approaches to the capacity investment problem in which
thereis either an expected shortfall bound or a service level bound are developed. The
service level problem, while widely studied in inventory theory, has not been studied in
the multiple-product multiple-stage supply chain capacity literature to date. In addition
to developing solution approaches, insights into the optimal capacity decisionsin
multiple-product multiple-stage supply chains are provided.
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1 Introduction

1.1 Problem Context

The past decade has seen an increasing recognition of the importance of supply chain
management. Inindustry, the rapid growth of supply chain software companies testifies
to the significance that businesses place on the efficient management of their supply
chains. Research in this area has become a key focus of the operations management
academic community in recent years, a comprehensive review of thisliterature can be
found in Tayur, Ganeshan and Magazine (1998).

Numerous definitions of a supply chain exist (see for example, Lee and Billington,
1993), and while they may differ in terminology, they are reasonably consistent in
meaning. A supply chain can be thought of as a network of entities interacting to
transform raw material into finished product for customers. Each entity provides some
activity necessary for this transformation. Interactions can take the form of material,
information or monetary flow. Defining the boundaries of any particular supply chainis
somewhat arbitrary, as what constitutes finished product for one supply chain may be raw
material for another. While supply chains typically refer to manufacturing systems, asis
reflected by the terminology used, supply chains also arise in service systems.

The term “supply chain management” presupposes that there exists a supply chain to
be managed. How does this supply chain come into being? The answer is most likely a
combination of legacy, happenstance and design; where design implies that a conscious

decision concerning some supply chain feature is made with regard to the overall supply
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chain performance. This dissertation aims to develop strategies and modelsto aid in the
design of certain supply chain features.

Supply chain design encompasses avery large number of decisions. Product
development, in which product functions and features are determined, dictates certain
supply chain features. The set of processing technologies chosen to deliver product
functionality specifies some of the necessary supply chain activities. The entities that
carry out the activities need to be selected; and may be internal or external to the firm.
Willems (1999) studies the tradeoff between cost and lead time in the entity selection
problem. Rules and contracts governing entity interaction need to be specified. Willems
(1999) provides a brief review of the research on the material quality aspects of supplier-
manufacturer interactions. Tsay, Nahmias and Agrawal (1998) reviews the recent
literature on supply chain contracts. Decisions need to be made on whether the supply
chain will be a make-to-stock or make-to-order system, or some hybrid of the two. An
entity providing a supply chain activity needs to determine how this activity will be
delivered. Will it use asingle resource (i.e. plant or machine) or multiple resources?

What resource capacity is needed? Thislist of supply chain decisionsis by no means
exhaustive but it serves to highlight the complex nature of supply chain design. Supply
chain design is often further complicated by decentralized decision-making. Extra
complexity arises if the supply chain processes multiple products — aspects such as
resource flexibility must be considered.

Given the large number of interdependent supply chain decisions and the scarcity of
existing design strategies and tools, it is not altogether surprising that supply chains can

evolve on a somewhat ad hoc basis. It is unlikely that an all-encompassing supply chain
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design tool isfeasible. Indeed it isvery doubtful whether such atool would even be
useful; different supply chains face different challenges, and as such, features critical to
one supply chain may be unimportant to another.

| would argue in favor of ahierarchical approach to supply chain design. Firstly the
critical challenges facing supply chains should be categorized. For each category, the
key features that determine the ability of the supply chain to meet the challenge should be
identified. By identifying the critical challenge and key features, the supply chain design
problem becomes more manageable, allowing design strategies and tools to be
developed.

One possible categorization of supply chain challengesis cost, time and uncertainty.
In some supply chains, the unit product cost may be the overriding competitive challenge.
In others, time may be critical; whether it be final product lead time, new product
introduction time, or production ramp time. In yet other supply chains, uncertainty may
be the most important challenge. Lee and Billington (1993) identify three sources of
uncertainty, “demand (volume and mix), process (yield, machine downtimes,
transportation reliabilities), and supply (part quality, delivery reliability)”. Of course,
cost, time and uncertainty are important in different degrees to all supply chains.
However, if one aspect dominates, this helps to simplify the complex challenge of
developing appropriate strategies or tools for supply chain design.

This dissertation focuses on the design of supply chains in which demand uncertainty

Is the key challenge.
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1.2 Strategiesfor Dealing with Demand Uncertainty

Inventory, lead-time and capacity are common strategies used in supply chains facing
uncertain or variable demand. Each provides a buffering mechanism to absorb the
uncertainty.

In some supply chains, products must be produced before demand isrealized. This
typically arisesin situations where production takes along time and the selling period is
short, fashion goods for instance. Asdemand is not known when production occurs,
firms must determine how much inventory to build. A large inventory enables the firm to
fulfill demand with a high probability. In other supply chains, production and sales occur
over multiple periods. A supply chain may have anominal capacity that enablesit to
produce a certain quantity each period; that is the supply chain has an installed capacity
that can not be altered in the time frame needed to meet demand. If no inventory existsin
the system, lost sales or backorders occur in periods in which demand exceeds capacity.
By carrying inventory, a supply chain can meet some of the excess demand. Inventory
can be used to smooth the demand process. Businesses incur significant costs for holding
inventory, and as such, it isimportant that the quantity and placement of inventory be
judiciously chosen. A strategic inventory placement tool is detailed in Graves and
Willems (1998). The selection of entities to perform the supply chain activities can affect
the inventory requirement through the lead time of the various activities. Willems (1999)
develops atool for this selection problem.

Lead time, defined as the actual time between order placement and delivery, can also

be used to cope with demand uncertainty. If the lead time between a supplier and
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manufacturer is very small, then extra orders can be placed with the supplier in periods of

high demand. Customer lead time can also play arole. Finished goods service time,

defined as the time allowed between customer order placement and actual delivery, hasa

large impact on the supply chain’s ability to deal with demand uncertainty. If the service
time is small, and the demand exceeds the supply chain capacity, then a shortfall will
occur if there is insufficient inventory. As the service time increases, the supply chain
will be better able to absorb demand uncertainty. Customer orders in periods of high
demand may take longer to fill, due to capacity constraints, but as long as this increase
does not cause the customer lead time to exceed the finished goods service time, demand
can still be fulfilled. Of course, increasing finished goods service time may come at the
cost of a decrease in customer satisfaction.

The nominal capacity chosen is another mechanism that firms can use to cope with
demand uncertainty. Demand can be fulfilled as long as the capacity is not exceeded.
The larger the capacity, the less likely it is that some demand can not be met. Supply
chain capacity depends on the capacity of the entities. Each entity performs a distinct
activity and this activity may be provided by one or more resources, where a resource
may be a plant, a machine or even a person. The capacity of each entity depends on the
capacity of its resources. Capacity is costly and therefore one should be mindful of the
tradeoff between cost and customer service when the capacities of the various supply
chain entities are chosen.

In multiple-product supply chains, that is supply chains that process more than one
finished good, it is not only the capacity of the entities, but the nature of the capacity, that

plays a role in coping with demand uncertainty. Resources may be dedicated to one
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product or may be capable of performing the activity for multiple products — that is a
resource may be flexible. Flexibility enables supply chains to cope with demand
uncertainty because the allocation of resource capacity to products can occur after
demand is realized.

Inventory, lead time and the level and flexibility of capacity are all features of a
supply chain that can be used to deal with demand uncertainty. This dissertation
develops strategies and models for the supply chain capacity decision. The dissertation
contains three main chapters, with each chapter focusing on a different aspect of the
supply chain capacity problem.

Chapter 2 studies the capacity level problem in single-product supply chains with
multiple agents. That is, the individual supply chain stages make their own capacity
choices taking into account the demand uncertainty, purchase price and sales price.
Independent agent problems are of interest because agents acting in their own interest
typically make supply chain sub-optimal decisions. Cachon and Lariviere (1997, 1999)
study this problem for a supply chain comprising a manufacturer and supplier. Only the
supplier need invest in capacity. Chapter 2 analyzes supply chains in which both the
supplier and the manufacturer must invest in capacity. Moreover, it introduces a new
wholesale price schedule contract not studied by Cachon and Lariviere (1997, 1999).
This contract is a quantity premium contract whereby the manufacturer pays a higher
average unit cost as the order size increases. Such a contract may seem counter intuitive
as buyers often expect to be rewarded for placing larger orders. Quantity discounts are
prevalent both in practice and in the operations management literature. However, it is

shown that a quantity premium contract induces the supplier to invest in more capacity
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which in turn benefits the manufacturer. A correctly priced quantity premium contract
resultsin optimal supply chain capacity decisions and at the same time enables the
manufacturer to capture the total supply chain profit.

Chapter 3 develops flexibility strategies for multiple-product supply chains. The
flexibility decision is one of determining what products a resource should be ableto
process. Jordan and Graves (1995) study this problem for a single stage supply chain and
determine that a “chaining” strategy is effective. This single-stage work is extended to
multiple-stage supply chains in Chapter 3. Supply chains with multiple stages are shown
to suffer from inefficiencies that do not affect single stage supply chains. Flexibility
configurations differ in the protection they provide against these inefficiencies. A
chaining strategy similar to that of Jordan and Graves (1995) is shown to provide
effective protection against these inefficiencies. The following flexibility strategy is
developed. For multiple-stage systems, the single-stage guidelines of Jordan and Graves
(1995) should be followed to create a chain structure for each of the supply chain stages.
In supply chains with a large number of products or stages, additional flexibility is
advisable, especially for stages in which the capacity is not much greater than the
expected demand. This extra layer of flexibility should again be added in accordance
with the guidelines of Jordan and Graves (1995) to create another chain structure
overlaying the initial chain structure.

Chapter 4 focuses on the capacity level decision in multiple-product multiple-stage
supply chains in which there is a central decision-maker. The existing literature has
focused primarily on single-product or single-stage supply chains. In multiple-product

supply chains, floating bottlenecks can occur and thus it is necessary to consider the
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multiple stages of the supply chain. For an expected profit criteria, Eberly and Van
Mieghem (1997) develop the optimal policy structure, or capacity levels, for multiple-
product multiple-stage supply chains in which each stage istotally flexible. However the
authors do not develop any algorithms for determining the actual capacity levels of the
stages. Studying a special case of the model developed in Eberly and Van Mieghem
(1997), Harrison and Van Mieghem (1999) prove that the optimal capacity investment
involves some hedging that would never be optimal if the demands were known. In other
words, there may be no demand scenario for which al stages operate at capacity. The
authors provide an algorithm to determine the optimal capacity levels. However this
algorithm is not appropriate unless the number of stagesisvery low. Indeed, the purpose
of the paper isreally to provide insight into the notion that multiple-stage capacity
planning under uncertainty involves hedging rather than to provide an efficient solution
method. Chapter 4 studies the capacity decision in multiple-product multiple-stage
supply chains and devel ops problem formulations that can be solved using the Microsoft
Excel Solver. In addition to developing a solution approach to the problem in which
there is an expected shortfall bound, | develop an approach to the problem in which there
iIsaservice level bound. The service level problem, while widely studied in inventory
theory, has not been studied in the multiple-product multiple-stage supply chain capacity
literature to date. In addition to providing solution approaches, Chapter 4 provides some
insights into the optimal capacity decisions in multiple-product multiple-stage supply

chains.
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2 Capacity Decisionsin Supply Chainswith Independent Agents

2.1 Introduction

Often firms must invest in production capacity before a product is bought to market.
At the time of investment, product demand is uncertain, and the capacity decision might
be made using a forecast of the product sales, where the forecast may take the form of a
probability distribution. This uncertainty in the product demand complicates the capacity
investment decision and any reduction in the uncertainty would be desirable. 1n some
circumstances, the company may have the ability to make capacity investments over a
number of periods. Salesin prior periods may contain valuable information that can then
be used to update and refine the forecast for future period sales. Firms do not always
have the option of building capacity over the life of the product. Short life cycle products
may require the total capacity to be built before any sales are made. The focus of this
dissertation (Chapter 2) is on such one-time capacity investment decisions.

More often than not, production of a product requires more than one operation.
Multiple-component products are a prevalent example. In such multiple-component
products, the capacity level for the components and the final assembly must be
determined. If all components are specific to the particular end product, then an equal
capacity should be chosen for all components and assembly, where capacities are
expressed in units of the end product. While I use multiple component products as the
motivating example, this research covers the more general class of products whose

production requires multiple operations.
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Multiple component products can be produced by a completely integrated firm or by a
supply chain of independent firms where the production of certain componentsis
outsourced to suppliers. The manufacturer, the firm selling the end product to the
market, may produce some of the components or may simply assemble the supplier
components into the end product. In the case of an integrated firm, the capacity
Investment decision is made by a single agent; while in the case of a supply chain, the
manufacturer and component suppliers make their capacity investment decisions as
independent agents. The supply chain capacity is determined by the operation with the
least capacity.

In the integrated firm, the manufacturer has control over al the component capacity
decisions. When the manufacturer outsources some of the component production, thisis
no longer the case. A supplier may choose to invest in less capacity than the
manufacturer would like. Likewise the manufacturer might invest in less capacity than a
supplier would like. This arises due to externalitiesin the supply chain. Positive
(negative) externalities occur when the action of one agent benefits (harms) another. As
agents act in their own interest, they are likely to engage in too little (too much) of
actions that cause positive (negative) externalities. In this supply chain case, the capacity
investment by one firm affects the profit of another firm as the total end product sales,
and thus component sales, are limited by the overall supply chain capacity.

Supply chains with multiple agents are characterized by decentralized decision making
while an integrated firm is typically characterized by a central or coordinated decision-
maker. It should be noted that while decentralized decision-making ismore likely to

occur in multiple firm supply chains and coordinated decision-making more likely in an
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integrated firm, the key underlying structures are that of a coordinated decision-maker or
decentralized decision makers acting in their own interest. Both of these decision-
making structures may arise in either integrated firms or in supply chains.

Supply chains with multiple agents, or decision-makers, have begun to receive alot of
attention in the operations management literature. Thisinterest arises primarily because
of the fact that independent agents acting in their own self-interest often make decisions
that lead to supply chain sub-optimal performance. By sub-optimality, | mean that the
total supply chain profit, Mg, is strictly less than that achievable by asingle central
decision-maker with complete information, N¢. Therefore decentralized control is said to
beinefficient if My<M.. Asnoted by Cachon (1998), supply chain inefficiency arises due
to supply chain externalities. Much of the existing research focuses on how this gap can
be decreased by implementing different classes of contracts. Tsay, Nahmias, and
Agarwal (1998) refer to this as the system-wide performance improvement objective. |
use the more commonly used term of channel coordination.

Supply chains studied in thisliterature are typically simple in structure. While some
papers have studied a serial supply chain inventory problem with multiple agents, e.g.
Cachon and Zipkin (1997), or asingle supplier with multiple retailers, e.g. Cachon
(1997), the vast majority of the literature focuses on a single un-capacitated upstream
party supplying a single downstream party.

An overview of the supply chain model common in the literature is given in the review
paper of Tsay, Nahmias, and Agarwal (1998).

Consider asupply chain structure in which an upstream party (which we refer to asa
manufacturer) provides asingle product to a downstream party (which werefer to asa
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retailer), who in turn serves market demand. This scenario could describe the link

between any two consecutive nodes in a supply chain, and indeed on occasion the

tandem may be referred to as supplier and manufacturer, manufacturer and distributor,

or, most generally, supplier and buyer. Researchers commonly make the following
simplifying assumptions to render the analysis more tractable. The manufacturer

produces (or acquires) the product at acommon unit cost of ¢ and charges aretailer a
wholesale/transfer price of W(Q) for Q units. W(Q) may be exogenous, or adecision
variable under the control of one or more parties. Theretailer in turn sells the product

at aprice p per unit. Market demand, denoted as D(p), in redlity is both price-sensitive

and uncertain. While some models include both these features, it is more common to

either take the retail price asfixed and represent market demand as arandom variable

(asin the operations research literature), or assume a deterministic, downward-sloping
demand curve (as in the economics and marketing literatures). In the latter case the
retailer's decision is primarilp, whereas in the former it 3. A simpler underlying
structure allows traditional inventory models to treat more complex problem settings
including multiple periods, continuous review, and finite and infinite horizons.
However, most contract papers assume only a one-period problem (i.e., a newsvendor
setting), since the resulting models are often too complex to be amenable to multi-

period analysis.

So the basic paradigm is that of a downstream party, facing a newsvendor problem,

who buys goods from an un-capacitated upstream party. Pasternack (1985) showed that

the double marginalization effect, first noted by Spengler (1950) for deterministic

downward-sloping demand, also occurs when retail price isfixed but demand uncertain.

The downstream party will purchase less than the supply chain optimal quantity unless

the upstream party pricesits goods at marginal cost. Pasternack showed that a buy-back

policy whereby the upstream party promises to buy back unsold goods for afixed price

(lower than the wholesale price) induces the downstream party to purchase more. A

properly priced buy-back policy achieves complete channel coordination. If the upstream
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party has control over the wholesale and buy-back prices, it can essentially capture the
total expected supply chain profit.

This supply chain problem has received alot of attention. Lariviere (1998) analyzes
this problem in more detail, investigating the upstream party’s wholesale optimal price
when no buy-backs are allowed (i.e. a price only contract). The author develops
conditions on the demand distribution for the upstream party’s optimization problem to
be well behaved. The framework used when allowing the upstream party to set the
wholesale price is that of a Stackleberg game in which the upstream party is the leader.
In other words, the upstream party sets the wholesale price and then the downstream
party orders its optimal quantity given this price. Because all the information is assumed
to be known to both agents, the upstream party knows with certainty what quantity the
downstream party will order. Note that this optimal quantity depends on the demand
distribution.

The downstream party need not necessarily buy the goods before the demand is
realized. However if the downstream party must commit to an order quantity before
demand is known, he faces the same problem as buying before demand. With this in
mind, alternative contract structures from buy-back policies have also been investigated.
Minimum quantity contracts force the downstream party to commit to a minimum
guantity that can be added to when demand is realized. Quantity flexible contracts allow
the downstream party to adjust its order upward or downward but at a cost. Such
contracts have been shown to increase channel coordination. These two type of contracts
have also been studied in multiple period problems where the retailer commits to a total

purchase quantity over the whole horizon and then places orders in each period.
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While the common framework tends to be that of inventory, it is closely related to
capacity decisions. The minimum quantity and quantity flexible contracts can be directly
mapped into capacity problems where the downstream party must reserve capacity at an
upstream party.

The papers by Cachon and Lariviere (1997, 1999) deserve specia mention, asthey are
the most closely related papers to the capacity model studied here. In the 1997 paper, a
manufacturer faces a single period stochastic demand that is either high (with probability
B) or low (with probability 1-B). Retail price, r, isfixed. The only capacity constraint
that the manufacturer facesisthat of a single component supplier. The supplier can build
capacity at a cost of ¢ per unit. Unused capacity can be salvaged by the supplier at v per
unit. All other costs are normalized to zero. The manufacturer acts as the Stackleberg
leader and sets the wholesale price, w, paid to the supplier per unit of component ordered.
Components are bought after demand has been realized. Given the price, the supplier
determines its capacity investment, which is either high or low. [3 isassumed to be
restricted to arange in which a central decision-maker would invest in high capacity
(Bi=B=<l). Theauthorsinvestigate three contracts, a price only contract, atermination fee
contract and a specific type of minimum order contract. A price only contract isonein
which the only contract parameter is the constant wholesale price per unit to be paid to
the supplier. A termination fee contract requires the manufacturer to specify awholesale
price, an initial order quantity and a per unit cancellation fee for any of these orders that
are not actually wanted. The minimum purchase quantity is closely related and shown to
be equivalent for thismodel. The authors raise an important distinction between capacity

and inventory, namely that capacity investments are difficult to verify and thus contracts
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based on capacity can be prohibitively difficult to enforce, making contracts analogous to
inventory buy-back contractsimpossible. The authors identify two problem regimes: (i)
contract compliance can be enforced and the manufacturer offers a contract that includes
awholesale price and minimum order quantity and (ii) compliance is voluntary and the
manufacturer cannot force the supplier to invest in sufficient capacity but can only offer
inducements based on the contract. 1n the voluntary compliance regime, the authors
show that if both parties have complete information, the manufacturer never offersthe
termination fee or minimum purchase quantity contracts. They aso prove that a price
only contract can lead to supply chain sub-optimality for a certain range of 3.
Termination fee and minimum purchase quantity contracts are shown to be useful when
the supplier has less information on the demand uncertainty — these contracts can act as
signals of the manufacturer’s demand type.

Cachon and Larivere (1999) updates the 1997 paper in two key aspects. The
termination and minimum order quantity are mapped into a more general class of
contracts termed advance contracts. Advance contracts specify an initial commitment
guantity,m, from the manufacturer, that are purchased at a prigeer unit, an optional
guantity,o, that costsv, per unit. The manufacturers actual order after demand is
realized must lie between andnto. Optional units carry a per unit exercise pricavgf
but do not have to be purchased. Assuming that the supplier's capacity choice is a
concave function of the wholesale price in a price only contract, the authors allow the
demand distribution to be continuous. The authors develop a sufficient, but not necessary
condition, for concavity, namely that the distribution be an increasing failure rate (IFR)

distribution.
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A constant wholesale price schedule, whereby the retailer pays a constant price per
unit to the manufacturer is common in the existing multiple decision-maker supply chain
literature. However, more complex pricing schedules exist. A quantity discount
schedule is one in which the average price per unit decreases as the retailer’s order
increases. The two most common discount schedules are incremental quantity discounts
and all unit quantity discounts. An upstream party may offer a quantity discount
schedule to induce the downstream party to order in larger quantities, which can in turn
reduce the frequency with which the supplier incurs the fixed cost of production. Such
guantity discounts, when demand is deterministic and operating costs include inventory
holding and set up costs, have been studied by Monahan (1984), Lal and Staelin (1984),
Lee and Rosenblatt (1984) and Banerjee (1984). The focus of these works is on the
increased profit the upstream party can gain from offering a quantity discount.

Jeuland and Shugan (1983) demonstrate the channel coordination attributes of a
specific quantity discount schedule for a certain supply chain model. In their model, an
upstream party sells a product to a downstream party who in turn serves the final market.
Demand is deterministic but price sensitive. Both parties incur a fixed cost. The decision
to be made by both parties is the price to charge, the upstream party decides the
wholesale price to charge the downstream party, and the downstream party decides the
retail price to charge the market. The only constant wholesale price that would induce
the retailer to price at the supply chain optimal retail price is the upstream party’s
marginal cost. However the upstream party does not price at marginal cost, as he must
recoup the fixed cost. If both parties agree to share the total channel profits, then they

choose the supply chain optimal prices. The authors show that there exists a specific
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quantity discount schedule that is equivalent to profit sharing and thus leads to channel
coordination.

Weng (1995) integrates both of the above streams of quantity discount research to
both analyze and determine the supplier’s optimal all unit quantity discount schedule. He
shows that quantity discounts alone are not sufficient to achieve complete channel
coordination.

In a comment on the model of Jeuland and Shugan (1983), Moorthy (1987) notes that
a quantity discount schedule is not unique in achieving channel coordination and
develops the necessary and sufficient condition on the pricing schedule for complete
channel coordination to be achieved in this model. A wide range of pricing schedule
classes have instances that meet these conditions, including quantity discounts, quantity
surcharges and two-part tariffs (which the author argues to be the best pricing class).

In Section 2.2, | introduce the specific supply chain capacity model studied in Chapter
2. The coordinated supply chain in which a central decision-maker optimizes the total
profits is covered in Section 2.3.

Two specific games are analyzed in Section 2.4, one in which the wholesale price is
exogenous, and the other in which it is under the control of the manufacturer. In both
these games, the wholesale price per unit is constant for all order quantities. In the first
game | show that the channel does not achieve complete coordination unless the
exogenous wholesale price happens to be a certain unique price. In the second game, |
show that the channel never achieves complete coordination.

A specific variable wholesale price schedule is introduced in Section 2.5. This

variable schedule is a quantity premium (surcharge) schedule. It is shown that if the
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manufacturer chooses a specific incremental quantity premium, the total supply chain

profits strictly increase; that is, thereis areduction in the supply chain inefficiency.

However, the channel is not be completely coordinated. More interestingly, from the
manufacturer’s perspective, the manufacturer’s expected profit strictly increases with
such a quantity premium schedule. A continuous quantity premium schedule is shown to
completely coordinate the channel and enables the manufacturer to capture the entire
profit.

Section 2.6 studies the supply chain games when the supplier has control over the
wholesale price schedule. The results are equivalent to the games in which the
manufacturer controls the wholesale price schedule but instead of offering a quantity
premium, the supplier offers a quantity discount.

Section 2.7 extends the constant wholesale price per unit games to supply chains in
which the manufacturer has multiple suppliers. As in Section 2.4, there exists a unique
set of wholesale prices for which the channel is completely coordinated. Again, when the
manufacturer controls the wholesale prices, the channel is not completely coordinated.

Section 2.8 studies two-party supply chains in which only the supplier must invest in
capacity. For discrete demand distributions with two (three) demand states, it is shown
that a quantity premium wholesale price schedule with one (two) breakpoint(s)
completely coordinates the channel.

Concluding remarks are presented in Section 2.9. Proofs of all lemmas can be found

in Chapter 5 (Appendix 1).
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2.2 The Supply Chain Model

The single end product supply chain consists of a manufacturer and a supplier facing a
single period uncertain demand. The end product is sold at afixed retail price of r per
unit. Production of one unit of end product requires the use of both one unit of
manufacturer capacity and one unit of supplier capacity. For exposition purposes, |
assume that the product requires two components; the supplier produces one component
and the manufacturer produces the other component and assembl es the two components
into the end product. However, any supply chain in which the end product requires the
use of both supplier and manufacturer capacity fits into the model.

Both the manufacturer and the supplier must make their capacity investment before
demand is known. The manufacturer (supplier) has a per unit capacity cost of ¢y (cs) and
a salvage value on unused capacity of vy (vs). Salvage values are strictly less than
capacity costs. The manufacturer (supplier) incurs a per unit marginal production cost of
pm (ps). After demand becomes known, the manufacturer orders and pays for a quantity
of the supplier's components, assembles these with its own component and then sells the
end product. An order @ units costaMQ).

All wholesale price schedul®§(Q) are assumed to meet the following two conditions.
Firstly, W(Q) is non-decreasing iQ. If this did not hold for al@, i.e. W(Q2)<W(Q,) for
someQ>>Q,, then the manufacturer would prefer to order and pa@famits even if it
only wantedQ;. Such a price schedule is not reasonable. Secongly)Q-W(Q) is
non-decreasing iQ. That is the manufacturer’s profit is non-decreasing in the number

of units sold. If this did not hold for &, i.e. if (r-pm)Q2-W(Q2)<(r-pm)Q:1-W(Q;) for
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some Q»>Q;, then for ademand of Q. units the manufacturer would prefer to order and

sell only Q; units asthiswould yield alarger profit. The supplier only receives W(Q»).

By setting Whew(Q2)=(r-pm)(Q2-Q1)+W(Q1)>W(Q1), then (r-pm) Qz-When( Q2)=(r-pm) Q1-

W(Q:1) and the manufacturer iswilling to buy and sell Q. units. The supplier’s profit is
larger than if the manufacturer only bou@htunits. Thus neither party has an incentive
to implement a wholesale price schedule for which the second condition does not hold.
These two conditions assure that if the demai@itisen the manufacturer orders and

sells minfy,Q} units, wherey is the supply chain capacity. In regions where the
wholesale price schedule is continuous and differentiable, the conditions can be stated in
terms of the marginal wholesale price. The marginal wholesale price must be non-
negative and also less than or equal to the retail price less the manufacturer’s marginal
processing cost.

The retail price is assumed to be large enough so that a central decision-maker would
invest in positive capacity i.e>cy+cstputps. It is also assumed that the only wholesale
price schedules considered are such that both the supplier and manufacturer acting in
their own interest would invest in positive capacity; for a constant wholesale price
schedule, i.eWM(Q)=wQ, this impliescs+ps<w<r-Cy-pw.

For constant wholesale price schedulesnigbe the manufacturer’'s margin on each
unit sold (ny=r-pu-w) andms be the supplier's margin on each unit sohd=w-ps).

The demand is assumed to have a continuous and differentiable cumulative
distribution function k(x) over the rangea[b] wherea is the minimum possible demand

andb is the maximum possible demand.
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Both supplier and manufacturer are assumed to be risk neutral, a strong but common
assumption in the literature. Thisimpliesthat both parties are willing to make a positive
capacity investment if the expected profit is non-negative.

| also assumethat all information is known to both parties when capacity investment
decisions are made. That is both the supplier and manufacturer know each other’s costs
and the demand distribution. Think of the manufacturer sharing its demand forecast with
the supplier. The information symmetry assumption is a strong one. However it is
frequently made in the literature and can serve as an important first step in modeling a
supply chain. Recently, the literature has begun to address the notion of information
asymmetry, whereby one or more parties may have incomplete or imperfect information
about either some of the other party’s costs or the demand distribution. In the games
presented in Chapter 2, all information is known to each party.

Contracts specifying the capacity choices of either party are assumed to be
prohibitively expensive or unenforceable, that is the voluntary compliance regime of
Cachon and Lariviere (1997, 1999) is assumed.

While there are a number of differences between this model and that of Cachon and
Lariviere (1997, 1999), it is worth highlighting the three key differences. Firstly, both the
manufacturer and supplier must make capacity investment in this model whereas the
manufacturer is uncapacitated in the Cachon and Lariviere model. This introduces a new
complexity and realism to the model. Secondly, the class of wholesale price contracts is
different. | allow for a non-linear wholesale price schedule in which the manufacturer is
not required to make any up front quantity commitment. In Cachon and Lariviere (1999),

the price schedule is non-linear only if an up front quantity commitment is made. While
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this distinction may seem trivial, it has important implications. The authors show that an
advance (non-linear) contract would never be offered if both manufacturer and supplier

had the same information on the demand distribution; a constant wholesal e price schedule
would be offered by the manufacturer. In this dissertation, | show that when a non-linear
price schedule with no up front commitment is allowed, the manufacturer offers a non-
linear contract instead of the constant wholesale price contract. Moreover, not only does

the manufacturer increase its profits with this contract but also the total supply chain

profit increases. Thethird difference liesin the class of demand distributions alowed. In
their 1997 paper, Cachon and Lariviere, assume a Bernoulli demand. In their 1999 paper,
the authors allow IFR distributions as they show that IFR is a sufficient but not necessary
condition for the supplier’'s capacity choice to be a concave function of the constant
wholesale pricev. They also show that the distributiop(=1-x*, while not IFR,

would induce concavity. Simultaneously and independently of Cachon and Lariviere
(1999), I have developed the sufficient and necessary condition for concavity. It should
be noted that while the model presented here assumes a continuous distribution, a
Bernoulli distribution could be readily handled.

It is also important to realize that the purpose of Cachon and Lariviere (1997, 1999) is
different from the purpose of this dissertation. While Cachon and Lariviere cover the
coordination loss issue, they also introduce the important notion of voluntary compliance
and proceed to show the value of advanced contracts when the manufacturer has private
information on the demand distribution that is not shared with the suppler. The purpose
of this dissertation (Chapter 2) is to concentrate on the coordination issue and show that a

guantity premium increases both the manufacturer’s and supply chain’s expected profit.



Thereis an analogous inventory model to this capacity model. The inventory model is
onein which there are two critical components. One produced by the manufacturer and
one produced by the supplier. Both components must be produced before demand is
realized. After demand isrealized, the manufacturer places an order, Q, with the
supplier, who then processes Q units and delivers them to the manufacturer who then
combines them with the other components to produce the finished units which are then
sold.

Table 1 presents the data used for the numerical examplesin Chapter 2. For both the
manufacturer and supplier, the capacity and marginal costs can be either high or low.
The sixteen examples cover all combinations of high and low costs (the high and low
values are 8 and 3). Salvage values are taken to be 20% of the capacity costs. In each
example theretail priceis 35. The demand is normally distributed with a mean of 200
and a standard deviation of 80. Section 2.3 introduces expressions for the expected profit
of the supply chain, the manufacturer and the supplier. These expressions are dependent
on the demand distribution. For anormal distribution, a closed form version of the
expressions can be derived in terms of the mean and standard deviation. A truncated
Normal distribution would be more appropriate as demand should not be negative.
However for analytical tractability, a non-truncated Normal distribution was assumed.

The probability of a negative demand is less than 1% for the demand distribution used.
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Tablel

Cwm Vm Pm Cs Vg Ps r Mean St. Dev.

Demand Demand
Example 1 3 0.6 3 3 0.6 3 35 200 80
Example 2 3 0.6 3 3 0.6 8 35 200 80
Example 3 3 0.6 3 8 1.6 3 35 200 80
Example 4 3 0.6 3 8 1.6 8 35 200 80
Example 5 3 0.6 8 3 0.6 3 35 200 80
Example 6 3 0.6 8 3 0.6 8 35 200 80
Example 7 3 0.6 8 8 1.6 3 35 200 80
Example 8 3 0.6 8 8 1.6 8 35 200 80
Example 9 8 1.6 3 3 0.6 3 35 200 80
Example 10 8 1.6 3 3 0.6 8 35 200 80
Example 11 8 1.6 3 8 1.6 3 35 200 80
Example 12 8 1.6 3 8 1.6 8 35 200 80
Example 13 8 1.6 8 3 0.6 3 35 200 80
Example 14 8 1.6 8 3 0.6 8 35 200 80
Example 15 8 1.6 8 8 1.6 4 35 200 80
Example 16 8 1.6 8 8 1.6 8 35 200 80

2.2.1 Nomenclature

For ease of reference, the nomenclature used in this chapter is presented.

Cw:
Cs:

C:
Fx(X):
fx(x):

PDu(Q):
PD4Q):

The minimum possible product demand

The maximum possible product demand

The per unit capacity cost of the manufacturer

The per unit capacity cost of the supplier

The per unit capacity cost of acentral decision-maker = cy+Cs
Cumulative distribution function for the end product demand, x
Probability density function for the end product demand, x
The per unit margin for the manufacturer = r-py-w

The per unit margin for the supplier = w-ps

The per unit margin of a central decision-maker = r-py-ps

The number of supplier isin the multiple supplier model (n=1,...N)
The price difference schedule for the manufactune®-¥\(Q)
The price difference schedule for the suppli&v®)
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Q
Q

Pwm:

Ps
pi:

Vs

Vi

WQ):

Werit-

Yi:
Y
ym(W):

ys(w):

Ym (W1A) :

ys(W,A):

The size of an order the manufacturer places with the supplier.

The breakpoint in a single breakpoint incremental quantity premium schedule
Thei™ breakpoint in atwo breakpoint incremental quantity premium

schedule, i=1,2

The per unit production cost of the manufacturer

The per unit production cost of the supplier

The per unit production cost of acentral decision-maker = py+ps

The per unit retail price at which the manufacturer sells the end product

The per unit salvage value of unused capacity for the manufacturer

The per unit salvage value of unused capacity for the supplier

The per unit salvage value of unused capacity for a central decision-maker

= Vt+Vs

The wholesale price schedule (the manufacturer pays the supplier W(Q) for Q

units)

The wholesae price in a constant wholesale price schedule or the initial

wholesale pricein an incremental quantity premium price schedule

The unique wholesale price in a constant wholesale price schedule for which

the supply chain is completely coordinated

The demand for the end product

The coordinated supply chain capacity

The optimal coordinated supply chain capacity

The manufacturer’s optimal capacity if the supplier has infinite capacity (for a
constant wholesale price schedwe

The supplier's optimal capacity if the manufacturer has infinite capacity (for a
constant wholesale price schedwe

The manufacturer’s optimal capacity if the supplier has infinite capacity (for a
single breakpoint quantity premium wholesale price scheuiAg)

The supplier's optimal capacity if the manufacturer has infinite capacity (for a
single breakpoint quantity premium wholesale price scheudiAg)

The quantity premium in a single breakpoint incremental quantity premium
schedule

Thei™ quantity premium in a two breakpoint incremental quantity premium

schedulei=1,2.
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AV The unique quantity premium in a single breakpoint quantity premium

wholesal e price schedule (w,A) for which the supply chain is completely

coordinated

Mc: The expected supply chain profit obtained by a central decision-maker

Mp: The expected supply chain profit obtained by decentralized decision-making

Muw(WQ)): The expected supply chain profit of the manufacturer for a given wholesale
price schedule W(Q)

MsW(Q)): The expected supply chain profit of the supplier for a given wholesale price
schedule W(Q)

2.3 The Coordinated Supply Chain

In a coordinated (or integrated) supply chain, a central decision-maker determines the
capacity of both the supplier and manufacturer. The optimum manufacturer and supplier
capacities are equal and therefore the central decision-maker problem can be cast asa
single capacity investment decision with the following revenues and costs. The retail
priceisr, the marginal production cost is p=pm+ps, the unit margin is m=my+ms =r-pu-
Pps, the capacity cost is cj=cu+Cs, the salvage valueis vi=vy+vs. The expected supply
chain profit as a function of the capacity level, y;, is given by,

Yi Y

M (y))=-cy +m IXfx (dx+my, [1-Fy (y,)] +v, I[y| = X] fy (X)dx

D
Thefirst term is the capacity cost, the second and third terms combined are the

expected total margin, and the fourth term is the expected salvage revenue. Thisisa

newsvendor type of problem and the optimal capacity is given by critical fractile solution.
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Lemmal

The optimal capacity choice, y,*, for a central decision-maker is given by,

y = FX_lE:::l —G Ez Fx—lﬁ" Pm ~ Ps ~Cu _CSE
V) B'_ Pv = Ps~Vm ~Vs

It should be noted that the total supply chain profit depends only on the supply chain
capacity and not at all on the wholesale price w, which simply transfers profits from one
party to the other. Therefore if the supply chain capacity is different from the optimal
capacity y*, then the total expected supply chain profit is strictly less than that obtained
by a central decision-maker.
If either the supplier or the manufacturer is faced with making a capacity investment
decision when the other party has infinite capacity, the capacity investment decision is
again a single capacity choice and can be expressed similarly to the central decision-
maker’s problem, equation (1), but with the capacity, salvage and unit margins correctly
adjusted. For a constant wholesale price schati(®@=wQ, letyu(w) be the
manufacturer’s optimal capacity if the supplier has infinite capacity ayg\@tbe
equivalently defined for the supplier. These capacity choices prove to be important in the

games developed in later sections.

Lemma?2

For a given wholesale price, w, the optimal capacity choice, ym(w), for the

manufacturer, assuming the supplier has infinite capacity, is given by,
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:F—la::M —Cy F—lFF—W— Pm —Cwm
Y (W) = Fix M~ Vm E: X B_W_ Pm —Vu
Lemma3

For a given wholesale price, w, the optimal capacity choice, ys(w), for the supplier,

assuming the manufacturer has infinite capacity, is given by,

; -c L Fw-ps-c

H = e
Lemma4
(i) ym(w) isstrictly decreasing in w and (i) ys(w) is strictly increasing in w
(Note that Fx(x) is assumed to be continuous and differentiable)
Lemma5
(i) Thereis a unique wholesale price, w, such that yu(w)=ys(w)
(i) This unique wholesale price, Wit, IS given by,

_(r=py)(Ccs —Vs) + Ps(Cy —Vy ) +Cy Vs —CsVy,

W =
Cs—VstCy ~Vpy

crit

(iii) At this wholesale price, Werit, Ym(Werit) =Ys(Werit) =Yi*
Lemma 6
The necessary and sufficient condition on the demand distribution, Fx(x), for ys(w)

to be a concave function of w is given by,

fy (Q[L-Fy (X)] >-2 Ox0O[a,b]
[t 0F

(2

For strict concavity, the inequality needs to be strict.
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The condition given by equation (2) isreferred to as the (strict) concavity condition.
The concavity of ys(w) is used to show that the expected profits of the manufacturer and
the supplier are concave functions of the wholesale price. This property is helpful in
determining the optimal wholesale price in games where one of the parties controls the
wholesale price.

What types of distributions meet this concavity condition? In Appendix 1, | show that
IFR distributions satisfy the strict concavity condition (Lemma 7). Therefore awide
class of distributions, including the exponential, normal, uniform, weibull (aslong as the
shape parameter exceeds 1) and gamma (similar restriction to the weibull) distributions,

satisfy the strict concavity condition.

2.4 Two Gameswith a Constant Wholesale Price Per Unit

In this section, two different games are analyzed, one in which the wholesale price
schedule is exogenous and not under the control of either party, and another in which the
wholesale price schedule is set by the manufacturer. In both games the wholesale price
per unit, w, is constant regardless of the number of units ordered by the manufacturer,
that is W(Q)=wQ. | assume that the manufacturer acts as the Stackleberg leader in both
of the games, that is the manufacturer makes its decisions first and then the supplier
makes its decision knowing the manufacturer’s decision. As the manufacturer knows
how the supplier respond to its decisions, the manufacturer benefits from being the

leader.
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2.4.1 The Exogenous Wholesale Price Game

In this game (Game A), the wholesale price, w, is exogenous and cannot be controlled
by either manufacturer or supplier. The only decision to be made by the manufacturer is
its capacity. After deciding its capacity, the manufacturer announces this to the supplier
who then determinesits capacity. Let yv* be the optimal capacity chosen by the
manufacturer and ys* be the optimal capacity chosen by the supplier in this Stackleberg

game. The following lemma characterizes the optimal solution.

Lemma 8

In Game A, wher e the wholesale price is exogenous and the manufacturer isthe
Sackleberg leader, the manufacturer and supplier choose their capacities such that
ym* =ys* =min{ ys(w),ym(w)}, where ym(w) and ys(w) are given by Lemma 2 and

Lemma 3 respectively.

Let yo* denote the optimal supply chain capacity for Game A, as given in Lemma 8.
From Lemma 5, there is a unique wholesal e price such that ys(w)=yu(w) and at this
wholesale price Werit, Ys(Werit) =Ym(Werit)=Yi*, the coordinated supply chain optimal
capacity. For al other w, the supply chain capacity under decentralized decision making
Is less than the supply chain capacity under coordination, i.e. yp* =min{ ys(w),ym(w)} <y*.
As a consequence, the total profit for Game A is strictly less than the coordinated channel

profit, unless the wholesale price w is equal to weit. Note that this critical wholesale price
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is independent of the demand distribution. It depends only on the parties’ costs and the
retail price.

For Example 1 from Table 1, Figure 1 shows the Stackleberg equilibrium supply chain
capacity as the exogenous wholesale price variesdgopa to r-cu-pw, i.€. over the

allowable range.

Figure 1
Supply Chain Capacity (Example 1)
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For this exampleyei: equals 17.5. For wholesale prices belayy, the supply chain
capacity is equal tgs(w), in other words it is being dictated by the supplier’'s reluctance
to invest in more capacity. Abowvei, , the supply chain capacity is equaligw) and
it is the manufacturer’s reluctance to invest in more capacity that dictates the supply
chain capacity.

Figure 2 shows the expected profit of the supplier, the manufacturer, and the total

channel as the wholesale price varies.
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Figure 2
Supply Chain Profits as Exogenous Wholesale Price
Varies (Example 1)
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As can be seen in this example, the total expected supply chain profit isrelatively
insensitive to the exogenous wholesale price. Unless the wholesale price is much larger
or much smaller than w;, the total expected supply chain profits are not too far below
the optimal coordinated expected supply chain profit. Thisis caused by two factors.
Firstly, the supply chain capacity is less sensitive to the wholesale price near wei;, as can
be seen from Figure 1. Secondly, the expected total profits are quite insensitive to the
supply chain capacity for areasonable range of capacities about the supply chain

optimum (see Figure 3).



Figure 3
Total Supply Chain Profit as Capacity Increases
(Example 1)
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The manufacturer and supplier expected profits are very sensitive to the wholesale
price with the manufacturer (supplier) doing better for lower (higher) wholesale prices
unless the priceistoo low (high). Asthe exogenous wholesale price approaches its lower
(upper) bound, the supplier (manufacturer) is unwilling to invest in much capacity.

Figures 4, 5, and 6 show the expected profits for Examples 2, 3, and 4 from Table 1.

Figure 4
Supply Chain Profits as Exogenous Wholesale Price
Varies (Example 2)
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Figure 5
Supply Chain Profits as Exogenous Wholesale Price
Varies (Example 3)
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Figure 6
Supply Chain Profits as Exogenous Wholesale Price
Varies (Example 4)
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These figures display similar relationships between the various expected profits and
the wholesale price. For example, the insensitivity of the expected total supply chain
profit to the wholesale price occursin all four examples. It should also be noted that the
two manufacturer’s and supplier’s expected profits are equa};af the costs are all

symmetric, as Figure 2 shows for Example 1. However this is not true in general as can

be seen most clearly from Figures 5 and 6.
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Let the channel inefficiency be defined as 100* (M¢c-Mp)/Mc, i.e. the loss in expected
supply chain profit resulting from decentralized decision making, expressed as a
percentage of the coordinated system expected supply chain profit. Figure 7 shows the

effect of the exogenous wholesale price on channel inefficiency for Example 1.

Figure 7
Effect of Wholesale Price on Supply Chain Inefficiency
(Example 1)
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As mentioned above, the expected total supply chain profit, and hence channel
inefficiency, isrelatively insensitive to the wholesale price over a reasonable range about
Werit (Werit €quals 17.5 in the above example). As the wholesale price diverges from Wi,
the channel inefficiency increases from 0% all the way up to 100%. So in this exogenous
wholesale price game, a constant wholesale price per unit achieves channel coordination

only when the wholesal e price equalS to Wit

2.4.2 TheWholesale Price Controlled by the Manufacturer

In this game (Game B), the wholesale price w is under the control of the manufacturer.

Therefore the manufacturer has two decisions to make, its capacity and the wholesale
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price. Both decisions are made simultaneously before demand is known. For agiven

wholesale price, the manufacturer’'s and supplier’s optimal capacity decisions are given in
Lemma 8 above, i.gum*=ys*=min{ ys(w),ym(w)}. So the manufacturer’s problem can be
expressed as choosing the wholesale price to maximize its expected profit subject to the

resulting capacity choice being that given above.

Lemma9
In Game B, wher e the manufacturer chooses the wholesale price, the manufacturer

never chooses a wholesale price, w, such that W>Wyit.

The basic idea behind this lemma can be found by looking at Figure 1. For any supply
chain capacity (apart from the maximum), there are two wholesale prices that induce this
capacity, one smaller than,;; and one larger. The maximum capacity is obtained by
Wgrit alone. The manufacturer never chooses a wholesale price greatsy tresthere
exists a lower wholesale price which induces the same supply chain capacity but gives a
larger unit margin to the manufacturer (as seen in Figure 1).

Therefore, the manufacturer’'s wholesale price choice can be restrigigdi¢q. For
the supplier to invest in capacity, the wholesale prigenust be larger than the sum of
unit capacity cost and unit marginal costpstcs). So the manufacturer’s optimal
wholesale price falls withipstcs<w<wgi:. In this range, the equilibrium (i.e. the game’s

optimum for both manufacturer and supplier) supply chain capacity is given by

YM*=Ys = ys(W).
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Let Mu(w) be the manufacturer’s expected profit as a function of the wholesale price
w. In the regionpstCs<w<Weit, Mw(W) is given by,

ys(w)

My (W) =—Cy Ys(W) +(r = py —W) J'Xfx (x)ax+(r = py —W)ys(W)[1-Fy (ys(W))]

Ys(w)

Vi flys(W) =X fx (x)dx

usingys(w) as the capacity induced by a wholesale prics<aii;.

Lemma 10
If Fx(X) satisfies the concavity condition, then the manufacturer’s pFayifw),

restricted to grcs<w<wgi;, IS a strictly concave function.

The optimum wholesale price is then given by either the first order conditions or one
of the boundaries, [pstcs,Wqrit]. The following lemma shows that the optimal wholesale
priceliesin theinterior. When | use the term optimum, it should be understood to mean

the manufacturer’s optimum choice.
Lemma 11
If Fx(X) satisfies the concavity condition of equation (2), then the optimal w for

Game B is strictly greater than pst+cs and strictly less than weyit.

The fact that the manufacturer’s optimal wholesale price is strictly lessvghamas

important implications for the expected total channel profit.
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Lemma 12
If Fx(X) satisfies the concavity condition, then in Game B, the total channel profit,
Mp, isstrictly less than the total channel profits obtained by a central decision-

maker, Mc.

So thislemmactells us that a constant wholesale price per unit fails to achieve channel
coordination when the whol esal e price can be set by the manufacturer. In contrast, when
the wholesale price is exogenous, it was shown earlier that the channel can achieve
complete coordination if the wholesale price happens to coincide with wgi;. How large or
small isthe effect of decentralized decision making on the expected total supply chain
profit in this game? Table 2 gives the expected total supply chain profit under
coordination for the sixteen examplesin Table 1. It also gives the expected profits for the
manufacturer, supplier and total supply chain for Game B, i.e. when the manufacturer
chooses the wholesale price to maximize its expected profit. The manufacturer’s
optimization problem was solved by a simple search algorithm. The channel
inefficiency, the optimum wholesale price and the critical wholesale pvigeare also
given in Table 2. As defined in Section 2.4.1, the channel inefficiency is the loss in
expected supply chain profit resulting from decentralized decision making, expressed as a

percentage of the coordinated system expected supply chain profit.
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Table?2

Coordination GameB
Total Channel | Manufer | Supplier Total Inefficiency | Optimal | Wit
Profit Profit Profit Channel w
Profit

Example 1 4031.58 3387.96 348.74 3736.70 7.31% 8,53 |17.50
Example 2 3073.54 2549.34 286.78 2836.12 7.72% 13.16 |20.00
Example 3 2825.10 2148.08 332.97 2481.04 12.18% 14.01 |24.09
Example 4 1924.75 1433.52 254.12 1687.64 12.32% 18.46 |25.45
Example 5 3073.54 2549.34 286.78 2836.12 7.72% 8.16 |15.00
Example 6 2129.68 1736.18 220.91 1957.09 8.10% 12.76 |17.50
Example 7 1924.75 1433.52 254.12 1687.64 12.32% 13.46 |20.45
Example 8 1064.77 771.02 151.71 922.72 13.34% 17.69 |[21.82
Example 9 2825.10 2437.80 246.58 2684.38 4.98% 791 |10.91
Example 10 1924.75 1644.57 179.08 1823.66 5.25% 1249 |14.55
Example 11 1776.61 1381.46 228.89 1610.35 9.36% 13.28 |17.50
Example 12 964.12 735.49 126.14 861.64 10.63% 17.48 |20.00
Example 13 1924.75 1644.57 179.08 1823.66 5.25% 749 | 9.55
Example 14 1064.77 898.33 109.90 1008.23 5.31% 12.03 |13.18
Example 15 964.12 735.49 126.14 861.64 10.63% 12.48 |15.00
Example 16 257.13 190.49 37.66 228.15 11.27% 16.66 |17.50

The inefficiency ranges from 5.0% to 13.3%, with an average of 9.0%. This

inefficiency might be eliminated by an alternative price schedule. But the manufacturer

isonly interested in such aschedule if its expected profit is at least aslarge asfor a

constant wholesale price schedule.

2.5 Quantity Premium Price Schedules Controlled by the Manufacturer

In the exogenous constant whol esale price game (Game A), the supply chain capacity

is limited by the supplier’s capacity choice if the wholesale price is lesshanThe

manufacturer would like the supplier to invest in more capacity but the supplier is

unwilling to do so. Similarly irlGame B, where the manufacturer controls the wholesale

51




price, the supply chain capacity is always limited by the supplier’s capacity choice and
the manufacturer suffers from the supplier’s reluctance to invest in more capacity. Is
there a mechanism that the manufacturer can use to induce the supplier to invest in more
capacity without reducing its own expected profit?

In this section, | show that a quantity premium wholesale price schedule, correctly
priced, induces the supplier to invest in more capacity without sacrificing the
manufacturer’'s own profit. Suppose the manufacturer sets a price schedule by a
wholesale pricew, a quantityQp, and a premium)>0. For each unit up 1@ the unit
price isw; for each unit abov®p, the unit price isv+A. The total price foYMQ) units is
illustrated in Figure 8 below. This is an example of an incremental quantity price

premium schedule with one breakpoint.

WQ) WA

2
Q

Figure 8

The intuition for quantity premiums is that they provide a mechanism for both the
manufacturer and the supplier to share the benefits of high demand scenarios. If the
demand is belowQp, then the manufacturer does not have to pay the quantity premium
on any of the units purchased. If the demand is a@pythen the manufacturer pays the
guantity premium only on the demand ab®¢e The supplier profits in these high

demand scenarios as its unit margin increases. The manufacturer gives up some of its
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unit margin in these high demand scenarios but still increases its expected profit because
the supplier is now willing to invest in more capacity, thus allowing the manufacturer to
capture more sales in these high demand scenarios. In essence, the manufacturer is
trading some unit margin (and capacity investment) for increased expected sales. Of
course, thisintuition assumes that the quantity premium price scheduleis constructed in a
reasonable manner. If Qp istoo low or A too large, then the manufacturer gives up too
much margin and suffers from the policy.

Quantity premium price schedules can take on many forms. They can be incremental
price schedules, asin Figure 8, or continuous. A continuous schedule is one in which the
marginal price continuously increases.

In this dissertation (Chapter 2) | restrict incremental price schedules to having either
one or two breakpoints. If thereisonly one breakpoint, then for awholesale price w this
breakpoint, Qp, is set equal to ys(w), the capacity the supplier iswilling to invest in for
this constant wholesale price w. The manufacturer is only interested in offering a
guantity premium when it wants the supplier to invest in more capacity. The
manufacturer has no interest in setting Qp to be lower than ys(w), as the supplier is
aready willing to build capacity up to ys(w). Setting a breakpoint above ys(w) may be
beneficial but causes the supplier’s profit to be a bimodal function of its capacity. This
bimodality makes the optimization problems slightly more difficult but does not change
the insight that quantity premiums are a valuable tool. If there are two breakpoints, then
the first oneQg’, is set equal tgs(w), and the secon@y?, is set equal tys(w,A;), where
A\ is the price premium paid on units betw&g andQp? andys(w,A,) is the supplier

capacity induced by a single breakpoint schedu]&;j. An incremental wholesale price
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schedule is be denoted by (w,A) if thereis only one breakpoint and (w,A1 A,) if there are
two breakpoints. The actual breakpoints are suppressed as they are specified by w or
(w,A;) as above.

These are only two of many possible price schedules. Indeed | conjecture that
schedules with more breakpoints would be even better for the manufacturer. In Section
2.5.3, | develop an optimal price schedule for the manufacturer and show that a schedule
with one or two breakpoints cannot be optimal. This optimal schedule is a continuous
guantity premium schedule. A continuous price schedule islikely to be cumbersome to
put into practice, whereas an incremental quantity premium schedule with one or two
breakpoints would be easier to implement. In Section 2.5.2.1 and 2.5.2.2, | show that
while such incremental price schedules may not be optimal, they perform extremely well.

I will show that the expected profits of the manufacturer, the supplier and the total
supply chain al increase when Game A is modified to enable the manufacturer to offer
its optimal quantity premium given an exogenous wholesale price w less than Wi

I will also show that the expected profits of the manufacturer and the total supply
chain both increase when Game B is modified to enable the manufacturer to choose a
guantity premium in addition to the wholesale price. However the supplier's expected
profit can decrease in Game B.

Before studying the effects of such a quantity premium policy on Games A and B, it is
worthwhile analyzing the supplier and manufacturer capacity choices. For a given

wholesale pricevswgi;, and quantity premiundy, letyw(w,A) be the manufacturer’s
optimal capacity if the supplier had infinite capacity angd@t,A) be equivalently

defined for the supplier.



Lemma 13
For any allowable price schedule (w,A), pstcssw+A<r-cy-pw and A=0, then (i) the
optimal capacity choice, ys(w,A), for the supplier, assuming the manufacturer has

infinite capacity, is given by,

. +A-C apw+A-pg-c
W,A =F 1 S S = 1 S S W
Ys(w,4) x% xHN+A_pS_VS%Ys()

and (ii) the optimal capacity choice, ym(w,4), for the manufacturer, assuming the

supplier hasinfinite capacity, is given by,

- -A-cC g -w-A- -C
i (w,A)=FXﬁM —— E:Fxﬂ P = G EsyM (w)
™M M

Lemma 14

(i) ym(W,2) [(i1) ys(w,A)] isstrictly decreasing [increasing] in both w and A (Note
that Fx(X) is assumed to be continuous and differentiable)

Lemma 15

(1) For a given wholesale price wswi; there is a unique quantity premium Agit,
given by

r— Cc—Vg)t+ Cy —Vpy)tTCyVs —CoV,
WHA,, _ (r=pw)(Cs —Vs) + Ps(Cy —Vy ) +CyVs —CsVy =w,, ,
Cs Vs *Cy ~Vn

such that ym(W,Acrit) =Ys(W,Acrit) =Y * .
Lemma 16
ys(w,4) is a concave function of both w and A iff the concavity condition given in

equation (2) holds for Fx(X).
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2.5.1 The Exogenous Wholesale Price Game with a Single Breakpoint Quantity

Premium

In this game, Game C, the wholesale price w is exogenous and is less than or equal to
Werit. However the manufacturer chooses a quantity premium, A, so as to maximize its
expected profit. The sequence of eventsis that the manufacturer simultaneously chooses
the quantity premium and its capacity, announces these to the supplier, who then chooses
its capacity. For agiven (w,A) the optimal manufacturer and supplier capacities are given
by ym* =ys* =min{ ys(w,A),ym(w,A)} . Asthe quantity premium chosen dictates the
manufacturer and supplier optimal capacity choices, the manufacturer’s problem can be
expressed as determining the optimal quantity premium with the understanding that the
resulting capacities chosen are optimal for that quantity premium.

Consider Example 10 with the wholesal@rice set equal to 12.49, the optimal
wholesale price for the manufacturer when no quantity premium is allowed. Then, for
this example, the quantity breakpofd is 175.96. In Figure 9, | show the percentage
change (over the no quantity premium case) in the various expected prafits as

increases.
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Figure 9
% Change in Profits as Delta Increases (Example 10)
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As can be seen, the expected profits all increaseinitially. Further increasesin A still

lead to increases in the supplier’'s expected profit but cause the manufacturer's and supply

chain's expected profits to decrease.

The following lemma shows that when the manufacturer chooses the quantity

premium, the possible range #ican be restricted to Wyi.

Lemma 17

For Game C the manufacturer never chooses a quantity premium, A, such that
A>Acrit-

Lemma 18

For Game C, if Fx(x) satisfies the concavity condition given by equation (2), then

the manufacturer’s profifily(w,A), restricted ta0<A<A;, IS a strictly concave

function ofA.
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Lemma 19
For Game C,

() the manufacturer chooses a positive quantity premium, i.e. A* (w)>0

(i) the supplier’'s profit strictly increases with increasifg

(iii ) the expected total supply chain prdfir the price schedul@v,A* (w)), is
strictly greater than the expected total supply chain profit when no quantity

premium is offered but the supply chain is not completely coordinated.

Figure 10 shows the optimum quantity premium as a function of the wholesale price.

Figure 10
Optimum Premium as Wholesale Price Changes
(Example 10)
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As the wholesal e price increases, the increase in expected sales resulting from a
quantity premium of A decreases. One might then expect the optimal A to decrease.
While it does decrease after a certain wholesale price, it initially increases. A quantity
premium schedule of (w,A) benefits the manufacturer in that its expected sales increase as
the supplier invests in more capacity. However, thisincrease in expected sales comes at

the cost of an increased average wholesale price. Theincreasein cost depends on both A
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and the range over which this quantity premiumisin force. The manufacturer pays the
premium for units over ys(w). For low wholesale prices, ys(w) isvery low and therefore
the quantity premium cost isincurred for alarge quantity. Asw increases, ys(w)
increases rapidly at first (see Figure 1). The range over which the manufacturer pays the
quantity premium decreases and therefore it iswilling to pay a higher premium.

Figure 11 shows the percentage increase in the manufacturer and total supply chain

expected profit resulting from this quantity premium.

Figure 11
% Increases in Profits as Wholesale Price Changes
(Example 10)
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The channel inefficiency, with and without a quantity premium, is shown in Figure 12.
With a quantity premium chosen by the manufacturer, the inefficiency ranges from
3.22% to 0.01%, which is much lower than the inefficiency of the constant wholesale
price case. Thedifferencein inefficienciesis greatest for wholesale prices furthest from

Wit (14.55).
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Figure 12
Inefficincies for Constant Wholesale Price and
Quantity Premium Schedules (Example 10)
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2.5.2 The Wholesale Price and Quantity Premium Controlled by the Manufacturer

2.5.2.1 A Sngle Breakpoint Schedule

In this game, Game D, the sequence of eventsis the same asin Game B, but the
manufacturer now chooses a wholesale price and a quantity premium. The necessary and
sufficient conditions for awholesale price and quantity premium to be optimal are given

in the following lemma.

Lemma 20
() If Fx(x) satisfies the concavity condition, then the manufacturer’s profit
Mu(w,Q), restricted to prcs<w+A<wci;, W>0 andA>0, is a strictly concave

function of w and\.
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(if) The first order conditions for w and A are necessary and sufficient for (w* ,A*)

to be optimal.

Clearly the manufacturer is better off when it is alowed to choose a wholesale price
and quantity premium than when it is only allowed to choose a wholesale price.
However, it isless clear whether the total supply chain profits are greater when a quantity
premium can be chosen. The following lemma shows that the total supply chain profits
are strictly greater for Game D than for Game B. However it also shows that complete

channel coordination is not achieved.

Lemma 21

(i) If Fx(x) satisfies the concavity condition given by equation (2), then the total
expected channel profit when the manufacturer chooses both a wholesale price and
a quantity premiumis strictly greater than the total channel profit when the
manufacturer only chooses a wholesale price but it is strictly less than the total

supply chain profit when the supply chain is completely coordinated.

When the manufacturer can offer a quantity premium, it has awider range of potential
price schedules to choose from. Because the manufacturer isthe Stackleberg leader in
these games, this wider range of choices gives it more “power” in its relationship with the
supplier. This power is derived from the manufacturer’s ability to structure a more

favorable price schedule from the wider range of schedules available in Game D. In what
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follows, this increase in power is reflected by the increase in the manufacturer’s profit.
This increase comes partly at the expense of the supplier’s profit.
For the sixteen test examples given in Table 1, Table 3 gives the expected profits, the

optimal wholesale pricey*, and the optimal quantity premiudy*, for Game D. It also

gives the sumv*+A* for Game D, the optimal wholesale prisfor Game B an@it.

Table 3
GameD GameB
One Breakpoint Constant w
Manuf'er |Supplier| Total |Optimum [Optimum | w*+A* | Optimum w| Wi
Profit Profit | Channel w A
Profit
3734.28 217.31 | 3951.58 6.92 4,02 10.94 8.53 17.50

2827.66 176.68 | 3004.34 | 11.81 3.19 15.00 13.16 20.00
2472.03 236.58 | 2708.61 | 12.31 4.24 16.55 14.01 24.09
1664.06 184.91 | 184896 | 17.13 3.33 20.46 18.46 25.45
2827.66 176.68 | 3004.34 6.81 3.19 10.00 8.16 15.00
1941.05 138.33 | 2079.38 | 11.72 2.43 14.14 12.76 17.50
1664.06 184.91 | 184896 | 12.13 3.33 15.46 13.46 20.45
905.35 110.24 | 1015.59 | 16.76 2.13 18.88 17.69 21.82
2656.59 137.85 | 2794.44 6.69 2.45 9.14 7.91 10.91
10 | 1800.65 100.95 | 1901.60 | 11.53 1.81 13.34 12.49 14.55
11| 1577.72 14786 | 172558 | 11.98 2.71 14.68 13.28 17.50
12 846.89 87.99 | 934.88 16.68 1.73 18.41 17.48 20.00
13 | 1800.65 100.95 | 1901.60 6.53 1.81 8.34 7.49 9.55
14 989.33 62.00 | 1051.33 | 11.39 1.13 12.52 12.03 13.18
15 846.89 87.99 | 934.88 11.68 1.73 13.41 12.48 15.00
16 222.03 26.79 | 248.82 16.35 0.65 16.99 16.66 17.50

OO |N[O |0 [WIN|F-

As proven in Lemma 13, the supplier’s capacity choice in Game D depemdarzh
A only through the sum+A. The closer this sum is Wy, the closer the supply chain
capacity is to the coordinated supply chain capacity. In Game B, the supplier’s capacity
choice depends om. Again the closer this is 8, the closer the supply chain capacity
is to the coordinated supply chain capacity. For each example, Table 3 shows that the

sumw*+A* for Game D is larger than the optimal wholesale pnider Game B.
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Therefore the supply chain capacity in Game D should be closer to the coordinated
capacity than theis capacity in Game B. Asproven in Lemma 19, the channel
inefficiency should thus be lower in Game D than in Game B.

Table 4 gives the inefficiencies for both Game B and Game D. It also give the
percentage change in expected profits of Game D over those in Game B, and the
percentage of the lost total profit in Game B recovered in Game D. Thelossin total

profit in Game B is the coordinated channel profit less the Game B channel profit.

Table4

GameB GameD

Constant w One Breakpoint

Inefficiency | Inefficiency | % Change | % Change | % Change in| % of Game B

in Manuf'er | in Supplier |Total Channel| Lost Total
Profit from | Profit from | Profit from Profit
Game B Game B Game B Recovered

1 7.31% 1.98% 10.22% -37.69% 5.75% 72.87%
2 7.72% 2.25% 10.92% -38.39% 5.93% 70.85%
3 12.18% 4.12% 15.08% -28.95% 9.17% 66.14%
4 12.32% 3.94% 16.08% -27.24% 9.56% 68.04%
5 7.72% 2.25% 10.92% -38.39% 5.93% 70.85%
6 8.10% 2.36% 11.80% -37.38% 6.25% 70.86%
7 12.32% 3.94% 16.08% -27.24% 9.56% 68.04%
8 13.34% 4.62% 17.42% -27.33% 10.06% 65.38%
9 4.98% 1.09% 8.97% -44.10% 4.10% 78.21%
10 5.25% 1.20% 9.49% -43.63% 4.27% 77.10%
11 9.36% 2.87% 14.21% -35.40% 7.16% 69.31%
12| 10.63% 3.03% 15.15% -30.24% 8.50% 71.47%
13 5.25% 1.20% 9.49% -43.63% 4.27% 77.10%
14 5.31% 1.26% 10.13% -43.59% 4.27% 76.23%
15| 10.63% 3.03% 15.15% -30.24% 8.50% 71.47%
16| 11.27% 3.23% 16.56% -28.88% 9.06% 71.31%

The inefficiencies for Game D range from 1.1% to 4.6% with an average of 2.7%,
compared to an average of 9.0% for Game B. In every example, the inefficiency strictly

decreases, as expected from Lemma 21.
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The manufacturer’s expected profit increase by an average of 13.0% and the total
expected channel profit increases by an average of 7.0%. However, the supplier’s profits
decrease in each example, by an average of 35.1%. In the exogenous wholesale price
game, the supplier was strictly better off when the manufacturer chose the quantity
premium. In these examples, when the manufacturer can also choose the wholesale price,
it chooses a lower wholesale price then when no quantity premium is offered, see Table
3. This reduces the supplier's expected profit. This is a manifestation of the extra power
gained by the manufacturer when it uses a quantity premium policy.

The manufacturer’s expected profit increases because the total supply chain capacity
increases but also because the manufacturer captures some of the supplier’'s profit relative
to Game B, about one third in the sixteen test examples.

The total expected channel profit increases in Game D. The single breakpoint price
schedule recovers 71.6% of Game B’s lost profit on average, i.e. Game D closes 71.6%

of the profit gap between Game B and a completely coordinated supply chain.

2.5.2.2 A Schedule with Two Breakpoints

As the manufacturer benefits from a single breakpoint schedule, a schedule with two
breakpoints is analyzed to determine the effect on both the manufacturer’s profit and the
supply chain inefficiency. This game is referred to as Game E.

For the sixteen test examples given in Table 1, Table 5 gives the expected profits, the

optimal wholesale price* and the optimal quantity premiurdg* and A,* for Game E.

It also gives the sumv*+A;*+Ay* for Game E andv*+A* for Game D.



Table5

GameE GameD
Two Breakpoints One
Breakpoint
Manuf'er | Supplier Total Optimum | Optimum | Optimum | w+A;,A, WHA
Profit Profit Channel w Ay A,
Profit
1 | 384522 153.27 3998.50 6.58 1.75 4.22 12.54 10.94
2 | 291818 | 126.24 | 3044.42 11.45 1.45 3.34 16.24 15.00
3 | 2590.85 182.41 2773.26 11.79 221 4.34 18.34 16.55
4 | 1750.24 134.10 1884.34 16.66 1.67 3.13 21.47 20.46
5 | 2918.18 126.24 3044.42 6.45 1.45 3.34 11.24 10.00
6 | 2009.37 99.12 2108.49 11.39 1.16 2.47 15.03 14.14
7 1750.24 134.10 1884.34 11.66 1.67 3.13 16.47 15.46
8 957.07 85.01 1042.08 16.52 1.16 1.94 19.63 18.88
9 | 272161 90.91 2812.52 6.39 1.08 2.20 9.67 9.14
10 | 1847.74 69.72 1917.46 11.32 0.84 1.65 13.81 13.34
11| 1646.68 107.07 1753.75 11.59 1.36 251 15.45 14.68
12| 886.78 64.78 951.56 16.44 0.89 1.55 18.88 18.41
13| 1847.74 69.72 1917.46 6.32 0.84 1.65 8.81 8.34
14 | 1017.40 | 42.18 1059.59 11.22 0.55 0.98 12.74 12.52
15| 886.78 64.78 951.56 11.44 0.89 1.55 13.88 13.41
16| 233.81 19.58 253.39 16.24 0.37 0.54 17.14 16.99
Table6
GameD GameE
One Two Breakpoints
Breakpoint
Inefficiency | Inefficiency | % Change | % Change | % Change in| % of Game B
in Manuf'er | in Supplier |Total Channel| Lost Total
Profit from | Profit from | Profit from Profit
Game B Game B Game B Recovered
1 1.98% 0.82% 13.50% -56.05% 7.01% 88.78%
2 2.25% 0.95% 14.47% -55.98% 7.34% 87.73%
3 4.12% 1.83% 20.61% -45.22% 11.78% 84.93%
4 3.94% 2.10% 22.09% -47.23% 11.66% 82.96%
5 2.25% 0.95% 14.47% -55.98% 7.34% 87.73%
6 2.36% 0.99% 15.74% -55.13% 7.74% 87.72%
7 3.94% 2.10% 22.09% -47.23% 11.66% 82.96%
8 4.62% 2.13% 24.13% -43.97% 12.94% 84.03%
9 1.09% 0.45% 11.64% -63.13% 4.77% 91.06%
10 1.20% 0.38% 12.35% -61.07% 5.14% 92.79%
11 2.87% 1.29% 19.20% -53.22% 8.90% 86.25%
12 3.03% 1.30% 20.57% -48.64% 10.44% 87.75%
13 1.20% 0.38% 12.35% -61.07% 5.14% 92.79%
14 1.26% 0.49% 13.25% -61.62% 5.09% 90.84%
15 3.03% 1.30% 20.57% -48.64% 10.44% 87.75%
16 3.23% 1.46% 22.74% -48.02% 11.06% 87.07%
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Table 6 givesthe inefficiencies for both Game D and Game E. It also givethe
percentage change in expected profits of Game E over those in Game B, and the
percentage of thelost total profit in Game B recovered in Game E. Thelossin total
profit in Game B is the coordinated channel profit less the Game B channel profit.

The average inefficiency in Game E is 1.2%. As in Game D, the manufacturer’s
expected profit is larger than in Game B, by 17.5% on average. This is partly due to the
increase in the total supply chain capacity. The increase also occurs because the
manufacturer captures some of the supplier’s profit relative to Game B, about one half in
the sixteen test examples. On average 87.7% of the lost profit in Game B is recovered in
Game E.

Table 7 summarizes the results for the different price schedules. A price schedule
with two breakpoints both increases the manufacturer’s expected profit and nearly
achieves complete channel coordination.

Table7

Minimum, Maximum and Average Taken Over The 16 Test Examples

Inefficiency | % Change | % Change | % Change in| % of Game B
in Manufer | in Supplier |Total Channel| Lost Total
Profit from | Profit from | Profit from Profit
Game B Game B Game B Recovered
Constant Wholesalel min 4.98% - - - -
Price max 13.34% - - - -
(Game B) ave 8.98% - - - -
One Breakpoint min 1.09% 8.97% -44.10% 4.10% 65.38%
(Game D) max 4.62% 17.42% -27.24% 10.06% 78.21%
ave 2.65% 12.98% -35.14% 7.02% 71.58%
Two Breakpoints | min 0.38% 11.64% -63.13% 4.77% 82.96%
(Game E) max 2.13% 24.13% -43.97% 12.94% 92.79%
ave 1.18% 17.49% -53.26% 8.65% 87.70%
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2.5.3 A Continuous Quantity Premium Schedule

In this section, | introduce a continuous and twice differentiable quantity premium
price schedule that completely coordinates the supply chain. Moreover, it isan optimal
price schedule from the manufacturer’s perspective, allowing the manufacturer to capture
the entire expected supply chain profit.

W(Q) is the total price paid by the manufacturer to the supplig® fanits. If the
marginal price is increasingdMQ)/dQ*>0), thenW(Q) is said to be a continuous
quantity premium price schedule. | assumeW@&)=0, that is the manufacturer does
not pay any fixed price for ordering. A price schedule is then specified by the marginal
wholesale price of th@" unit.

If there is positive demand with probability one, then the existence of a fixed=price
in W(Q) does not change the coordination properties of the price schedule introduced in
this section. It does however serve to transfer a proktfadm the manufacturer to the
supplier.

A continuous price schedule allows the manufacturer to choose the schedule from an
infinite number of possible schedules. As discussed in Section 2.5.2.1, this enlarged
range of choices should give the manufacturer even more power. The following lemma
shows that the manufacturer can capture the entire expected supply chain profit, leaving

the supplier with nothing.
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Lemma 22:
The following continuous quantity premium price schedule'® is an optimal

wholesale price schedule for the manufacturer,

dW(Q) _ Cs —VsF« (Q)
dQ 1-F(Q)

Ps

©)
Furthermore, it completely coordinates the supply chain but leaves the supplier

with an expected profit of zero.

The price schedule in (3) is a quantity premium schedule as

d’W(Q) _ (cs —Vvs) X (Q) >0
dQ? @-F, QY

Recall that cs>Vs, i.e. salvage valueis strictly less than the capacity cost.

The intuition behind this price schedule is that it leaves the supplier with an expected
profit of zero regardless of its capacity choice. The supplier's marginal cost of providing
the Q™ unit of an order comprises two elements, the marginal processingsest the
marginal capacity cost. The manufacturer reimburses the supplier for the processing cost
by the second term in (3). The supplier’'s marginal capacity cost ldowever, the
supplier recoups some of this if the demand is less@nagffectively the supplier’s

capacity cost issvsFx[Q]. The probability that the manufacturer orders at 1€ast

@ The motivation for this price schedule arose from personal correspondence with Prof. Martin Lariviere.
For asupply chain model in which only the supplier needs to invest in capacity and in which salvage values
and marginal costs are normalized to zero, he conjectured that dW(Q)/dQ=c/[ 1-Fx(Q)] would coordinate the

channel.
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unitsis 1-Fx[Q]. For the supplier's expected marginal capacity cost to be zero, the
manufacturer must reimburse the suppléerviFx[Q])/(1-Fx[Q]) for the Q™ unit. This is

the fist term in (3). The supplier is therefore indifferent to any capacity choice as its
expected profit is zerd. The manufacturer captures all of the expected supply chain
profit. This profit is maximized by choosing a capacity equal to the coordinated supply
chain capacity.

A continuous price schedule would be very difficult to implement in practice. In
Sections 2.5.1 and 2.5.2, incremental quantity premium schedules with one or two
breakpoints were analyzed and shown to perform quite well with regard to channel
coordination.

Table 8 shows the inefficiencies for the sixteen test examples for the four different
price schedules analyzed, a constant wholesale price schedule, an incremental quantity
premium schedule (one and two breakpoints) and the continuous quantity premium
schedule (3). It also shows the minimum, maximum and average over the sixteen
examples. For each schedule, the results are shown for the manufacturer’s optimal
choice. The two breakpoint schedule has an average inefficiency of 1.18% whereas the
continuous schedule has an inefficiency of zero from Lemma 22. This means that the
total expected supply chain profit increases on average by 1.18% if the continuous price

schedule is implemented instead of the two breakpoint schedule. The benefit to the

@ make the assumption that the supplier still chooses the same capacity as that announced by the
manufacturer even though it isindifferent to all capacity choices. One can add an arbitrarily small
quadratic term g(y; -Q)? to the wholesale price schedule W(Q) to ensure that the supplier’s optimal capacity

choice is the coordinated supply chain capacity. The results of Lemma 22 still hold in this case.
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supply chain of implementing a continuous schedule is therefore quite small. The
performance of the more easily implemented two breakpoint schedule is almost identical.

Asthe manufacturer isinterested in its expected profit rather than the supply chain
profit, the percentage increase in the manufacturer’s expected profit from implementing
the continuous quantity premium schedule is of interest. This is shown in Table 8 for the
constant wholesale price schedule and the incremental quantity premium schedules (one

and two breakpoints).

Table8

I nefficiency % Increasein Manufacturer

Profit from implementing the

Continuous Quantity Premium

Price Schedule
Constant One Two Continuous over over over
Wholesale | Breakpoint |Breakpoints| Quantity | Constant One Two
Price Premium |Wholesale| Breakpoint | Breakpoints
Price

1 7.31% 1.98% 0.82% 0.00% 19.00% 7.96% 4.85%
2 7.72% 2.25% 0.95% 0.00% 20.56% 8.70% 5.32%
3 12.18% 4.12% 1.83% 0.00% 31.52% 14.28% 9.04%
4 12.32% 3.94% 2.10% 0.00% 34.27% 15.67% 9.97%
5 7.72% 2.25% 0.95% 0.00% 20.56% 8.70% 5.32%
6 8.10% 2.36% 0.99% 0.00% 22.66% 9.72% 5.99%
7 12.32% 3.94% 2.10% 0.00% 34.27% 15.67% 9.97%
8 13.34% 4.62% 2.13% 0.00% 38.10% 17.61% 11.25%
9 4.98% 1.09% 0.45% 0.00% 15.89% 6.34% 3.80%
10 5.25% 1.20% 0.38% 0.00% 17.04% 6.89% 4.17%
11 9.36% 2.87% 1.29% 0.00% 28.60% 12.61% 7.89%
12 10.63% 3.03% 1.30% 0.00% 31.08% 13.84% 8.72%
13 5.25% 1.20% 0.38% 0.00% 17.04% 6.89% 4.17%
14 5.31% 1.26% 0.49% 0.00% 18.53% 7.63% 4.66%
15 10.63% 3.03% 1.30% 0.00% 31.08% 13.84% 8.72%
16 11.27% 3.23% 1.46% 0.00% 34.98% 15.81% 9.98%
min 4.98% 1.09% 0.38% 0.00% 15.89% 6.34% 3.80%
max 13.34% 4.62% 2.13% 0.00% 38.10% 17.61% 11.25%
ave 8.98% 2.65% 1.18% 0.00% 25.95% 11.38% 7.11%
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On average over the sixteen examples, the continuous schedul e increases the expected
manufacturer profit by 25.95% over the constant wholesale price schedule, by 11.38%
over the one breakpoint schedule and by 7.11% over the two breakpoint schedule. By
implementing a two breakpoint schedule, the manufacturer is giving up 7.11% potential
expected profit. Whilethisisalot less than the 25.95% given up by a constant wholesale
price schedule, thislost profit may still be significant.

A two breakpoint schedule appears to be a reasonable compromise. The
manufacturer’'s expected profit is not too far from its maximum possible expected profit.
From the supply chain perspective, the total channel profit is very close to the

coordinated channel profit, with an inefficiency of only 1.18% over the sixteen examples.

2.6 Gamesin which the Wholesale Price Scheduleis Controlled by the

Supplier

Up to this point, in all the games where there was some element of the wholesale price
schedule under the control of the supply chain participants, | have assumed that the
manufacturer had control over the wholesale pricing decision. In some supply chains, the
supplier may have control over the wholesale pricing decisions. This section analyzes
games in which the supplier controls the wholesale price schedule.

It turns out that all the earlier results have directly equivalent results for the case of a
supplier controlled price schedule. These results can be proved independently of the

earlier sections. However the results can be shown to follow directly from the previous
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sections by considering the earlier gamesin terms of aleader and afollower rather than a
manufacturer and asupplier. The leader is the participant who has control over the
wholesale price schedule and is the first to announce capacity.

Unfortunately one cannot immediately infer that the games analyzed in the previous
section follow directly. The difficulty liesin the payments and receipts of the
participants. If the manufacturer is the leader, then for an order of Q units, it pays atotal
price of W(Q). It then sellsthese Q unitsfor atotal revenue of rQ. The supplier (the
follower) pays nothing for the Q units but receives atotal revenue of W(Q) from the
supplier. If the supplier isthe leader then the payments and receipts of the leader and
follower arereversed. Astheleader chooses awholesale price schedule to maximize its
expected profit, it would then seem necessary to specify whether the leader isthe
manufacturer or supplier.

In fact one can avoid this difficulty by specifying the problem in terms of aprice
difference schedule rather than a wholesale price schedule. Define the total price
difference of Q units PD(Q) as the total revenue received from selling the Q units less the
total price paid for the Q units. For the manufacturer, PDy(Q)=rQ-W(Q). For the
supplier PDg(Q)=W(Q). For agiven retail price, the wholesale price scheduleis
completely specified by the price difference schedule of either the manufacturer or
supplier. Note also that PDu(Q)=rQ-PDgQ) and PDg(Q)=rQ-PDw(Q), so the price
difference schedule of one participant is completely specified by the price difference
schedule of the other participant. Moreover if the follower’s price difference schedule is
specified byPDg(Q), then the leader’s price schedule is giv@APD(Q) irrespective of

which participant is the leader. L@tandpr be the marginal processing cost of the
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leader and follower respectively. These are assumed to be constant for al Q throughout
this dissertation (Chapter 2). The leader’s total profit from fulfilling an ordérwfits

is then given byQ-PDg(Q)-p.Q and the follower’'s byPDg(Q)-pQ. These profit
expressions are the same regardless of which participant is the leader. Thereby by
working with the follower’s price difference schedule rather than the wholesale price
schedule, one can avoid the necessity of specifying whether the leader is the
manufacturer or the supplier.

In previous sections, the manufacturer was the leader and the games were analyzed in
terms of the wholesale price schedule. The wholesale price schedule is the same as the
supplier’'s price difference schedule. The entire analysis is identical if one thinks in terms
of a leader and a follower’s price difference schedule rather than a manufacturer and a
supplier’'s wholesale price schedule. Therefore all the results proven for the case in
which the manufacturer is the leader carry through directly to the case where the supplier
IS the leader.

There is however one caveat. All references to a wholesale price schedule or specific
wholesale price should instead be interpreted as the follower’s price difference schedule
or follower’s specific price difference. The quantity premium price schedule results still
hold but the quantity premium refers to the follower’s price difference schedule rather
than the wholesale price schedule. If the supplier is the leader then a quantity premium
price difference schedule for the manufacturer is a quantity discount wholesale price
schedule. To see this remember #21(Q)=rQ-W(Q). Consider a continuous and

twice differentiable wholesale price schedule. By definition a quantity premium price
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difference schedule is convey, i.e. the average price difference is increasing in the order

size Q. The corresponding wholesale price schedule must be concave as

d’PD(Q) _ _d*W(Q)
dQ? dQ?

Therefore the average wholesale price is decreasing in the order size which corresponds
to aquantity discount schedule.

If the supplier isthe leader, then quantity discount wholesale price schedul es provide
It with a mechanism to increase both its profit and the total supply chain profit.

In Game A, the exogenous whol esale price game, both parties can increase their
expected profits by agreeing on a single breakpoint price schedule as long as w does not
equal wgrit. The manufacturer proposes a quantity premium if wis less than wgi.. The
supplier proposes a quantity discount if wis greater than weit. If w equal's Wi, then
neither a premium or discount schedule benefits both parties, and thus they are not both
willing to accept a single breakpoint schedule.

In games where the manufacturer controls the wholesal e price schedule, the

manufacturer can capture one third of the supplier’s profit by implementing a single

breakpointguantity premium schedule rather than a constant wholesale price schedule. A

two breakpoint schedule enables the manufacturer to capture one half of the supplier’s

profit. These fractions are based on the sixteen test examples. A specific continuous

premium schedule enables the manufacturer to capture all of the supplier’s profit. This is

true for any example. The manufacturer benefits while the supplier suffers from the

guantity premium schedule. See Section 2.5.2.1 for more details.
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In games where the supplier controls the wholesal e price schedule, the supplier can
capture one third of the manufacturer’s profit by implementing a single breakpoint
guantity discount schedule rather than a constant wholesale price schedule. A two
breakpoint schedule enables the supplier to capture one half of the manufacturer’s profit.
These fractions are based on the sixteen test exathpkespecific continuous discount
schedule enables the supplier to capture all of the manufacturer’s profit. This is true for
any example. The supplier benefits while the manufacturer suffers from the quantity

discount schedule.

2.7 TheMultiple Supplier M odel

Manufacturers often require multiple components when producing a product, with the
various components being sourced from different suppliers. In such situations, the
manufacturer requires more than one supplier to invest in capacity. In this section, the

supply chain is assumed to comprise one manufactured aogpliers, as opposed to a

@ Thereis adirect equivalence between Game 1 in which the manufacturer is the leader and Game 2 in
which the supplier is the leader if c>=c'y,, V’s=Vlu, p’s=p'm, C2v=C's, V\u=V's, p°mu=p's. The superscript
specifies the game to which the parameter refers. The expected profits of the supplier (manufacturer) in
Game 2 is the same as the manufacturer (supplier) in Game 1 when the two games have this mirror
structure. Because the sixteen test examples are created in a high/low manner (see Table 1), each example
has a specific mirror example contained in the sixteen examples. The results developed for the gamesin
which manufacturer is the leader can be used to determine the results for the game in which the supplier is

the leader.
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single supplier asin previous sections. The suppliers do not produce the same
component but rather each produces a distinct component. The manufacturer assembles
these components into the end product.

Asin previous sections, demand for the end product is uncertain. The manufacturer
and suppliers must each invest in capacity before demand isrealized. After demand is
realized, the manufacturer purchases components from each of the suppliers, assembles
them into the end product, and then sellsthem. The model parameters are the same asin
the single supplier case but supplier parameters are labeled n=1,... N.

| restrict attention to constant wholesale price schedW&3)=wQ. | analyze two
different games in this section, the first in which the wholesale prices are exogenous, and
the second in which they are under the control of the manufacturer. In each game all
parties are assumed to know all the other parties costs. All parties know the end product
demand distribution also.

A central decision-maker invests in the same capacity for all suppliers and the
manufacturer. The central decision-maker’s problem can be mapped into a single
supplier problem with the single supplier parameters being replaced by the summation

over theN suppliers. From Lemma 1, the optimal capacity is then given by,

N N

Tot Tot N

«_caH —py Py —Cy —C Tot _ Tot _ Tot _

y, =Fy B p iot_v —VST.Ot here p. —Zp% , C% = chn , andv, _ZVS‘ :
pM pS M S n= n= n=
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2.7.1 The Exogenous Wholesale Prices Game

In this game (asin Game A for asingle supplier), the wholesale prices, wy, ..., wy, are
exogenous and cannot be controlled by either manufacturer or supplier. The only
decision to be made by the manufacturer is its capacity. After deciding its capacity, the
manufacturer announces this to the suppliers whom then determine their own capacities.
Suppliers are assumed to make their capacity decisions in the following order, supplier 1
decides its capacity and announces this capacity, then supplier 2 follows, then supplier 3
etc. Letyu* be the optimal capacity chosen by the manufactureyghdbe the optimal
capacity chosen by supplieiin this game.

For a given set of wholesale pricgs... Wy, letwro=3 "=1wn. The manufacturer pays
a total wholesale price @iy for each unit of end product produced. Yiglwro) be the
manufacturers optimal capacity if the suppliers all have infinite capacity ayg(Ve1)
be supplien’s optimal capacity choice if the manufacturer and all other suppliers have

infinite capacity. As in Lemmas 2 and 3 earlier,

Vi (W) = Pttt = Pu _CME ye (wy) =R TPs TOs

§ H'_Wrot_pM ~Vm HNn_pSn _Van
Let yd™"(Wa, ..., Wi)=mind{ ya(Wn)}.
Lemma 23
In the N supplier exogenous wholesale price game, the manufacturer and suppliers

min

choose their capacitiesto be yy*=ysi*=..=ya*=min{ys" (Wy,...,"q),Ym(Wrot)} -
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In the single-supplier exogenous wholesale price game, there existed a unique
wholesale price, Werit, such that for w=wgi;, ym(w)=ys(w)=y,*. At thiscritical
wholesale price, the supply chain capacity chosen was the same as a central decision-
maker because yv* =ys* =min{ ym(w),ys(W)}. The expected total supply chain profit
depends only on the capacity choice, so the channel is completely coordinated if the
exogenous wholesale price is equal to Weit. For all other w£wit,
min{ ym(w),ys(W)} <y;* and the channel failsto be coordinated. The following lemma

generalizes the critical wholesale price result to the N supplier case.

Lemma 24:

(i) ym(Wror)=Yi*, the coordinated channel capacity, iff w,, =we', where

Tot Tot Tot Tot Tot
crit _ (r- Y )(Cs — Vs )+ (CM ~Vm )ps TCwVs ~VmGs
Tot —

CM _VM + Clot _Vlot

and yw(Wrot)2yi* iff wey, < wepy

(i) Ys(Wn)=y* iff w. =w" where

Tot Tot _ . Tot Tot Tot
Weit = (r=pw - ps )(031 _Vsn)"' pSn(CM —Vy +Cs” = V%) =Cg(Vy +Vg ) +Vg(Cy +C57)
no- Tot Tot

CM _VM +Cs _Vs

and yen(Wn)y* iff w, >we™.
i it it
(i) wi = wry

(iv) Complete channel coordination occursiff wy=w," n=1,...,N.
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So in the N supplier case, there are N critical wholesale prices, one for each
supplier. If the exogenous wholesale prices happen to equal these critical prices, then

the channel is completely coordinated. Otherwise the channel fails to be coordinated.

2.7.2 TheWholesale Prices Controlled by the Manufacturer

In this game (asin Game B for the single supplier case, Section 2.4.2), the wholesale
prices, wi,...,Wy, are under the control of the manufacturer. Therefore the manufacturer
has two decisions to make, its capacity and the wholesale prices. Both decisions are
made simultaneously before demand is known. For a given set of wholesale prices, the
manufacturer’s and supplier’'s optimal capacity decisions are given in Lemma 23 above,
e YW= ya*=. .. Sy =min{ ya" (W, ... wa),ym(W)}. So the manufacturer’s problem can
be expressed as choosing the wholesale prices to maximize its expected profits subject to
the resulting capacity choice being that given above.

This multiple-supplier game can be transformed into a single-supplier game that is
almost identical to Game B. This can be seen as follows.

Firstly, it is never optimal for the manufacturer to set a wholesale \pyifo
supplierk such thays(wi)>ys™"(Wa, ... win)=min.{ ys:(Wr)} aswi can be reduced by an
arbitrarily small amount without any effect on the supply chain capacity. The
manufacturer’s expected sales remain the same but its margin increases. Therefore its
expected profit can be strictly increased. For an optimal set of wholesale prices,

Wi*,...,WN*, we haveys (Wi*)=ysdWi*)=...=ysu(W\*). It is therefore only necessary to

consider a single supplier, say supplier 1, with the understanding that the other
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wholesale prices need to be set such that ys (Wi*)=ysd(Wi*)=...=ysn(Wy*). The
manufacturer’s problem is now to set the wholesale price for supplier 1. The supply
chain capacity choice is given byn{ysi(W1),ym(Wror)}-

Secondly, as in Lemma 9 for the single-supplier case, the manufacturer’s optimal

crit I

wholesale price for supplier 1 is always be suchygé,)<ym(wel), i.e.wi<w, n

other words, it is never optimal for the manufacturer to offer a wholesale price such that
the supply chain capacity choice is givenyiwro). The manufacturer could lower the
wholesale price and still induce the same supply chain capacity. So in any optimal
solution, the supply chain capacity is givenygywi). Supplier 1 only invests in

capacity ifw;>pg +cg, therefore the manufacturer’s optimal supplier 1 wholesale price
can be restricted s +ca<wisw, ™.

This game is almost identical to Game B, the single supplier game of Section 2.4.2.
However there is one difference. The manufacturer does nengEgr unit but actually
payswio=3 "n-1Wn as there ardl suppliers to pay. As developed above,

Va1 (Wi*)=Ysd(Wi)=...=ysu(Wn*) must hold in an optimal solution. It is therefore possible
to expressvr as a function odv; only.

This can be done as follows. Ag(K) is continuous and increasing, then

ya1(Wi)=ys(wi) if and only if,

Hwvs — Ps —€s H_HWs, ~Ps ~Cs H
H¥s = Ps ~Vs H HWs, ~ Ps, ~Vs [

This is equivalent tav, = H w;, + L, where

Hi‘ :ﬁ and Lfll - (CS + pslxpﬂ +VS<)_(CS< + pstpsl +V51)

Cs Vg Cs ~Vsg
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If the manufacturer pays supplier 1 awholesale price of wy, then it pays a total
N

N
G(wy) to the N suppliers, where G(wy)=Aw;+Bg, with A =1+ Z H'>0and B, =9 L].

n=

If the N suppliersare all identical in terms of costs, then G(w;)=Nw;.

crit

So, the manufacturer’s problem is to chopgecs<wi<w;~ such that
Ysr (W)
My (W) =-c, Ys (W) +(r = py —Gi(wy)) IXfx (X)dx
Ys; (W)

+(r = Py —Gy(Wy)) ys (Wy)[1=Fy (Vs (W) + vy, I[ Ys (W) = X] fy (X)dx

is maximized.
In the single supplier case, the channel is not completely coordinated when the
manufacturer chooses the wholesale price. The following lemma generalizes this

result for theN supplier case.

Lemma 25

In the N supplier wholesale price game, if Fx(X) satisfies the concavity condition,

then

(i) The manufacturer’s expected profit as a function of the suppler 1 wholesale

price w, MNu(wy), restricted to pr+cg<wisw, ™"

, Is a strictly concave function.
(i) The optimal wholesale prices/are strictly less than W™, n=1,...,N

(i) The channel fails to be completely coordinated.

So asin the case of asingle supplier, the channel fails to be coordinated when the

manufacturer controls the wholesal e prices.
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2.8 Quantity Premiums when the Manufacturer has Unlimited Capacity

In this section, asin Cachon and Lariviere (1997, 1999), the only capacity constraint is
that of the supplier. Effectively the manufacturer has infinite capacity. The game
proceeds in the following sequence: the manufacturer offers the supplier a price schedule
W(Q), the supplier determines its capacity, ys, demand, x, is realized and the
manufacturer acquires mir{ x,ys} units from the supplier and sells them at aretail price of
r per unit. As in Cachon and Lariviere, the only cost is the supplier’s capacity okt
other costs are normalized to zero. The salvage vatukess than the capacity cast

The demand distribution is assumed to be discrete with three possible states§)small (
medium M), or large (). The probability of each demand stat@4sfu, andp.
respectively. The only possible optimal capacity choices for the supplier (or a central
decision-maker) arg M, orL. If the supplier’'s expected profit is the same for two
different capacity choices, it is then indifferent between the two. | assume that it chooses
the larger of the two capacities. As in Cachon and Lariviere (1997), | assume that the
probabilities are such that a central decision-maker would not invest in small capacity. If
the central decision maker would invest in small capa8ytiie manufacturer could
simply offer a price schedule @(Q)=cQ, the supplier would be willing to invest in a
capacity ofS as its expected profit is still zero and the manufacturer would capture all the
supply chain expected profit. The channel would be completely coordinated.

Let the quantity premium price schedule whereby the manufacturer pays c per unit for

the firstSunits andc+Ay per unit for units abov8 be denoted byc(Ay). Similarly let

(c,AmAL) denote the quantity premium price schedule whereby the manufacturer pays c
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per unit for the first Sunits, c+Ay per unit for the next (M-S) units and c+Ay+AL per unit

for units above M.

Lemma 26

(1) If Bs<(r-c)/(r-v), then a central decision maker would invest in either medium or
large capacity, investing in medium capacity if B.<(c-v)/(r-v) and in large capacity
otherwise.

(i) If Bs<(r-c)/(r-v) and B.<(c-v)/(r-v), then a quantity premium price schedul e of

(c,Av*) induces the supplier to invest in medium capacity, where
A, = %Ec -v). Furthermore, the channel is completely coordinated and the
“Ps

manufacturer captures all the expected supply chain profit.
(iii) If Bs<(r-c)/(r-v) and B> (c-v)/(r-v), then a quantity premium price schedule of

(c,Av* AL*) induces the supplier to invest in large capacity, where Ay* is given

aboveand A, = E{ll_g’g L —1ﬁ ; Ec—v). Furthermore, the channel is completely
L ~ Ps

coordinated and the manufacturer captures all the expected supply chain profit.

In the case of a discrete demand distribution with two states, Cachon and Lariviere
(1997) show that when the manufacturer is restricted to choosing a constant wholesale
price schedule, W(Q)=wQ, then there is a certain range of s<(r-c)/(r-v) such that the

channél fails to be completely coordinated. One can use Lemma 26 for the case of two
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demand states, small and medium, to see that the quantity premium schedule (c,Au*)
completely coordinates the schedule for all Bs<(r-c)/(r-v) and 3.=0.

Lemma 26 tells usthat if Bs<(r-c)/(r-v), then the channel can be completely
coordinated via a one or two breakpoint quantity premium schedule. If there are two
demand states, then only one breakpoint is needed; if there are three demand states, then
atwo-breakpoint schedule is needed. In both cases the manufacturer captures al of the

expected profit.

2.9 Conclusion

In Chapter 2, | show that decentralized single period capacity and pricing decisions
can lead to channel inefficiency in multiple-operation supply chains. That is, the total
expected supply chain profit is strictly less than that obtained by a central decision-
maker. If the wholesale price is constant and exogenous, then the channel inefficiency
depends on the wholesale price and is zero at a unique wholesale price Wgit. If the
manufacturer or supplier controls a constant wholesale price schedule, then the channel
inefficiency is always strictly positive. These results have been developed for asingle
end product and a single period uncertain demand.

In two party supply chains, one party may be reluctant to invest in as much capacity as
the other party would like. If the supplier isthe reluctant party, then the manufacturer
should offer a quantity premium. If the manufacturer isthe reluctant party, then the

supplier should offer a quantity discount. These piecewise linear price schedules provide



a mechanism by which the two parties can share both the benefit of high demand states
and the risk of under utilized capacity in low demand states.

If the manufacturer has control over the wholesale price schedule, then quantity
premiums are shown to improve channel coordination. A particular continuous quantity
premium schedule completely coordinates the channel while an incremental premium
schedule with one or two breakpoints approaches complete coordination. Moreover, itis
shown that the manufacturer can increase its expected profit by offering a quantity
premium price schedule (unless w2w; in the exogenous wholesale price game). In other
words, it is in the manufacturer’s interest to offer a quantity premium. Whether the
supplier benefits from a quantity premium depends on whether the wholesale price is
exogenous or under the control of the manufacturer. If the supplier controls the
wholesale price schedule then analogous results hold for quantity discounts.

Moorthy (1987) noted that a specific quantity premium schedule would coordinate a
two party supply chain in which demand is deterministic but price sensitive and the
parties must make pricing decisions. This dissertation shows that quantity premiums also
result in increased supply chain profits when the supply chain is faced with making
capacity decisions in the face of uncertain but price-insensitive demand.

The bargaining scheme used in this dissertation assumes that the manufacturer (or
supplier) has the power. In reality the bargaining process is likely to be more complex.
In addition the parties may not share all the cost and demand distribution information.
However, the insight that quantity premiums (and discounts) provide a mechanism for the

manufacturer and supplier to increase the total supply chain profit should still hold.
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3 Process Flexibility in Supply Chains

3.1 Introduction

Many firms operate in environments characterized by uncertainty, variability, or rapid
change, and as such must develop an ability to cope with these challenges. Flexibility is
often represented as a key competency for these firms. However, flexibility isaterm
that, while widely used, has many varying interpretations. Even manufacturing flexibility
has a wide range of manifestations (for a survey see De Toni and Tonchia, 1998). One
category of manufacturing flexibility is the ability of a plant or machine to process more
than one product at the same time. Such flexibility isreferred to as process flexibility. In
this dissertation, the term flexibility is understood to refer to process flexibility.

Manufacturing firms must often install plant capacity in anticipation of future product
demand. However, at the time of capacity commitment, demand is often uncertain. A
plant might be dedicated to one product, that isit can process one product and that
product only. If a dedicated plant’s capacity exceeds the actual product demand, this
excess capacity cannot be used for another product whose demand exceeds its plant’s
capacity. A firm might decide to build sufficient capacity to ensure that the total demand
can be met with a high probability; however this strategy is likely to prove expensive as
some plants only use a portion of their capacity.

Flexibility provides firms with an alternative means of coping with demand
uncertainty. By enabling plants to process multiple products and ensuring that more than

one plant can process each product, demand uncertainty can be accommodated more
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effectively than if dedicated plants are built. When product demands become known,
allocations of products to plants can be done more effectively if a plant that processes a
low demand product also happens to be capable of processing a high demand one.

A number of authors (e.g. Fine and Freund, 1990, Guptaet al., 1992, Li and Tirupati,
1994, 1995, 1997 and van Mieghem, 1998) have focused on investments in dedicated
plants versus totally flexible plants, where atotally flexible plant can process all
products. Partial flexibility, whereby a plant can produce a subset of products has
received |ess attention (Jordan and Graves, 1995 and Gavish, 1994).

Jordan and Graves (1995) investigated process flexibility in a single-stage
manufacturing system with multiple products and plants. This dissertation (Chapter 3)
has asimilar focus but aims to understand the role of process flexibility in multiple-stage
supply chains and to develop insights into general strategies for process flexibility
deployment in supply chains.

If demands are variable or uncertain, supply chains are faced with an issue that does
not arise in single-stage systems — the bottleneck stage can vary with demand, where the
bottleneck stage is that stage that limits throughput. In an automotive supply chain, the
ability to meet customer demand might be limited by engine capacity in one demand
scenario but by assembly capacity in another.

In determining the capacity and flexibility configuration of its supply chain, a firm
must recognize the possibility of “floating bottlenecks” (e.g. Hopp and Spearman, 1997).
If capacity in one stage of the supply chain is significantly more expensive than all other
stages, then it may suffice to designate this stage as being the “bottleneck” or limiting

stage, with the understanding that other stage capacities are set significantly higher than
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this stage’s. In some sense this approach attempts to ensure that the capital-intensive
stage’s throughput is never limited by some other stage’s capacity. Using the
terminology of the theory of constraints, all other stages are subordinate to this
constrained stage.

What happens if there is no one stage that dominates the capacity cost or if the supply
chain cuts across various firms? In these cases, one may not want or even be able to
subjugate other stages’ capacity and flexibility investments to one particular stage’s
decision. Such supply chains still need to make investment decisions that ensure a high
expected throughput, but must focus their attention on capacity investments in more than
one stage. This research aims to develop an understanding of flexibility investments in
these multiple-stage systems.

A flexibility configuration for a particular stage denotes which products can be
processed in which plants for that stage. It is most easily represented by the type of graph

shown in Figure 1.

Products Plants

Figure 1
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In this representation, circles denote products and squares denote plants. A link from
aproduct to a plant indicates that the plant can process that product. Flexibility
investments are then investments in these product-plant links.

The investment must be made before product demands are known and the investment
can be costly. If flexibility were cheap, then afirm could enable every plant to process
every product. Such total flexibility is an extreme case that provides the best hedge
against demand uncertainty. However, it islikely to be prohibitively expensive. | seek
flexibility configurations for the different stages of the supply chain that require
significantly lessinvestment (i.e. fewer link) but that still perform well.

Jordan and Graves (1995) analyzed a single-stage system and introduced the concept
of “chaining” as an effective flexibility strategy. The following definition is taken from
the authors. “A chain is a group of products and plants which are all connected, directly
or indirectly, by product assignment decisions. In terms of graph theory, a chain is a
connected graph. Within a chain, a path can be traced from any product or plant to any
other product or plant via the product assignment links. No product in a chain is built by
a plant from outside that chain; no plant in a chain builds a product from outside that

chain.” Figure 2 shows three different configurations for a six-product six-plant stage.
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One Three Chains Total Flexibility
Complete
Chain
Figure?2

Both the first and second configuration contain chains in which each product can be
processed in exactly two plants and each plant can process exactly two products.
However, their performance is not equivalent. Jordan and Graves demonstrate that the
complete chain configuration, in which all products and plants are contained in one chain,
and the chain is “closed”, significantly outperforms the configuration that has numerous
distinct chains. In fact the complete chain configuration performs remarkably like the
total flexibility in terms of expected throughput (or equivalently shortfall) even though it
has much fewer product-plant links. The authors develop some flexibility guidelines, (i)
try to equalize the capacity to which each product is directly connected, (ii) try to
equalize the total expected demand to which each plant is directly connected and (iii) try
to create a chain(s) that encompasses as many plants and products as possible.

The authors also develop a flexibility measuitéyl*), “the maximal probability over
all groupings or sets of productd) that there will be unfilled demand for a set of

products while simultaneously there is excess capacity at plants building other products”.

This is a surrogate measure for the probability that the shortfall of a configuraiton



exceeds that of atotally flexible configuraiton. The smaller IN(M*) is, the better. For
chainsM(M*) isvery small.

Gavish (1994) builds upon the work of Jordan and Graves (1995) to investigate a
chaining strategy in a particular seven-product two-stage supply chain, an automotive
supply chain comprising the component and assembly stages. He shows that the chaining
strategy that is effective for single-stage systemsiis effective for this particular two-stage
supply chain. However, while this suggests that chaining may work well in general
supply chains, it is not conclusive. Firstly it studies a particular system. Secondly, the
resulting configuration can be shown to have the very special property that the assembly
Is aways the bottleneck stage regardless of the demand redlization. This may be a
desireable property in that thereis no issue of afloating bottleneck, but in general,
systems will not exhibit this property and floating bottlenecks may significantly effect
performance.

Before presenting the model and research, | will briefly introduce some configuration
terminology. In the complete chain example above, each product is connected to two
plants. If one numbers the products and plantsi=1,...,6, then produdtis connected to
plantsi andi+1 wherei+1=1 ifi=6. A chain can be represented by the product path
starting and ending at product 1. The chain in Figure 2 could be represented by
{1,2,3,4,5,6,1}. Numerous other chains are possible e.g. {1,5,3,2,4,6,1}. Instead of
having every product being connected to two plants, one could have every product
connected to three plants, i.e. product i connected to plartsandi+2 for the complete
chain shown in Figure 2. A chain in which each product is connecteglamts will be

termed arh-type chain. Unless otherwise statechetgpe chain is assumed to be a
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complete chain. The second chain configuration in Figure 2 can be thought of asa

pairwise allocation of productsto plants. The products are paired together and then

assigned to particular plants. Products that are not paired together cannot be produced in

the same plant. Such a configuration will be called a “pairs” configuration. In general
one could group togetharproducts instead of just two. Such a configuration will be
referred to as an-tuple configuration.

Section 3.2 discusses the supply chain model used for this research. While | use the
term supply chain, this research is applicable to any multiple-stage manufacturing
system. In Section 3.3, | identify two supply chain inefficiencies, in which an
inefficiency is a phenomenon that affects multiple-stage systems but not single-stage
systems. Performance measurement is covered in Section 3.4. A general class of
configurations is introduced in Section 3.5, in which members of the class are
distinguished by the lower bound on capacity available to any subset of products. The
performance of pairs and chain configurations is analyzed in Sections 3.6 and 3.7.
Concluding remarks are presented in Section 3.8. Proofs of all lemmas can be found in

Chapter 5(Appendix 2).

3.2 TheMode

The supply chain model is a direct extension of the single-stage model of Jordan and

Graves (1995) to multiple-stage systems.
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The supply chain consists of K different stages, k=1,... K. The numbering of the
stages does not imply any specific processing sequence and the supply chain need not be
serial in nature. Any general multiple-stage production system in which thd€e are
distinct operations, where an operation is distinct if it requires a different processing
resource from all other operations, is allowed. An automotive supply chain might be
modeled as a four-stage supply chain, comprising the component, engine, body, and
assembly operations.

The supply chain produceéslifferent productsi=1,... |, with each product requiring
processing at each stage. This assumption is easily relaxed but is assumed to hold
throughout Chapter 3. Each stdgeasJi different plantsj=1,... Js, where the term
plant refers to any processing resource with an associated capacity constraint, e.g. a
machine, a department within a plant or a whole plant. Ptardtagek has a capacity of
c",-. Plantj of stagek is able to process the set of prodiR¥§). The set of plants at stage
k that can process produds given byQ¥(i). Unless otherwise stated, all products
iCP(j) are assumed to require the same amount of péacapacity per unit processed.
Plant capacities are all expressed as the total product units that can be processed in the
planning horizon.

The flexibility configuration decision determines which products can be processed in
each of the plants and therefore specifies thePsgsandQ¥(i). A particular
configuration can be denoted by the $&%) j=1,... J, k=1,... K. Alternatively, the

configuration at each staggecan be denoted by a set of ordered paira/here (,j) DA«

iff i0P(j). The supply chain configuration is then denoted\byAy, ..., A}.
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The configuration decision must be made before demand isrealized. After demand is
realized, production planning occurs with the objective of minimizing the total shortfall.
Shortfall of product i is defined as the maximum of zero and product i’'s demand less its
production. The production planning problem is covered in the next section, after a brief
discussion of some notational convention.

Certain problem parameters are stochastic, while others are deterministic.
Deterministic parameters, such as plant capacities, are written in lower case. Random
variables are written in upper case, and actual realizations in lower case. Thus the
product demand random vector is denote®byD4,...,D;} and a demand realization
vector byd={dj,...,d}. Product shortfalls will also be random variables, with
S={S,...,S} denoting the random variable vector for shortfalswill be a function of

D.

3.2.1 The Production Planning Problem

The flexibility configuration must be determined in advance of product demands being
known. After product demands are realized production planning occurs, a common
assumption in the flexibility and capacity planning literature (Eppen, Martin and Schrage,
1989, Jordan and Graves, 1995, Harrison and Van Mieghem, 1999). As noted by Jordan
and Graves (1995), “this is an approximation since in practice one must allocate
production capacity in real time as demand is realized.” However the approximation is
reasonable if the product demand is relatively constant over the length of the horizon or if

demand can be backlogged until the end of the horizon.
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For a given demand readlization, d={dj,...,d |}, and flexibility configuration,
A={Ay,...,A}, the production planning problem can be formulated as the following

linear programpP1(d,A),

s (d,A) =Min{ I s}

subject to

>x+s2d =Ll k=LK
W40

D X ¢ j=1..3 k=1..K
i0Q"()

X,5=0

wheresf is the minimum possible shortfa>kh,- is the amount of product i processed in
plant j (at stage k) over the planning horizon, and the other parameters are defined above.

While all parameters are deterministic for the production planning problem, the
demands are stochastic when the flexibility configuration is being decided. For a given
configurationA, | will consider the expected total shortfall E[D,A)], where the
expectation is over the demand veddor

The configuration problem is then to determine a configurafigithat results in a
low expected total shortfall without requiring a prohibitively expensive investment in
flexibility. For a specific problem instance, in which the product-plant link costs, plant
capacities and demand scenarios are specified, one cold(ds&) to formulate the
configuration problem as a stochastic linear integer program with recourse. The
flexibility configurationA is determined subject to a budget constraint, so as to minimize
E[SF(D,A)], wheresf(d,A) is given byP1(d,A) for each demand realization. Birge and
Louveaux (1997) provide a stochastic program formulation for the single-stage supply

chain flexibility problem.
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The purpose of this dissertation is neither to solve particular instances of the stochastic
program nor to develop efficient solution techniques. Rather the aim isto develop an
understanding of what configuration properties drive the shortfall (or throughput) in
multiple-stage supply chains and from this understanding, develop genera flexibility
strategies that yield low expected shortfalls without requiring large capital investments.

In the following sections the dependence of problem P1 ond and A may be
suppressed in the notation.

It isworth commenting on the assumption of equal product capacity usage in the
model (i.e. the same amount of a plant’s capacity is required per unit of each product it
can process). This is clearly a strong assumption as in practice the usage will likely vary.
Product dependent capacity usages introduce an added complexity to the configuration
decision, as now product to plant allocations should also consider the capacity usage of
each product-plant pairing. In order to enable analytical tractability and simpler analyses,
| assume that, as in Jordan and Graves (1995), the capacity usage is not product

dependent unless otherwise stated.

3.2.1.1 A Lower Bound on the Minimum Shortfall

For certain supply chains, an alternative expression for the minimum total shortfall

obtained inP1(d,A) is given in the following lemma. In general, this expression is a

lower bound on the minimum total shortfall.
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Lemma 1:
(1) Alower bound for the minimum shortfall in problem P1(d,A) is given by
problem P2(d,A),
K
MMaX {iDszi E’lrv?-l'-r:{gljmpz(L")Cj H
subject to

()M O{01....1}
()L, nL =0 Okzk

(i JL, =M
k=1
(i) If either the number of stages K or the number of products | islessthan three,

then the minimum shortfall in problem P1(d,A) is equal to the lower bound in (i).

PX(Ly) isthe set of plants at stage k that can process any product iCLy. P2(d,A) isa
generalization, for multiple-stage systems, of the shortfall expression, V(A), of Jordan and
Graves (1995).

Consider any subset of products, M. This subset can be partitioned into K subsets
Li,...,Lk. For each stage=1,... K, the production of products in sub&gts bounded by
the total capacity at staggeavailable to that subset of products. The production of
products inM is bounded by the sum of thesaipper bounds. The internal minimization
in P2(d,A) partitions the subsdl so that the upper bound on the production of products
in M is minimized. The shortfall for subddtis at least as large as the total demand for
products inM less the upper bound on production of producM.iP2(d,A) maximizes

this lower bound over all possible product subsets.
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If either the number of stages or the number of productsis less than three, then the
shortfall equals this lower bound. However if both the number of stages and number of
products are greater than two, then in general P2(d,A) only gives alower bound on the
shortfall. To seethis, consider the 3-product 3-stage supply chain depicted in Figure 3.
Let every plant have the same capacity c. Thetotal capacity at each stageis 2c.
However, the maximum production that this supply chain can achieveis 3c/2. The
reason for thisisthat at each stage thereisapair of products that can be processed at one
plant only. In addition this pair of productsis different at each stage, being { 1,2}, {2,3}
and { 1,3} for stages 1,2 and 3 respectively. If one produces x units of one product, then
one can produce at most c-x of each of the other two products. The maximum production
Is achieved by producing ¢/2 of each product. Therefore in any demand scenario, every
stage of this supply chain has at least one quarter of itstotal capacity, c/2, that is not

being used. Thisisnot awell designed supply chain.

Stage 1 Stage 2 Stage 3

e

O ot

Figure 3

To show that P2(d,A) only gives alower bound and not the actual shortfall for this
supply chain, consider a scenario in which each product has a demand of 2¢/3. In this

case, the total demand equals 2c, the total capacity of each stage. Asthe total production
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is limited by 3c/2, the shortfall must be at least ¢/2. Infact it is exactly ¢/2 as production
of each product can be set equal to ¢/2. In P2(d,A), if [M|=0,1, or 3, then the objective
valueislessthan or equal to zero. If [M|=2, then the maximum objective function is ¢/3,
eg. M={1,2} L.={1,2}, Lo=Ls={[0}. Sotheoptima vaueto P2(d,A) isc/3whichis
strictly less than the actual shortfall of ¢/2.

If either the number of stages or the number if productsis less than three, then
P2(d,A) gives the exact minimum total shortfall. For supply chainsin which every stage
istotally flexible or in which every stage istotally dedicated, P2(d,A) gives the exact
minimum total shortfall as such supply chains can be mapped into one or more single
product supply chains. Infact, as noted in the proof of Lemma 1, if the dual solution to
P1(d,A) isintegral, then P2(d,A) gives the exact minimum total shortfall rather than
simply alower bound.

Tests were run to see how often the dual solutionsto P1(d,A) were integral in
different supply chains. In each supply chain tested, the number of plants at each stage
equaled the number of products. Stage capacities were either all equal to 100 or else
were randomly generated from a normal distribution with mean 100 and standard
deviation of 30 and then rounded to the nearest integer. Each supply chain had either a
pairs configuration at each stage or a chain configuration at every stage. The particular
pairs (chain) configuration was randomly generated for each stage, so each stage had a
different pairs (chain) configuration. Each of the twenty eight supply chains was solved
for either 2,500 or 10,000 different demand realizations. Product demands were

randomly generated from anormal distribution with mean 100 and standard deviation of
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30 and then rounded to the nearest integer. Details of the supply chains tested and the

number of demand realizations used for each supply chain can be found in Table 1.

Tablel
Supply Number of Number of Stage Plant Number of
Chain Products Stages Configuration Capacity I nstances

1 10 3 Pairs 100 10,000
2 10 4 Pairs 100 10,000
3 10 5 Pairs 100 10,000
4 10 6 Pairs 100 10,000
5 10 3 Chain 100 10,000
6 10 4 Chain 100 10,000
7 10 5 Chain 100 10,000
8 10 6 Chain 100 10,000
9 10 10 Chain 100 10,000
10 10 15 Chain 100 2,500

11 10 20 Chain 100 2,500

12 10 3 Chain N(100,30) 10,000
13 10 4 Chain N(100,30) 10,000
14 10 5 Chain N(100,30) 10,000
15 10 6 Chain N(100,30) 10,000
16 10 10 Chain N(100,30) 10,000
17 10 15 Chain N(100,30) 2,500

18 10 20 Chain N(100,30) 2,500

19 20 3 Chain 100 10,000
20 20 4 Chain 100 10,000
21 20 5 Chain 100 10,000
22 20 6 Chain 100 10,000
23 20 10 Chain 100 10,000
24 20 3 Chain N(100,30) 10,000
25 20 4 Chain N(100,30) 10,000
26 20 5 Chain N(100,30) 10,000
27 20 6 Chain N(100,30) 10,000
28 20 10 Chain N(100,30) 10,000

A total of 250,000 different instances of P1(d,A) were solved. In every single
instance, the dual solution wasintegral. Thisimpliesthat for these 250,000 instances
P2(d,A) gives the exact total minimum shortfall and not smply alower bound.

The supply chain in Figure 3 shows that it is possible to construct supply chainsin
which P2(d,A) gives astrict lower bound. However this supply chain is arather poorly

designed one as it contains capacity at every stage that can never be used in any demand

101



scenario. The supply chains tested above were more reasonable in design. | conjecture
that for most reasonably designed supply chains P2(d,A) gives the exact minimum total
shortfall and not a strict lower bound®. Asnoted in Lemma 1, P2(d,A) is exact for any
supply chain in which either the number of stages or the number of productsislessthan
three.

In this dissertation (Chapter 3), | assume that P2(d,A) gives the exact total minimum
shortfall and not just alower bound. Asit always givesalower bound for any supply
chain, the analytical results that depend on P2(d,A) still have aclosely related
interpretation if one thinks of P2(d,A) as simply giving alower bound.

Note that all the supply chain simulations in this dissertation (Chapter 3) were solved

using P1(d,A) and so the shortfalls reported are exact.

3.2.2 Nomenclature

For ease of reference, the nomenclature used in this chapter is presented.

Scalars
ckj: The capacity of plant j of stage k

@ 1n other words | conjecture that there exist sufficient conditions on the supply chain that guarantee that
the dual solution to P1(d,A) isintegral® which in turn implies that P2(d,A) gives the exact minimum
shortfall. | aso conjecture that most reasonable supply chains meet these conditions.

@ Note that if the number of stages and products both exceed two then the dual problem to P1(d,A) does
not have an integral polyhedron as the graph G in Lemma 1 (b) can be shown to be not perfect. However,
the dual objective function, fg, is not completely arbitrary as the demand for a product is the same at all
stages of the supply chain. The actual conjecture isthat there exist sufficient conditions that guarantees
that no allowable objective function f4 can be created such that for some dual feasible solution x the vector
fqx meets the dual polyhedron only at afractional extreme point.
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Cl:
CFI:

Oj.

Q(M,Ly,..

QS(I agmin):

Mk

Fe(M*, ...

The configuration inefficiency (defined in Section 3.5.3)

The configuration floating inefficiency (defined in Section 3.5.3)
The configuration loss for the supply chain (defined in Section 3.5.1)
The configuration spanning inefficiency (defined in Section 3.5.3)
The demand realization for product i

The demand random variable for product i

A measure of the capacity available to each subset of products at a stage
(defined in Section 3.6)

The minimum g value over the stagesin the supply chain

The number of products directly connected to each plant in a complete chain
The number of products (i=1,...)

The number of plants at stagejkX...J)

The number of stages in the supply cha#i(... K)

The shortfall realization for produict

The shortfall random variable for product

The supply chain shortfall realization

The supply chain shortfall random variable

The shortfall realization for stadreas a stand alone stage

The shortfall random variable for stalgas a stand alone stage
Total capacity of stage

The minimum total stage capacity

The production of produétin plantj of stagek

The expectation of demand for product

The standard deviation of demand for product

Ly): An upper bound on the probability th,(4,...,Lk) is a stage-

spanning bottleneck

An upper bound on the probability of occurrence of a stage-spanning
bottleneck in an-productgn, supply chain

The probability that the maximum stand-alone stage shortfall of the supply

chain exceeds the shortfall of a totally flexible supply chain

,My*): A surrogate measure of the probability that the maximum stand-alone

stage shortfall of the supply chain exceeds the shortfall of a totally flexible

supply chain
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Vectors:

Sets:
P ():
Q'0):

Lk:
H(K):

Theflexibility configuration of stage k

Theflexibility configuration of the supply chain ={ A,... A}
The demand realization vectords{...,d;}

The demand random vectorB,...,D}

Denotes a total flexibility configuration for stake

Denotes a total flexibility configuration for the supply chain

The set of products that plgnif stagek can process

The set of plants at stagehat can process product

A subset of the products {1, .1},

A subset oM, k=1,... K, such that th&, form a partition oM
The set of stagds,... K for which,E[sF, | = Max {e[sF ]

..... K

3.3 Supply Chain Inefficiencies

The shortfall in asupply chain will always be greater than or equal to the minimum

single-stage stand-alone shortfall, where the stand-alone shortfall of a stageisthe

shortfall that would result if it were a single-stage supply chain. In other words, a supply

chain is only as effective at meeting demand as the “weakest link” in the chain.

Supply chains with multiple stages are susceptible to inefficiencies that do not affect

single-stage supply chains. By inefficiencies, | mean phenomena that cause the supply

chain shortfall to be strictly greater than the maximum stand-alone stage shortfall. So

multiple-stage supply chains may actually be less effective at meeting demand than the
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weakest stage. This dissertation (Chapter 3) analyzes two potential supply chain
inefficiencies.

Thefirgt, classified as stage-spanning bottlenecks, can occur even when demand is
deterministic and constant through time.

The second inefficiency is an example of the floating bottleneck phenomenon noted
previoudly in the literature (e.g. Nahmias, 1997, Hopp and Spearman, 1996) and in
practice (Alcalde, 1997). It occurs only when demand stochastic.

When demand is stochastic, the expected or average shortfall is of interest. In such
situations, an inefficiency occurs when the expected or average supply chain shortfall is

strictly greater than the maximum single-stage stand-alone expected or average shortfall.
3.3.1 Stage-Spanning Bottlenecks

As noted above, for a given demand realization, the shortfall in amultiple-stage
supply chain is at least as large as the maximum stand-alone stage shortfall. Using the set
based formulation of the production planning problem, i.e. P2, to express this

mathematically,

K
Max {$ d, — min{ ¢}l = Max {Max{Vy d - ¥ ct}
M i% Lo-Li g PR l k=l..K = M i;! jDI;M)J

%)

subject to subject to
HMO{OL....1} OMO{dL...,1}
(iYL, nL, =0 Okzk

K
(i) L, =M

k=1

D
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It might be conjectured that this inequality would hold with equality, and indeed for
certain instances it does. However, there are aso instances in which the inequality is
strict. Moreover, for some flexibility configurations, these instances can be quite
numerous. For an example of a problem instance when the inequality is strict, consider a

two-stage three-product supply chain that is configured as shown in Figure 4.

Stage 1 Stage 2
1 L (O
2 2
: O— s
Figure 4

Let the demands for products 1, 2, and 3 be 150, 50, and 150 units respectively and the
capacity be 100 unitsfor al plants. The shortfall of either stage on a stand-alone basisis
50 units. For the two-stage supply chain, the optimal product sets for P2 are M*={ 1,3},
Li*={3} and L,*={1} and the supply chain shortfall is 100 units. The bottleneck plants
arethosein bold in Figure 5 below. The bottleneck plants for stage k are those plants that

can process the productsin L*, where Li*, k=1,... K are the maximizing sets 2.

Stage 1 Stage 2
1 r(O—
2 2
» O— s
Figure5
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Theinequality in (1) is strict only if more than one of the L* are non-empty. In other
words, the supply chain and product demands are such that there exist two or more
digoint subsets of products, each subset having a positive shortfall. The shortfall of each
subset is caused by the capacity constraints at a single stage, where thislimiting stage is
different for each subset. The products in the various subsets can be thought of as
constrained products, that is their demand cannot be met; the plants constraining them are
referred to as bottleneck plants. Asthereis more than one limiting stage, the bottleneck
plants exist in more than one stage. Instances when the inequality in (1) is strict are
referred to as stage-spanning bottlenecks.

The maximizing sets for P2 may not be unique. | will focus on the optimal solution(s)
with the minimum (out of all possible optimal solutions) number of non-empty L*. A

stage-spanning bottleneck occurs only if,

Max {% d, - mm{ZIDP X c} > Max {i% d, - mln{;JDP 5 ci}}

subject to subject to
HMo{oL....1} HMO{oL....1}
(iDL, nL, =0 OkzkK (iDL, nL, =0 OkzkK
(iii)LKJLk =M (iii)LKJLk =
k=1 k=1
(iv) Morethan one L, non - empty (iv) Only oneL, non -empty

2
For a given demand realization, a stage-spanning bottleneck occurs when the supply
chain shortfall is strictly greater than the maximum stand-al one stage shortfall. In other
words, the supply chain performs more poorly than its weakest stage. Thisisan

inefficiency that one would rather avoid. It would be helpful to have a supply chain
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configuration that yielded alow probability of occurrence of stage-spanning bottlenecks.

The next section develops a measure of this probability.
3.3.1.1 Probability of Occurrence of a Sage-Spanning Bottleneck

In this section | develop an upper bound on the probability of any particular stage-
spanning bottleneck.

If the left hand side of (2) islessthan or equal to zero, then (2) cannot hold as M={ 1}

isavalid solution to the right hand side and has an objective value of zero. Let
Jy
TC, = ;cjk ,and TC,,, = min {TC,}
I.e. TCisthetotal capacity of stage k and TCi, isthe minimum total stage capacity.
Although deterministic quantities, | use upper case letters to distinguish stage from plant
capacities. Without loss of generality, assume that the stages are numbered such that
TC1=TCpin. A valid solution to theright hand side of (2), i.e. avalid single-stage

bottleneck, is M={1,...,1} with only L; being non-empty. The objective value for this

If the left-hand side of (2) is less than or equal to this, then (2)

min *

|
solution is Z d,-TC
1=

cannot hold. Therefore, using the two valid right hand side solutions to (2), a necessary,

but not sufficient, condition for a stage-spanning bottleneck to occur is
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MMax{%di—LmiLn{i chk}} > Max{O,lzdrTCmm}
i KA joPY =

L)
subject to
M O{OL....1}
(iDL, nL, =0 0OkzkK

(iii) LKJ L, =M
k=1
(iv) Morethan one L, non - empty
©)
An aternative explanation of this necessary condition is that for a stage-spanning
bottleneck to occur, the left-hand side of (2) must be larger than the maximum of the
stand-alone stage shortfalls. Aseach stand-alone stage shortfall is at least as large as that
stage’s shortfall under total flexibility, the maximum of the stand-alone stage shortfalls is
at least as large as the maximum stand-alone stage shortfall under total flexibility. This is
given by the right-hand side of (3).
In what follows, | develop an upper bound on the probability that any particular stage-
spanning bottleneck occurs.
Let (Mn,L1,...,Lk) be any feasible solution &2, the set based shortfall formulation.
Denote the stages with non-empyby ky, ... ky, whereN is the number of non-empty
Lx. In a stage-spanning bottleneck, there must be at least two nonigmpyN>1.
From (3), a necessary condition fof,[1,...,Lk) to be a stage-spanning bottleneck for a

given demand realizatiod;,...,d, is given by,

N |
;di - Z ZCT" > Max {0, d-TC,.}
! =L oP (L) =

Asthisisonly anecessary and not a sufficient condition for (M,Ly,...,Lk) to be a

stage-spanning bottleneck,

109



0 N | 0

Probzy =3 S el > Mac{0 DTC)
n=ljoP™ (L) =

0
4)
Is an upper bound on the probability that (M,L,...,Lk) iS a stage-spanning bottleneck.

Denote this upper bound b®s(M,L,,...,Lk). Let,

Ay = ;D Z C”andB: D,-TC,;. — A,

joP™™ (Ly,) =

where as noted abowg, ... ky, denote the non-empty. Then,

U | U
Qs(ML,...,L) = Prob Z > Max {O,Z D;-TCpyn}U
=L jOPT(L, ) = E

= Prob[A, >Max{0,A, +B,}]

= Prob[O >Max{0,A, + By} - AN]
= Prob[0 > Max{-A, By}

= Prob[A, >0 and B, <0]

If the demands are independent and normally distributedDyiN(z4, ), then,

SRTR P Fﬁ
AT

Chin ZU E

—1 jop*m (L ) iM
with Ay andBy being independent. Therefore,
Qgs(M,L,...,L ) = Prob[A, > 0JProb[B,, <0]=[1- o(z )o(z,)
with z =-pu, /o, andz, =-pg/og . TorecapQs(M,Ls,...,Lk) is an upper bound on

the probability thatNi1,L1,...,Lk) is a stage-spanning bottleneck.
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If this upper bound is very small for all possible (M,L4,...,Lk), in other words the
probability of occurrence of any particular stage stage-spanning bottleneck is very small,
then | conjecture that the probability of occurrence of any of the possible stage-spanning
bottleneck is also small.

It is possible to classify stage-spanning bottlenecks by the nuMb&rnon-empty
Ly, i.e. the number of stages that contain bottleneck plants. The upper bound,
Qs(M,Ly,...,.Lk), depends o, and so by setting the valuedin Qg(M,L,...,Lk) equal
to 3 for example, one obtains an upper bound on the probability of a particular 3-stage-

spanning bottleneck.

|
Note thatMax {O,Z d.-TC,.} is the supply chain shortfall under total flexibility.
=1

Therefore, from (4)Qs(M,L4,...,Lk) is the probability that the shortfall of a particular
stage-spanning bottleneck exceeds the total flexibility shortfall. The above development
Is valid even if there is only one stage in the supply chain. Of course in this case, by
definition there can be only one non-empgythat is stage 1, arM=L;. Qg(M) can be
interpreted as a measure of the probability that the shortfall of the single-stage supply
chain exceeds the total flexibility shortfall. In fact, for single-stage supply chains,
Qs(M)=I1(M), the single-stage measure of Jordan and Graves (1995).

In a senseQs(M,L;,...,Lk) is one possible generalization of the single-siagé)
measure for multiple-stage supply chains. For single-stage supply dhé@f)scan be
interpreted “as the probability of having unfilled demand for the set of products M, while
simultaneously having excess capacity in plants that don’t build any of the products in

M” (Jordan and Graves, 1995). In multiple stage supply caiM,L1,...,Lk) can be
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interpreted as an upper bound on the probability of (M,L1,...,Lk) being a stage-spanning
bottleneck, when more than one of theare non-empty. Alternatively it can be
interpreted as the probability of having unfilled demand for the set of prddudise to
production of the non-empty subsdig,of M being limited by the plant capacities and
capabilities at those stageih non-empty subsets, while simultaneously having spare
capacity in some plant(s) at every stage.

For multiple-stage supply chains that have low probabilities of stage-spanning
bottlenecks, a measure of the probability that a multiple-stage supply chain shortfall
exceeds the total flexibility shortfall is developed in Section 3.4.2. This will be a second

generalization of1(M) measure, with this one being an equivalent measure, but

generalized to multiple-stage supply chains.

3.3.2 Floating Bottlenecks

Even if stage-spanning bottlenecks do not occur in the supply chain for any demand
realization, the expected supply chain shortfall is not necessarily equal to the maximum
expected stand-alone stage shortfall. Indeed, for most configurations the expected supply
chain shortfall will be strictly greater than the maximum expected stand-alone stage
shortfall. This is the second supply chain inefficiency, and is termed the floating
bottleneck inefficiency.

If stage-spanning bottlenecks do not occur, then for a given demand realization, the

supply chain shortfalkf, is given bysf = klylla>f<{sfk} wheresiy is the stand-alone shortfall

for stagek. In this case,
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e[ )= e {7,005 M (L5 ]

with the inequality being strict for numerous supply chain configurations. Let H(K)

denote the set of stages|=1,... K for which,E[sF, | = Max {E[s=.}}. Now,

..... K

EpMax {sF, Jo= Max {E[F, ]

()

if and only if, for all demand realization%%{gk}s sf, OIOH(K), or equivalently,

s, =, OliiOH(K) andsfissh DIOH(K), KOH(K)

To see this, consider a case whd(K)={1}, i.e. the first stage is such that

E[s/]= Max {E[sF ]} and all other stages are such th{gr, | < Max {E[s=J}. Iffor

..... K s K
some demand realization, the stand-alone shortfall of some stage is strictly greater than

that of stage 1, i.efi>sf;, k21, thenk|§/|1a>f<{sfk}> s, for this demand realization and

Thus, the expected supply chain shortfall will be strictly greater than the maximum
expected stand-alone stage shortfall. This phenomenon is referred to as the floating
bottleneck inefficiency because it arises when the maximum stand-alone stage shortfall
occurs in different stages for different demand realizations. If the maximum stand-alone
shortfall always occurred in the same stage, say stage 1, then the expected supply chain
shortfall will be equal to the maximum expected stand-alone stage shortfall, assuming
stage-spanning bottlenecks do not occur.

Therefore supply chains in which,
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Prob|SF, = SF ;.| DH(K)and SF, < S5 01 OH(K),k OH(K)]

(6)
is not close to one should be prone to the floating bottleneck inefficiency. Equation (6) is
most easily interpreted in the case where H(K)={ 1} . In thiscase, (6) is the probability
that the stand-alone shortfall for all other stagesislessthan or equal to that of stage 1. If
this probability is far less than one, then there are many demand realizations for which
the stand-alone stage shortfall of other stagesis strictly greater than that of stage 1, that is
the bottleneck stage “floats” from one stage to another. If, on the other hand, the
probability in equation (6) is close to one, then in most demand realizations, stage 1 is the

bottleneck stage. It is therefore reasonable to conjecture that

E%ﬁq%{gk}gz M%{E[SFK]} = E[sF]

(7)

.....

It should be noted that having the probability in (6) be close to one does not guarantee

that (7) be true as there may be some demand realization for Mﬁﬁﬁﬁk}» s, , i.e.

the maximum stand-alone stage shortfall is much greater than that of stage 1. However, |
will use the probability in equation (6) as a measure of the protection a supply chain
configuration provides against the floating bottleneck inefficiency. The closer the
probability is to one, the higher the protection. Supply chains in which this probability is
high should have a fairly stable and predictable bottleneck stage.

If stage-spanning bottlenecks can occur in the supply chain, then
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E[sF]> Egmax {sF Je= Max {E[sF, ]

However, as EDli/llax {SFK}E still provides alower bound on the expected supply chain

Bl=1.k

shortfall, one does not want it to be overly large. Therefore, as discussed above, one
would like the probability in (6) to be close to one.

Supply chain configurations for which this probability is high and for which the
probability of stage-spanning bottlenecksis low, do not suffer significantly from either
the floating bottleneck or stage-spanning bottleneck inefficiencies. Such supply chain
configurations should perform well, where performance is measured by the expected
shortfal, as long as the expected shortfall of the predictable bottleneck stageis small. Of
course even if there are no supply chain inefficiencies, if the predictable bottleneck
stage’s expected shortfall is large, than the supply chain shortfall will be large. More

details on performance measures are provided in the next section.

3.4 Performance M easurement

Up to this point, | have been somewhat vague about the performance measure of a
configuration, stating simply that a good configuration should result in a low expected
supply chain shortfall. What is a low? Different problem instances will result in different
shortfalls and so it would be useful to have a consistent measure across problem

instances. The next section introduces such a measure.
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3.4.1 Configuration Loss

For any given problem instance, atotally flexible supply chain, i.e. onein which every
stage has a totally flexible configuration, provides alower bound on the expected supply
chain shortfall for any possible configuration. As such it provides a good baseline
against which to measure the performance of other configurations. The following

performance measure is used for a configuration A,

100 EE[SF(D,A)]— E[SF(D,TC)]E
E[sF(D,TC)]

where, as defined earlier, E[SF(D,A)] is the expected shortfall for a supply chain with
configuration A and E[SF(D, TC)] is the expected shortfall for atotally flexible supply
chain.

This measure is defined as the “configuration loss” (or CL) for configuratiolt is a
measure of the increase in expected shortfall caused by partial flexibility. A
configuration loss close to 0% indicates a configuration that performs very well as it
approaches the performance of a totally flexible supply chain. The higher the
configuration loss the less well the configuration is said to perform. A configuration loss
of 100% indicates that the expected shortfall is twice that of total flexibility. The
configuration loss can and will be seen to exceed 100% for some configurations.

While a closed form expression, albeit containing the normal cumulative distribution
function, for the expected supply chain shortfall under total flexibility can be developed if

demands are normally distributed, a closed form expression$6([EJA)] does not
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exist for most configurations. Therefore, one approach to evaluating the performance of
configurations is to use Monte Carlo simulation.

For a given supply chain configuration, the product demand vector d is randomly
generated from the distribution for D. Using this demand readlization, the shortfall is
determined by solving the production planning linear program P1. An estimate of
E[SF(D,A)] isthen obtained by repeating this process for numerous demand realizations.

In the results presented in this dissertation (Chapter 3), product demands are Normal,
N(u,0), truncated at u+/-20, asin Jordan and Graves (1995) and Gavish (1994).
Demands are identically and independently distributed, with amean of 100 and a
standard deviation of 30, unless otherwise stated. In al cases, the truncation prevented
negative demands.

For supply chain simulations in which the number of products was less than or equal
to 20, 10,000 demand realizations were used to generate the estimates for the expected
shortfall values. The 95% confidence intervals for the expected shortfall estimates were
calculated and found to be within +/-3% of the estimates (Law and Kelton, Chapter 4.5).
Thisis comparable to the confidence intervals in Gavish (1994). For supply chainsin
which the number of products was 30 or 40, the solution time for each demand realization
was quite long. Because of this, only 1000 demand realizations were used. In this case

the 95% confidence intervals were within +/-9% of the estimates.
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3.4.2 Probability that Supply Chain Shortfall Exceeds Total Flexibility Shortfall

The configuration loss should be low if the probability that the supply chain shortfall
exceeds that of totally flexible supply chainislow. This provides another measure of
supply chain performance. Asaclosed form expression for this probability does not
exist, an alternative measure of this probability is developed.

Let sf(d, TF) denote the supply chain shortfall for a given demand realization, d,
assuming total flexibility. Thisisgiven by,

i

sf (d,TF) = Max{Max{O Zd chk}}

For asupply chain with K stages, let 'k be the probability that the maximum stand-
alone stage shortfall exceeds the supply chain total flexibility shortfall. 'k isthen given
by the following expression,

U
M = Probéllﬁ%{MMax {% D, - ]DF;MC) i1} >SF (D, TF)E

g
=1- ProbOM M D, - < S~(D,TF)O
obGMax (Mac (30~ 5 cf)) < )a

joPt(M)

0
=1- ProbDMax{;’D - Zc }<SF(D,TF) Ok =1,.. E

JOPTTM)
)
Note that the demand and shortfall random variables are denoted by capital etters.
Under the assumption that the internal probabilities (that a stand-alone stage shortfall
isless than or equal to the supply chain total flexibility shortfall) are positively correlated

across the different stages, then
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Prob[l}\/lax{;’D— c{}<SF(D,TF) Ok =1,.. KD
D) B

> DProbéMMax {i% D, - Zc } <SF(D, TF)E

i0PTTM)
9)
While this assumption is not proven, simulation indicates it to be valid.
Denote sfi(d, TFy) as the stand alone shortfall of stage k for a given demand realization,
d, when stage k istotally flexible. The supply chain shortfall under total flexibility,
sf(d, TF), will be greater than or equal to the stand-alone shortfall of any stage under total

flexibility, sfi(d, TFy). Therefore, using this and equation (9),

ProbDMax{;’D— ci}<SF(D,TF) Ok =1,. KD
ioATTM) B
[J gM g; JD;§M) H

(10)

Substituting equation (10) into equation (8), an upper-bound on 'k is given by,

<1- ﬂProbWax {50 - Zc}<SFk(DTFk)E

[ jOPT(M)

=1- L"% Prob[IMax{l D, - ZC }>SFk(DTFk)%

joPT (M)

Asin Jordan and Graves(1995), a closed form expression does not exist for

ProbEIMax {% D, - c “} >SFk(D,TFk)§

joP (M)
The authors instead use IN(M*) as a measure for this probability, where
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0 O
(M) = Prob% D, - Zc'; >SFk(D,TFk)§

JOPTM)
and M(M*) is the maximal such probability for all possible subsets, M.

Likewise, | also use IN(M*) to obtain a measure for this upper bound on Ik, the
probability that the maximum stand-alone stage shortfall exceeds that of the supply chain

total flexibility shortfall. Denote this upper bound by I'k(M1*,...,Mk*). Then

I'«(Mg,....My) =1-lj(1—nk(|v|;))

If the probability of stage-spanning bottlenecks is low, then for most demand
realizations, the supply chain shortfall will equal the maximum stand-alone stage
shortfall. Aslk(M1*,...,Mk*) is a measure of the probability that the maximum stand-
alone stage shortfall exceeds the supply chain shortfall under total flexibility, it can be
used as a measure of the probability that a K-stage supply chain shortfall exceeds the K-
stage supply chain shortfall under total flexibility (in supply chains where the probability
of stage-spanning bottlenecks is lowk(Ms*,...,Mk*) is a generalization of th@(M*)
measure of Jordan and Graves to multiple-stage supply chains. It has a similar
interpretation to the single-stage meadu(®1*); it is a measure of the probability that
the supply chain shortfall exceeds the supply chain shortfall under total flexibility,
assuming that the probability of stage-spanning bottlenecks is low.

Monte-Carlo simulation is used to estimate the probability of the supply chain

shortfall exceeding the total flexibility shortfall.
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3.4.3 Configuration Inefficiency

In Section 3.3, it was argued that supply chains that were susceptible to the stage-
spanning bottleneck and floating bottleneck inefficiencies would not perform well. A
supply chain configuration A={ Aq,...,Ac}was said to be inefficient if,

Ebuuw>MwEhﬂﬂ&ﬂ

..... K
That is the expected supply chain shortfall is strictly greater than the maximum expected
stand alone stage shortfall. A measure of the supply chain inefficiency caused by the

configurationA, is then given by,

HElsF (0.4)] - Max {E[sF, (0, A) B
R RN ES CCACY) S

..... K

This measure is called the “configuration inefficiency” (or ClI).

As defined, floating bottlenecks occur iff,

EpMax {SF, (D, A}~ Max{E[sF, (0. A)]

A measure of the inefficiency contribution made by floating bottlenecks is then given by,

ECMax {55, (0. A} Max (e[ (0. A}
100 % =LK d etk U
ﬁ Max {E[SF, (D, A)] ﬁ

This measure is called the “configuration floating inefficiency” (of CFl).

As defined, stage-spanning bottlenecks iff,
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A measure of the inefficiency contribution made by stage-spanning bottlenecks is then

given by,

E[sF (D.A)]- EEMax {F, (D, Ak)}DH
10o0x— =
7 EvadF0.ANg ﬁ

This measure is called the “configuration spanning inefficiency” (or CSI). Note that,

HEDMax{SFk(D m}DH
Cl =CFl +..—=2

As for the configuration loss, closed form expressions for these inefficiencies do not
exist. The same Monte Carlo simulation used to estimate the configuration loss is also
used to estimate these inefficiencies. Estimates of the probability of stage-spanning
bottlenecks and floating bottlenecks are also obtained.

A supply chain configuration will not perform well if the configuration inefficiency is
large. However, a supply chain might have an inefficiency of zero and still have a large
configuration loss, because the configuration is bounded below by the maximum stand-
alone stage configuration loss.

A supply chain in which every stage is an exact replica of all other stages, will act like
a single-stage supply chain. As such, it will have a configuration inefficiency of zero. A
supply chain in which every stage has completely dedicated plants will have a
configuration inefficiency of zero, but it will still not perform well.

Therefore in designing a good configuration, care must be taken to ensure that each

stage has a configuration that results in a low stand-alone stage configuration loss and
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also that the stage configurations together give good protection against the stage-

spanning bottleneck and floating bottleneck inefficiencies.

3.5 A General Class of Configurations

A totally flexible configuration is one in which every product can be processed in
every plant. No other configuration can deliver an expected shortfall less than total
flexibility. Stage-spanning bottlenecks cannot occur in atotally flexible configuration, as
any bottleneck will comprise all the plants of some stage, namely the stage with
minimum total capacity. Floating bottlenecks will al'so not occur, the bottleneck stage, if
thereis any, will aways be the minimum total capacity stage (this may not be the case if
capacity usage varies among products).

Total flexibility for a stage is an extreme configuration in which every non-empty
subset of products has the total stage capacity availableto it, whereby availability | mean
all the stage capacity is capable of processing this subset. This configuration performs
well because high demand products can avail of capacity that low demand products are
not using. In this section | analyze a genera class of flexibility configurations whose
members will be distinguished by alower bound on the fraction of total capacity
available to any subset of products. This classis referred to as g-type configurations.

TCy has been defined earlier as the total capacity of stage k, with TCy,in being the
minimum total stage capacity. Let C,=TCy/I, i.e. the total stage capacity divided by the

number of products, and Cp,in be the minimum of Cy, k=1,... K. As before folfCy, | use
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upper case lettersfor Cy to distinguish it from a plant capacity, even thoughitis
deterministic.

Thetotal production of any subset of productsis clearly limited by the total capacity
available to that subset, where avail able capacity comprises the capacity of any plant
capable of processing a product in the subset. The larger the capacity availableto a
subset of products, the more likely that the demand for that subset can be met. Of course,
the demands of the other products will also play arole in determining how much of this
total available capacity is actually allocated to the subset of products.

I now introduce a general classification of flexibility configurations based on the
fraction of total stage capacity, TCy, available to any subset of products. A supply chain

stage, k, is said to have a g-type configuration if and only if

qu|+9‘1)@

Z ci =TC, miné. I
0P

(11)
where Ly is any non-empty subset of the products {1}.and I<g<I|. A stage is defined
by the maximung for which (11) holds.

The left hand side of equation (11) is the total capacity that could possibly be used to
process the subsei, of products, i.e. the total available capacity for that subset. The
first term on the right hand side is the total stage capacity. The second term is the
fraction of this stage capacity that can be used to process products in thé,sulbbet
fraction must be less than or equal to one, hence the minimum in the equagia. If

equal to 1, then the fraction of total stage capacity available to a sulngatoofucts is at
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least (n/1). Asgincreases, the fraction of total stage capacity available to a subset of n
products increases. If gisequal to I, then the fraction is equal to one for al subsets, that
Isthe total stage capacity could be used to process any subset of products; this occurs
only in the case of total flexibility.

The class of g-type configurationsis quite general. In fact a slight modification to the
definition, whereby the (|L«|[+g-1) isreplaced by (max{0, (|Lx[+g-1}) and 2-I<g<l,
generates a class that includes all possible stage configurations. This generalization
allows for configurations where the fraction of total stage capacity available to a subset n
of productsislessthan (n/1), as the fraction available to any strict subset of products can
range from O to 1. The lemmas and analysisin this section would all follow through with
adight modification if this more general definition were used. | restrict the definition to
(11), but both definitions are equivalent for g=1.

Even with the restriction that g>1, the configurations allowed are quite numerous. For
example, any configuration in which there are | equal capacity plants, with plant i able to
process product i (and possibly other products), i=1,... ], is ag=1-type configuration.
Therefore, equal capacity pair configurationsgare type, as are any equal capacity
tuple configurations. The fact thgtl type configurations are so general would suggest
that they might not possess very special properties. This will be seen later with reference
to stage-spanning bottlenecks.

As theg value increases, the requirement placed on potential configurations becomes
quite restrictive. If the plant capacities are equal, a comipigige chain configuration,

defined in Section 3.1, hagjavalue equal td. To see this foh=2, remember that any
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subset, M, of products in a complete h=2 chain configuration has at least one product
connected to a plant j[IM (where the set M aso refersto the plantsi=1,... in the chain).

A supply chain is said to bg.in-type, if all stages=1,... K, haveg-type
configurations withg,>gmin. Note that there is no restriction on the specific configuration
at each stage other than it be some instanceroy@e, withg=0gnmin.

Configurations with increasingrvalues will be shown to provide better protection

against stage-spanning bottlenecks.
3.5.1 Stage-Spanning Bottlenecksin g-type Configurations
3.5.1.1 Existence of Sage-Spanning Bottlenecks

Some configurations have the very special property of preventing stage-spanning
bottlenecks for all possible demand realizations. In other words, for any demand
realization the bottleneck plants are limited to a single stage, although the particular stage

may vary from one realization to another.

Lemma 2:
(i) For any subset of products, M, define the problem P3(M) as

K
Min{z ci}
Liveobic (= ()

subject to
L nL, =0 0OkzkK

(ii)LKJLk =M
k=1
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If for every possible M, there exists an optimal solution to P3(M) with only one

non-empty Ly*, then a stage-spanning bottleneck can never occur.

TC,

(iIf A, = , Where A, = Min { Zc'j‘}andTCrnax = Max {TC,} thena

=L, )
k=1,..K JOP%(i)

stage-spanning bottleneck can never occur. Note that Anin iSthe minimum total
capacity available to any product at any stage and TCpux IS the maximum total

stage capacity across all stages.

While part (ii) of thislemma places no restrictions on the type of configurations at
each stage, the condition is still very restrictive, requiring every product to have at least
half of the minimum total stage capacity availableto it at al stages. By placing
limitations on the flexibility configurations allowed, the restriction on the capacities

available to individual products can be significantly relaxed.

Lemma 3

If a supply chain is a gmin-type, then a stage-spanning bottleneck can never occur if
the total number of products, |, islessthan or equal to 2gmin. Furthermore, if at
each stage each individual product has the same total capacity available to it, then
a stage-spanning bottleneck can never occur if the total number of products, I, is

less than or equal to 2(gmint1)
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Note that the requirement in (ii) is not that the same capacity is available at all stages
for al products, but rather that the same capacity is available at all stages for each
product, this capacity can vary from product to product. It should also be noted that this
lemma does not state that stage-spanning bottlenecks occur for larger numbers of
products, but rather provides alower bound on the number of products that guarantees
that stage-spanning bottlenecks will not occur. Thislower bound isincreasing in gmin,
suggesting that g-type configurations provide better protection from stage-spanning
bottlenecks as the g-value increases.

While some configurations may allow stage-spanning bottlenecks for certain demand
realizations, the probability of such bottlenecks may be very low. Assuch, these
configurations also provide good protection. In the next section, | investigate the

probability of stage-spanning bottlenecks in gmin-type supply chains.
3.5.1.2 Probability of Sage-Spanning Bottlenecks

In Section 3.3.1.1, Qs(M,L4,...,Lx), an upper bound on the probability that

(M,L4,...,Lk) is a stage-spanning bottleneck was developed.
Qs(MLy,....Lg) = [1' o(z )jo(z,)
where
N N

chj(n _i% H; TCphin ~ nZ ZCTH _i% Hi

n=1 impkn (| Pk (L
7, = Py andz, = )

i% o, % o,
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and the N stages with non-empty Ly are denoted by ki, ...,ky. Note thalN depends on
(M,Ly,...,Lk).

As noted in Section 3.3.1.1, if this upper bound is very small for all possible
(M,L4,...,Lk), in other words the probability of occurrence of any particular stage stage-
spanning bottleneck is very small, then | conjecture that the probability of occurrence of
any of the possible stage-spanning bottleneck is also small.

In this section | restrict attention to supply chains in which each stageghasdiee of
at leasigmin and in which each stage has a total stage capacity of at least the total
expected demand.

Qs(M,Ly,...,Lk) is an upper bound on the probability that a particiNgL{,...,Lk) is a
stage-spanning bottleneck, and as such dependd,bn.(.,Lx). Lemma 4, below,
introduces an upper bound on the probability of any stage-spanning bottleneck,
Qs(1,0min), that is independent of the particuldt,(4,...,Lk). Thatis,

QML;,....L ) <Q:(1,9,,) OML,,....L)

This upper bound depends on the number of products processed and the supply chain
Omin Value. It does not depend on the number of stages in the supply chain. By showing
thatQs(l,gmin) is very small fogmin-values greater than or equal to 2, | will demonstrate
thatQg(M,L4,...,Lk) is very small for all possiblé,L;,...,Lk) if Omin iS at least 2. Given
this, | conjecture that stage-spanning bottlenecks are rare in supply chains igwuhigh
greater than or equal to 2 and the total stage capacities are at least equal to the total
expected demand. That is, such supply chains, offer good protection against the stage-

spanning inefficiency.
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Lemma 4:

If a supply chain is a gmin-type and has the following properties,

(i) each stage has a total capacity of at least the total expected demand

(i) the demands for the | products are independent and identically distributed
N(u,0)

then the probability of any particular stage spanning bottleneck is bounded above

by .QS(I ,gmin), Wha’e,

0 (1) = O Z(Qm'T ET
SR
(12)
Note that this bound does not depend on the number of stagesin the supply chain. For
agiven number of products, I, Qs(I,gmin) decreases significantly as gnin increases. Table

2 below shows the value of Qg(I,9min) as the number of products, I, increases for the case

of product demands being N(100,30) and gnin=1, 2, 3 and 4.

Table2
QS | ,gmin)
I Omin=1 Omin=2 Omin=3 Omin=4
10 0.25 2.06E-06 1.55E-18 0.00E+00
15 0.25 5.56E-05 3.17E-13 2.01E-26
20 0.25 3.07E-04 1.54E-10 1.63E-20
25 0.25 8.80E-04 6.60E-09 5.98E-17
30 0.25 1.81E-03 8.30E-08 1.47E-14
35 0.25 3.08E-03 5.16E-07 7.63E-13
40 0.25 4.63E-03 2.06E-06 1.50E-11

If gmin=1, then Qg(I,g9min=21)=0.25, for al I, which is quite large. This suggests that

supply chains for which gmir=1 may not offer good protection against stage-spanning
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bottlenecks. Some caution should be applied to this conjecture as alarge upper bound
does not necessarily imply alarge probability. However, in Section 3.6.1 a certain gmin=1
type configuration, namely a pairs configuration, is shown to have alarge probability of
stage-spanning bottlenecks.

As can be seen from Table 2, Qg(I, gmin=2) is practically negligible for | less than 20.
However as the number of products increases to 20 and beyond, Qg(1, gnin=2) stops being
negligible, athough it remains small. This suggests that supply chains with gnin=2
should give reasonable protection against the occurrence of stage-spanning bottlenecks
unless the number of productsis very large.

As can be seen, Q4(l, gnin=3 or 4) is practically negligible even for 1=40. This
suggests that supply chains with gmnin=3 should give very good protection against the

occurrence of stage-spanning bottlenecks even if the number of productsis very large.
3.5.2 Probability of Shortfall Exceeding Total Flexibility in gmin-type Supply Chains

In Section 3.4.2, ameasure for the upper bound on the probability of the supply chain
shortfall exceeding the total flexibility shortfall was developed for configurations that

have alow probability of stage-spanning bottlenecks. This measureis given by,
* * K *
I (M. M) =1- H(l—nkm))

where M(M*) is the measure of Jordan and Graves (1995). From Section 3.3.1.1,
M(M*)=Qg(M* ,L1*). Using the derivation of Lemma 4, but setting N=1, it can be shown

that,
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H‘ (gmin -1 g

M(M7)=Qs(M" L) = pE——mr—"

e
i ol 8
Note that for a h-type chain configuration, for which gmin=h (see Section 3.5), thisis
the same expression as equation (10) in Jordan and Graves (1995).
For gmin=1, stage-spanning bottlenecks may occur with a high probability, but even if
they didn’t,M(M*)=0.25 and sd k(M1*,...,Mc*)=1-(0.75). This is quite large even for
smallK, e.g. 0.25, 0.76, 0.94 f&r=1,5,10 respectively. So even in the absence of stage-
spanning bottlenecks, the probability that the supply chain shortfall exceeds the total
flexibility shortfall may be quite large f@pin=1-type supply chains. In Section 3.6, a
certaingmin=1-type supply chain, namely a pairs configuration, is shown to have a large
probability of the supply chain shortfall exceeding the total flexibility shortfall.
Forgmin=2 or 3, Section 3.5.1.2 suggested that the probability of stage-spanning
bottlenecks should be very low. Figure 6 showdM,*,...,M*) for gmin=2 and iid

N(100,30) demands.

Figure 6
Measue for Upperbound on Probability that gmin=2
Supply Chain Shortfall Exceeds Total Hexibility
Shortfall
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This measure is quite large for systems with large numbers of products or stages.
However, if gmin=3, then 'k (M1*,...,Mx*)<0.003 for any system with no more that 40
products and 20 stages. This suggestsgthat3-type supply chains should perform well
even for systems with a very large numbers of products and stages. Supply chains with
Omin=2- should perform well unless the numbers of products and stages is large.
Performance here refers to the probability that the supply chain shortfall exceeds the

shortfall of the supply chain under total flexibility.

3.6 Flexibility Configured in Pairs

In the introduction, pairs flexibility was defined as a configuration in which there were
| plants with plants andj being able to process productndj only. Pairs
configurations can therefore be defined by the product pairings, e.qg. {1,2},{3,6} and
{4,5} for a six-product case. Note that a pairs configuration is equivalent to a
configuration in which there at& plants in which every plant can process two products
and no two plants can process the same products.

As a pairs flexibility configuration does not perform very well for single-stage supply
chains (Jordan and Graves, 1995), it might be expected to perform even more poorly in
multiple-stage supply chains. However, it provides a good baseline against which to
compare other configurations. Itis also illustrative of the effect that supply chain

inefficiencies have on performance.
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In this section | analyze supply chainsin which every stage has | equal capacity plants
and in which every stage is configured with some instance of a pairs configuration.
Thereis no restriction on the particular pairs configuration used at any stage. Product
demands areiid. Inthis case, the expected stand-alone stage shortfall is the same for all
stages.

The simulation results presented are all based on aten-product supply chain with
product demands being iid N(100,30) unless otherwise stated. The particular pairs
configuration at each stage is different from all other stages. All plants have a capacity of

100.

3.6.1 Supply Chain Inefficiencies

A stage with | plants and a pairs configuration has g-value of 1. This can be seen by
considering the subsets of paired product. The fraction of total stage capacity availableto
one of these pairs must be less than or equal to 2/1, and therefore from equation (11) the
g-vaueisl. Asasupply chainwith apairs configuration at each stage is a gnin=1-type
supply chain, the upper bound on the probability of any particular stage-spanning
bottleneck is0.25 (see Section 3.5.1). This suggests that stage-spanning bottleneck might
occur frequently. Figure 7 below, which shows the frequency of stage-spanning
bottlenecks in a simulated ten-product supply chain with each stage having a different
pairs configuration, confirms this conjecture. The probability of stage-spanning
bottlenecks is large even for two-stage supply chains. For supply chains with five stages,

the frequency is 68%.
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Figure 7
Frequency of Stage-Spanning Bottlenecks for Pairs
Configuration
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Because the expected stand-alone shortfall is the same for all stages, the measure for

floating bottlenecks developed in Section 3.3.2, equation (6), becomes,
Prob[SF, = S5, Ostagesl,k =1,...,K]

This probability needing to be closeto 1 if floating bottlenecks are to occur with alow
probability (Section 3.3.2).

Consider atwo-stage four-product (iid demands) supply chain with stage 1 configured
as{1,2} {34} and stage 2 as{ 1,3} { 2,4}, with all plants having capacity equal to the
mean demand, . What is the probability that the stand-alone shortfall of each stageis
different? The stand-alone shortfalls of the two stages will be the same if the optimal set
of products, M*, in the single-stage version of shortfall formulation, P2, is the same for
both stages. The shortfallswill be different if the optimal M* are different. The possible
optimal setsfor stage 1 are {1}, {1,2}, {3,4} and {1,2,3,4}. For stage 2, they are {1},
{1,3},{2,4} and {1,2,3,4}. The optimal sets for these two stages, and hence the stand-
alone shortfalls, will be different if either { 1,2} or { 3,4} isthe optimal M* set for stage 1

as these cannot be the optimal sets of stage 2. Thiswill occur if the total demand for
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products 1 and 2 is greater (Iess) than 2|1 and the total demand for products 3 and 4 isless
(greater) than 2j1. This event has a probability of 0.5. So, the probability in (6), i.e. the
probability that the stand-alone shortfalls of the two stages are the same, is less than or
equal to 0.5, whichissignificantly lessthan 1. Therefore, even for this small supply
chain, the probability of floating bottlenecksis large.

A five-stage ten-product supply chain in which each stage had a different pairs
configuration was simulated to determine the probability that the stand-al one shortfall of
stage k, k=1,...,5, was the same as that of sthdrel,...,5,12Zk. The further this
probability is from one, the larger the floating bottleneck inefficiency is likely to be
(Section 3.3.2). The probability that the stand-alone shortfall of ktiagbe same as
that of stage was estimated by the frequency of this event in a 10,000 run simulation.
The simulation yielded BF«=5, k#l]=0.066 on average across the twenty possiig (
stage combination, with a maximum of 0.153 and a minimum of 0.033. Therefore, the
floating bottleneck inefficiency should be quite severe for this configuration.

Figure 8 shows the configuration inefficiencies for the pairs configuration as the
number of stages increases from 2 to 5. As expected from above, both the stage-spanning
(as measured by CSI) and floating inefficiencies (as measured by CFl) are large even for

small numbers of stages.
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Figure 8
Inefficiencies for Pairs Configuration
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The susceptibility of the pairs configuration to the supply chain inefficiencies coupled
with the fact that it does not perform very well even in single-stage supply chains should

ensure that the pairs configuration performs poorly in multiple-stage supply chains.

3.6.2 Configuration Performance

The upper bound on the probability of a gmin=1 supply chain shortfall exceeding the
total flexibility shortfall was shown to be large in Section 3.5, suggesting that a pairs
configuration would have alarge probability of this event. The simulation results (for the
ten-product system) presented in Figure 9 below testify to this. The probability that the
shortfall exceeds that of total flexibility is above 90% even for a single-stage supply

chain and approaches 100% in supply chains with only a small number of stages.
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Figure 9
Frequency of Shortfall Exceeding Total Hexibility
Shortfallfor Pairs Configuration
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With the probability of the shortfall exceeding that of total flexibility so large, and
supply chain inefficiencies so frequent, the configuration loss should be large for supply
chains using a pairs configuration. Figure 10 shows that the configuration lossin aten-

product system is very large even for supply chains with a small number of stages.

Figure 10
Configuration Loss for Pairs Configuration
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stage supply chains. The next section investigates a supply chain configuration that

performs significantly better than a pairs configuration.

3.7 Flexibility Configured in Chains

Asdiscussed in Section 3.5, a supply chain will perform well only if the individual
stages perform well and the overall supply chain does not suffer from either the stage-
spanning bottleneck or floating bottleneck inefficiencies.

Jordan and Graves (1995) showed that for single-stage supply chains, a chaining
configuration, defined in the Section 3.1, performs remarkably well. Anh-type chainisa
chain in which every product can be produced in h plants. For complete chains with h=2,
the expected shortfall was very closeto that of total flexibility. In other words the
configuration loss was very low. If chaining strategies also provide good protection
against the supply chain inefficiencies, then supply chainsin which each stage uses a
chain configuration should perform well.

In this section | analyze supply chainsin which every stage has | equal capacity plants
and in which every stage is configured with some instance of a complete h-type chain
configuration, where the h-value is the same for all stages. Thereis no restriction on the
particular chain configuration at any stage. In this case, the expected stand-alone stage
shortfal isthe same for all stages.

The simulation results presented are all based on an | product supply chain with

product demands being iid N(100,30) unless otherwise stated. The particular h-type
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chain configuration at each stage was randomly generated. All plants have a capacity of

100. Inthis case the expected stand-alone stage shortfall isthe same for all stages.

3.7.1 Supply Chain Inefficiencies

A stage with | equal capacity plants and an h-type chain configuration has g value
equal to h (Section 3.5). An h-type chain hasatotal of 1h product-plant links. From
equation (11), for a configuration to have ag value equal to h, the fraction of total stage
capacity available to any single product must be at least h/I. Therefore, a configuration
with ag value equal to h must have at least Ih product-plant links. This can be seen by
considering each individua product; each product must be connected to h plantsif the
fraction of total stage capacity availableto it isto be at least h/l. Because an h-type chain
requires only Ih links and a configuration with a g value equal to h requires at least Ih
links, an h-type chain uses the minimum possible links required for a g-type
configuration. If flexibility investment is measured in terms of the number product-plant
links, no other configuration is more cost effective than an h-type chain in delivering ag
value of h.

A supply chain with complete h-type chains at al stagesis a gmin=h-type supply chain.
From Lemma 3(b), stage-spanning bottlenecks never occur in such supply chainsif the
number of productsislessthan or equal to 2(h+1). Even for supply chains with more
products than this, the upper bound on the probability of any particular stage-spanning
bottleneck is extremely low (Section 3.5.1.2). This suggests that stage-spanning

bottleneck occur with avery low probability.
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For the case of ten products and five stages, with h=2 and h=3, simulation gave a
frequency of 0%,; that isin 10,000 demand realizations, a stage-spanning bottleneck did
not occur once. This compares to a frequency of 68% for a five-stage supply chain with a
pairs configuration. In the case of a standard deviation of 50, the frequency was 0.67%
for h=2 type chains and again 0% for h=3 type chains. So a chaining configuration offers
very good protection against the stage-spanning bottleneck inefficiency.

How does it perform with respect to the floating bottleneck inefficiency? Because the
expected stand-alone shortfall is the same for al stages, the measure for floating
bottlenecks developed in Section 3.3.2 (equation (6)) becomes,

Prob[SF, = SF, Ostagesl, k =1,...,K]
with this probability needing to be close to 1 if floating bottlenecks are to occur with a

low probability.

Lemma 7

For a two-stage four-product supply chain with each stage having four plantsand
a type h=2 chain configuration, and all plant capacities being equal (=c), if the
product demands are iid N(u,0), then the probability that the stand alone shortfalls

for the two stages are the sameis greater than or equal to,

B B B e BT Dh B b

For amean product demand of 100, Table 3 shows that thislower bound (LB) is close

to 1 for plant capacities greater than or equal to 90. Simulation results, also shownin
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Table 3, show that the probability is very closeto 1 for plant capacities greater than or

equal to 70.
Table3
o=30 o=40 o0=50
Capacity LB SIM LB SIM LB SIM
70 0.9948 1.0000 0.3495 0.9894 0.7719 0.9554
80 0.9957 1.0000 0.4790 0.9870 0.8143 0.9554
90 0.9977 0.9998 0.9666 0.9909 0.8687 0.9629
100 0.9992 0.9999 0.9832 0.9940 0.9202 0.97%4
110 0.9998 1.0000 0.9935 0.9982 0.9586 0.9872
120 1.0000 1.0000 0.9981 1.0000 0.9818 0.9952
130 1.0000 1.0000 0.9996 1.0000 0.9933 0.9991

In order to investigate whether the probability remains close to 1 as the number of
products increases, a five-stage ten-product supply chain was simulated. Each stage had
adifferent, randomly selected, chain configuration. The probability that the stand-alone
shortfall of stagek, k=1,...,5, was the same as that of sthdel,...,5,I1Zk, was estimated
by the frequency of this event in a 10,000 run simulation. The closer this probability is to
one, the smaller is the floating bottleneck inefficiency (Section 3.3.2). The simulation for
h=2 chains, yielded BF=S, k#l]=0.894 on average across the twenty possiig (
stage combination, with a maximum of 0.909 and a minimum of 0.875%=Bothe
average was 0.995. This compares to an average of 0.066 for a pairs configuration, see
Section 3.6.1. Therefore, chain configuration would appear to provide good protection
against the floating bottleneck inefficiency, especiallyrfe3.

Figure 11 below shows the total configuration inefficiencies for the pairs configuration
and chain configurations as the number of stages increases from 2 to 5. As expected
from above, the inefficiencies are very low for the chain configurations, with a maximum

inefficiency of 0.32% foh=3-type chains. As stage-spanning bottlenecks never occurred
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for the chains, the inefficiency is al caused by the floating bottleneck inefficiency in this

case.

Figure 11
Configuration Inefficiency For Chains
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3.7.2 Configuration Performance

The upper bound on the probability of a gmin=2 supply chain shortfall exceeding the
total flexibility shortfall is small unless the number of products or the number of stagesis
large( Section 3.5.2). For gmin=3 the upper bound is extremely small even for supply
chains with avery large number of products and avery large number of stages. This
suggests that for a chain configuration the probability of the supply chain shortfall
exceeding the total flexibility shortfall would have be very small. For ten-product supply
chains, the simulation results presented in Figure 12 testify to this. For the h=3 type
chains the maximum probability is 1.07%.

With the probability of the shortfall exceeding that of total flexibility low, and supply

chain inefficiencies very small, the configuration loss should be small for supply chains
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using a chain configuration. Asdefined in Section 3.4.1, the configuration |0ss compares
the configuration shortfall to the shortfall of atotally flexible system. Figure 13 below
shows the configuration loss for h=2 and h=3 chains. The maximum configuration |oss

for h=3 was 0.34%. Figure 14 provides a comparison with the pairs configuration.

Figure 12
Frequency of Shortfall Exceeding Total Rexibility
Shortfall for Chain Configuration
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Figure 14
Configuration Loss for Chain Configuration
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The h=2 chaining strategy performs quite well but its performance decreases as the
number of stagesincreases. The h=3 configuration isless susceptible to this asthe
probability of the floating bottleneck inefficiency is much lower (Section 3.6.1). Asthe
number of product increases, the performance of the h=2-type chain decreases. Figure 15
below shows the configuration loss for the h=2-type chain as the number of products
increases. Asthe ssimulation time increases rapidly in the number of products and stages,

only 1000 runs were made for the 30 and 40-product cases.

Figure 15
Configuration Loss as the Number of Stages and the
Number of Products Increase
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A similar simulation for h=3-type chains resulted in a maximum configuration loss of
1% over all test cases, showing that the h=3-type supply chain configuration performs
amost identically to atotally flexible supply chain even for very large numbers of
products and stages. An h=2-type supply chain configuration performs almost identically
to atotally flexible supply chains aslong as the number of stages or productsis not too
large.

Jordan and Graves (1995) showed that an h=2-type chaining strategy works well for
single-stage supply chains. This dissertation shows that a similar strategy works well in
multiple-stage supply chains, but an extra “layer” of flexibility may need to be added if
the number of products or stages is large. Chains perform well because they provide
good protection from both the stage-spanning and floating bottleneck inefficiencies and

because they perform well on an individual stage basis.

3.7.3 Random Chains versus Replicated Configurations

A supply chain in which every stage is an exact replication of the first stage will
perform identically to a single-stage supply chain. In other words, replication avoids any
supply chain inefficiency. By replication, | mean that each stage has the exact same
number and type (in capacity terms) of plants and the same flexibility configuration.
Figure 16 below shows a three-stage supply chain in which each stage is a replication of
the first stage and another three-stage supply chain in which there is a randomly selected

chain at each stage.
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il

(a) replicated chain at each of the three stages

L

(b) random chain at each of the three stages

Figure 16: A three-stage supply chain with (a) replicated chain
configurations and (b) random chain configurations

One strategy would then be to simply configure every stage to be identical. However
thismay be infeasible for a number of reasons; it may be technically impossible,
prohibitively expensive or the various stages of the supply chain may be under the control
of different decision-makers. Such areplication strategy does however provide a good
baseline against which to measure other strategies.

A random chaining strategy was shown to perform well in the Section 3.7.2. How
does it compare to areplication strategy? Figures 17 and 18 show the performance of
random chaining strategy (h=2 and h=3) versus areplicated pairs and areplicated h=2
chain strategy, respectively. The random chaining strategy significantly outperforms the
replicated pairs strategy. The random h=2 chain strategy is outperformed by areplicated
h=2 chain strategy, where the performance gap grows with the number of stages.

Nevertheless, the random h=2 strategy is still quite good. Thisis because of the low
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probability of supply chain inefficiency in chain configurations. The random h=3 chain

strategy performs better than areplicated h=2 chain strategy.

Figure 17
Random Chain versus Replicated Pairs Strategy
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Figure 18
Random Chain versus Replicated h=2 Chain Strategy
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3.7.4 Unequal Capacity Usage

As mentioned in the model discussion in Section 3.2, this dissertation assumes an

equal capacity usage for al products that a plant can process. This assumption is made

148



so as to focus on the effect that configurations have on performance without having the
added complication of unequal capacity usage. Unequal capacity usage brings a new
dimension to the problem. Product-plant allocations should also consider the amount of
capacity needed per unit of product in aplant. The previous results for chains and pairs
configurations should still hold when capacity usage is product dependent. However,
when choosing the chain configuration for a stage, a random choice is probably not the
best policy, rather some attempt should be made to avoid assigning a product to a plant in
which it has a high per unit capacity usage.

A ten-product five-stage supply chain in which the capacity usage’s were randomly
generated was tested with both a random pairs and a random chain strategy. For each
possible product-plant link, the capacity usage parameter was randomly generated; with
the values being in the range [0.85,1.15]. For these capacity usages, the expected
shortfall in supply chains configured with either random pairs, rarfgdhthains or
randomh=3 chains was estimated using simulation. The chb#s&nd 3) again
significantly outperformed the pairs strategy, yielding expected shortfalls of more than a
factor of three less than the pairs configuration. As noted above, a random strategy could
be improved upon by a more judicious choice of plant-product allocations. However the

value of a chaining strategy should still be high.
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18 Conclusion

Most existing flexibility and capacity research (e.g. Fine and Freund, 1990, Li and
Tirupati, 1994,1995,1997, Jordan and Graves, 1995) has focused on single-stage systems,
in effect assuming that the bottleneck stage was demand independent. This stream of
flexibility research has developed our understanding of the role of process flexibility in
coping with demand uncertainty but leaves open the question of flexibility investmentsin
multiple-stage systems.

This dissertation has highlighted two potential inefficiencies in multiple-product
multiple-stage supply chains that affect the performance of flexibility configurations,
namely floating bottlenecks and stage-spanning bottlenecks. The existence of floating
bottlenecks has been previously noted in the literature, but stage-spanning bottlenecks
have not been identified to my knowledge. Stage-spanning bottlenecks are an interesting
inefficiency in that they can arise even when demand is deterministic. A flexibility
configuration must not only perform well on an individual stage basis but also provide
protection against these possible supply chain inefficiencies.

A chaining strategy that has already been shown to perform well in single-stage
systems is shown to help prevent, or at least mitigate, the two supply chain inefficiencies.
As such, they perform well in multiple-stage supply chains.

In practice supply chainswill be more complicated than those analyzed in this
research. It isunlikely that one could implement the idealized complete chain
configuration at all stages. However it is till possible to infer guidelines for supply chain

flexibility deployment from this research.
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For single-stage supply chains, the guidelines of Jordan and Graves (1995) should be
followed. These are (i) try to create chains that encompass as many plants and products
aspossible (ideally all plants and products would be part of one single chain), (ii) try to
equalize the number of plants (measured in total units of capacity) to which each product
in the chain is directly connected and (iii) try to equalize the number of products
(measured in total units of expected demand) to which each plant in the chain is directly
connected.

As noted by Jordan and Graves (1995), in single-stage systems there are rapidly
diminishing benefits to adding more flexibility once an h=2 chain has been formed.
However, in multiple-stage systems, if the supply chain produces many products or
comprises numerous stages, then an h=2 chaining strategy may not adequately protect
against the supply chain inefficienciesidentified in this dissertation. In the idealized
case, where there is an equal number of products and plants at each stage, adding
flexibility to go from an h=2 chain to an h=3 chain at each stage significantly increases
the supply chain performance. The benefits of flexibility do not decrease asrapidly in
multiple-stage systems as in single-stage systems. Thisisaresult of the potentia
inefficiencies in multiple-stage supply chains. Additional flexibility provides protection
against inefficiencies. Note that in going from an h=2 chain to an h=3 chain, oneis
essentially overlaying another h=2 chain onto the original h=2 chain at each stage. Once
this extralayer of flexibility, again configured as a chain, has been added, the
performance of the supply chainisamost identical to that of total flexibility, indicating

that further benefits to additional flexibility rapidly decrease.
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For multiple-stage systems, at a minimum the single-stage guidelines, (i)-(iii) above,
of Jordan and Graves (1995) should be followed to create a chain structure for each of the
supply chain stages. In supply chains with alarge number of products or stages,
additional flexibility is advisable, especially for stages in which the capacity is not much
greater than the expected demand. This extralayer of flexibility should again be added in
accordance with the above guidelines to create another chain structure overlaying the

initial chain structure.
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4 Capacity Decisionsin Multiple-Product Supply Chains

4.1 Introduction

Demand for new products is frequently uncertain. Even existing products may face
demand variability that cannot be predicted. Capacity, inventory and flexibility are
mechanisms that firms can use to cope with this uncertainty. By investing is sufficient
capacity, afirm can fulfill the product demand with a high probability. Capacity
investment is typically expensive and a balance should be struck between capacity and
demand fulfillment.

Capacity decisions can be complicated by the nature of the associated product supply
chain. A product may require processing at more than one stage. In such cases, the
capacity investment decision must consider multiple stages. However if the supply chain
processes a single product only, and stage capacities are deterministic and reliable, then
stage capacities should be equal, where capacities are expressed in terms of final product
units. The supply chain capacity decision can be mapped into a single-stage capacity
decision in such situations.

Supply chains often process more than one product. This may arise in situations
where afirm produces variants of a common underlying product; both computer and car
manufacturers offer feature lists from which a product can be customized to an
individual’'s requirement. Alternatively a firm may produce products for different
markets but the products may share a common processing technology. Job shops produce

a wide range of products using a collection of different processing resources; different
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products require different resources for their production. Multiple product supply chains
are subject to floating bottlenecks, in which the set of stages that limit throughput is
dependent on the product demand realizations. Floating bottlenecks have been
recognized in theory (e.g. Hopp and Spearman, 1997) and practice (e.g. Alcalde, 1997).
One possible formalization of floating bottlenecksis given in this dissertation. Capacity
decisions in multiple-product multiple-stage supply chains are complicated by the
possibility of floating bottlenecks. It isinsufficient to focus on the capacity of one stage
only; the capacities of the various stages need to be considered.

Demand uncertainty is not the only factor in capacity decisions. Even if future
demands are deterministic, the timing and quantity of capacity decisions can be
complicated by the capacity cost function, which typically exhibits economies of scale.

Capacity expansion problems have been studied in the operations literature since the
late 1950's, with the vast majority of work focusing on the timing and quantity of
investments given deterministic future demand for a single product. In single product
problems, there is only one bottleneck stage. A capacity planning model that focuses
only on the most expensive, in terms of capacity, stage is thus sufficient. The early work
of Manne (1967) focused on single-product problems and this focus dominated until the
1980’s. As single-product single-stage capacity planning is not the subject of this
dissertation, | make no attempt to provide a detailed survey of the literature in this field.
A comprehensive survey can be found in Luss (1982).

As recognized by Manne, the assumption of deterministic future demand is strong, and
single-product capacity planning under uncertainty has been studied in a number of

papers (Davis, Dempster, Sethi and Vermes, 1987, Paraskevopoulos, Karakitsos and
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Rustem, 1991, Bean, Higle and Smith, 1992). In all of these papers, only one stageis
considered, but this is reasonable due to the single product focus of the papers.

Eppen, Martin, and Schrage (1988) describe a multiple-product single-stage multiple-
plant capacity planning model developed for General Motors. By single-stage multiple-
plant, | mean that the products require processing at one stage only, but that there are
multiple plants at the stage that can provide the required processing. The model is quite
comprehensivein its treatment of a single-stage multiple-plant problem. The model
considers afive year planning horizon and determines the capacity configuration that
each plant will take on in each of the five years. Uncertainty is modeled by allowing
each product to have three possible demand scenarios in each of the five years. The
overall model isformulated as an integer stochastic program with recourse. Due to the
relatively complex recourse function, allowing more than three demand scenarios
severely affects computation time. The model incorporates twenty products, seven
plants, and thirty possible capacity configurationsin total across the seven plants.

Multiple-stage investment has only recently become afocus of attention (Eberly and
Van Mieghem, 1997 and Harrison and Van Mieghem, 1999). Motivated by the focusin
economics and operations on single-factor (or stage) investment, Eberly and Van
Mieghem develop a quite general model of multiple-factor investment under uncertainty.
Allowing for investment and disinvestment in factors, concave operating profits and a
genera form of uncertainty, the authors determine the optimal multi-period investment
policy structure under the assumption that capacity investment and disinvestment costs
are convex. It should be noted that capacity investment costs are more likely to be

concave as they often exhibit economies of scale. The optimal policy partitions the
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possible investment space into various regions. Depending on the region in which the

current capacity vector falls, investment or disinvestment in afactor isoptimal. Thereis

also a “continuation region” in which it is optimal to make no adjustments to the various
factors. When outside this region, it is optimal to move to the boundary of the
continuation region. While this paper establishes the structure of the optimal policy
under general conditions, determining the actual optimal investment levels for more
specific problems is still a challenge.

Harrison and Van Mieghem (1999) build on the work of Eberly and Van Mieghem
(1997) by studying a more specific problem formulation. Studying a multiple-product,
multiple-stage capacity planning problem in which a product requires processing at a
subset of the stages, the authors prove that the optimal capacity investment involves some
hedging that would never be optimal if the demands were known. In other words, there
may be no demand scenario for which all stages operate at capacity. Capacity decisions
are made when demands are uncertain; production planning, which maximizes profit
subject to capacity constraints, occurs after demands become known. The product
demand vector is assumed to be independent and identically distributed from period to
period and, as in Eppen, Martin, and Schrage (1988), inventory cannot be carried from
one period to the next. This enables the authors to formulate the investment decision as a
single period problem. An additional implied assumption is that the stages are totally
flexible. Investment and disinvestment in the various capacities are allowed subject to
linear costs instead of the more general convex cost allowed by Eberly and Van Mieghem
(1997). For sufficiently small problems, the continuation region can be calculated. A

two product three stage problem is discussed in the paper. As noted by the authors, the
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optimal solution “requires solving the characteristic equations simultaneously using the
multivariate demand distribution”, a requirement that is likely to be prohibitive for many
real problems. Indeed, the purpose of this paper is really to provide insight into the
notion that multiple-stage capacity planning under uncertainty involves hedging rather
than to provide an efficient solution method.

Inventory decisions are closely related to capacity decisions in that the firm is
investing in a buffer to cope with uncertain demand. Inventory theory has used both
expected shortfall costs and service level metrics in developing inventory policies. The
multiple-product multiple-stage capacity literature has focused solely on the expected
cost metric. Capacity decisions based on a service level criterion have not been studied
in multiple-product multiple-stage supply chains although Li and Tirupati (1994, 1997)
use this metric in a single-stage multiple-plant model.

Chapter 4 studies the capacity decision in multiple-product multiple-stage supply
chains and develops problem formulations that can be solved using Excel Solver. Unlike
other commercial optimization packages, such as CPLEX, Excel Solver is widely
available to operations managers. It is therefore beneficial to have Excel based solution
techniques. Section 4.2 introduces the supply chain model used. Section 4.3 studies the
capacity decision using a service level criterion while Section 4.4 focuses on an expected
shortfall criterion. Concluding remarks are presented in Section 4.5. Proofs of all

lemmas can be found in Chapter 5 (Appendix 3).
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4.2 TheMode

The supply chain consists of K different stages, k=1,... K. The numbering of the
stages does not imply any specific processing sequence and the supply chain need not be
serial in nature. Any general multiple-stage production system in which thd€e are
distinct operations, where an operation is distinct if it requires a different processing
resource from all other operations, is allowed.

The supply chain producéglifferent productsi=1,... |, with product requiring
processing at a subgg(i) of stages. Stagemust process the set of produefk). Each
stagek comprises processing resources that are totally flexible. As such, each stage can
be modeled as a single resource with capagityOne unit of produdtrequireg3ix units
of stagek’s capacity. Bix is referred to as the production coefficient for produattstage
K.

As in Harrison and Van Mieghem (1999), the product demand vector is assumed to be
independent and identically distributed from period to period, no inventory is carried
from one period to the next and production planning occurs after demand is realized. The
demand distribution and inventory assumptions allow the capacity decision to be mapped
into a single period problem.

Capacity decisions must be made before the product demands are realized. Capacity
costs are linear, with staggecapacity costingy per unit. This ignores any fixed cost
element of capacity acquisition. However these fixed costs can be ignored if all stages
require a positive capacity acquisition. All stages will require a positive capacity if the

investment is being made for a system in which no stage has existing capacity, for
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example acompletely new plant. However, if some capacity already exists, this linear
cost assumption may not hold, and the models presented would need to be modified to
Incorporate the fixed costs.

Certain problem parameters are stochastic, while others are deterministic.
Deterministic parameters, such as plant capacities, are written in lower case. Random
variables are written in upper case, and actual realizationsin lower case. Thusthe
product demand random vector is denoted by D={D4,...,D;} and a demand realization
vector byd={d,,...,d}. Demands are assumed to be normally distributed.

It is assumed that the supply chain is optimized by one central decision-maker,
referred to as the firm, as opposed to multiple independent agents as considered in
Chapter 2.

This supply chain model is almost identical to the model presented in Chapter 3. The
key difference is that stages are assumed to be totally flexible and products only require
processing at a subset of stages.

Alcalde (1997) defines a flow path as a set of products requiring processing at the
same set of stages. In other words, produatslj are in the same flow path,if and
only if Q(i)=Q(). Flow paths allow products to be aggregated in such a way as to
simplify the supply chain description while still keeping the key characteristics. To
ensure that the aggregation does not alter the optimal solution in the models presented in
Sections 4.3 and 4.4, | add the restriction fhas for all products in flow path LetF
be the set of flow paths for the products processed by the supply chain. It is assumed that
if Q(1)=Q() andBi=PBjx IkIQ(i), then both and] are part of the same flow path (ifeis

the set of flow paths with minimum cardinality). T&f) be the set of products in flow
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path f. The demand for flow path f, Dy, isthen givenby D; = % D, . From here on, Q(f)
i

and P(K) refer to flow paths rather than products. Flow paths are denoted by the set of

stages they pass through.
4.2.1 Nomenclature

For ease of reference, the nomenclature used in this chapter is presented.

Scalars

(o The capacity of stage k

d: The demand realization for product i

D;: The demand random variable for product i

di: The demand realization for flow path f

Dr: The demand random variable for flow path f

F: Thetotal number of flow paths (f=1,...F)

o A lower bound on the service level

I: The number of products1,...))

K: The number of stages in the supply chairi(... K)

Py The per unit capacity coef stagek

S The number of demand scenariesy...,S

sfs: The shortfall for flow patti

Sf % The shortfall for flow pattiin scenarics

S The supply chain shortfall realization

S« The supply chain shortfall random variable

T: An upper bound on the expected shortfall

X The demand for stadecapacity= BuDy
fIIP(k)

Z: The protection level for stade= (c, -ty )/ 0y,
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Bik: The production coefficient for product i at stage k (the amount of capacity of
stage k used per unit production of product i)

i The expectation of demand for product i

Ls: The expectation of demand for flow path f

Mxk: The expectation of demand for stage k capacity

o; The standard deviation of demand for product i

(o The standard deviation of demand for flow path f

Oxk: The standard deviation of demand for stage k capacity

Jo Xk The correlation coefficient for stage k and stage | capacity demands

Vectors/Matrices:

d: The product demand realization vector ={dy,...,d;}

D The product demand random vectobDs{...,D;}

R: The correlation coefficient matrix for the stage capacity demands
Y4 The protection level vector &, ...,Z}

Sets:

P(K): The set of products that require stage
Q(i): The set of stagdsthat process product
N A subset of the stages {1,K},

4.3 ServiceLevel Criterion

When investing in capacity, afirm may decide that it requires sufficient capacity at
each stage in the supply chain so as to ensure that the total demand for all products is met
with a certain probability in each period. Thisis analogousto the service level criterion
common in inventory theory. This section develops aformulation for and insight into

this service level problem. The motivating supply chain used is described next.
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4.3.1 Work Center A

Graham (1998) studies an actual production system of alarge US manufacturer. This

production system isreferred to as Work Center A. Figure 1 depicts the work center.

vy vV ¥YW vYy Y Y VY VY VY

Figure1: Work Center A

Boxes denotes production stages and lines denote flow paths — a flow path is defined
by the stages the line passes through.

Daily production requirements are uncertain and the schedule for a particular day is set
two days in advance. However, material properties dictate that Work Center A be
operated with no inventory carried over from one day to the next (“There is no planned
inventory in the work center. While some work in process does ‘pile up’ in front of some
processes as the day goes on, at the end of each day, no in-process material is left in the

work area. All orders are started and finished on the same day” Graham, 1997). Each
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day starts with zero inventory and a known demand to be completed that day. This
system maps well into the supply chain model introduced in Section 4.2.
Daily demand data for the product flows (dr) are presented in Table 1. The production

coefficients (Br) for the flow pathsare presented in Table 2.

Tablel
Flow Path| Mean St. Dev.
BP 63.38 52.98
ABP 32.86 54.02
ABFP 343 6.35

ACP 300.52 214.37
ACFP 411.19 149.30
ADFP 165.00 133.45
ADGP 0.95 4.36
ADIJP 372.81 256.29
ADKP 42.40 70.77
ADLP 4.76 21.82

ADNOP 4.10 9.71

ADP 1216.19 564.68

AEP 25.48 25.53

Table2

AlB|cCc|D|E|F|G] I JIK|[L[N]J]O]|P

BP 0.90 0.77

ABP |0.56]1.05 0.77
ABFP |0.45]1.05 1.00 0.77
ACP [0.73 1.08 1.33
ACFP |0.75 0.92 1.00 0.77
ADFP [1.21 1.25 1.00 0.77
ADGP |0.41 0.81 1.00 0.95
ADIJP |2.01 1.25 1.00 | 1.00 1.42
ADKP |0.90 0.81 1.00 0.65
ADLP |1.76 1.25 1.00 0.71
ADNOP | 0.86 0.74 1.00|1.00| 1.18
ADP |0.94 0.89 1.48
AEP |[1.41 1.00 1.42

It should be noted that stages | and J both process flow path ADIJP only. Assuch, the

same capacity, in terms of ADIJP units, should be installed for both stages. Therefore
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one can aggregate these two stages into a single stage with a capacity cost equal to ¢+c;.
This new stage is denoted by |. Likewise stages N and O can be aggregated and this
aggregated stage is denoted by N.

Graham (1997) does not provide these data, rather these data were obtained directly

from the author. | would like to thank Jud Graham for kindly providing these data.

4.3.2 The Formulation

Given aservice level target, one wants to minimize the cost of capacity needed to
obtain thisservice level. A servicelevel target of g means that the probability that all
flow path demands are met must be at least g. A shortfall will occur if the total demand
for any stage capacity exceeds that stage’s installed capacity.

The total demand for stage capacity at staigereferred to as stagggdemand X,

which is given by,

Xy = BwD;
1Pk

If individual product demands, and hence flow path demands, are assumed to be
normally distributedXy is normally distributed. Assuming that the flow path demands

are independent, the mean and variancg afe given by,

Hx, = BiHp,
t4PTK)

2 2
B0,
4P

2

The correlation coefficienpy, for stagek and stagé demands, is given by,
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with p=0 if thereis no flow path that visits| and k. Note this correlation coefficient is
non-negative; that is stage demands are positively correlated if flow path demands are
Independent.
If flow path demands were correlated, then the above variance and correlation
expressions would need to be modified to incorporate this dependence.
The stage demands can then be expressed in vector form where X is the vector of
stage demands, X={Xj,...,Xk}. X has a multivariate normal distribution with a mean
vector, variance vector and correlation matrix specified by the elements given above.
If a given realization of stages demand exceeds stalgeapacity, i.ex>c, then
there is a shortfall. Therefore the probability that all demand is met, given a capacity
vector ofC={c,...,c«}, is P[X<C]. This can be expressed in terms of the standard unit

multinormal distribution as K<C|=®[Z,R]. Z={Z,,...,Z} where,

Cy — Hyx
Ox

K
andR is the correlation matrix specified by thg. The probability that stagedemand
will exceed its actual capacity is given ®yZ,] where®[+] is the standard normal
cumulative distribution functionZy is referred to as the protection level for stlge

The problem of determining the least cost capacity investment vector subject to a

service level ofy, is then given b1,
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Min{; Pk Ci}

subject to
®[Z,R] =g

The service level is assumed to be high enough so that a positive capacity is required
at each stage. P1 cannot be solved as formulated because closed form expressions for
multivariate normal probabilities do not exist. | develop two different approaches solving
this problem. Thefirst involves approximating ®[Z,R] by ignoring the correlation
structure of the random variables. The second involves obtaining alower bound for

®[Z,R] in which some of the correlation structure is captured.
4.3.3 Independent Stage Demands

By assuming stage demands to be independent, | hope to develop insight into the
optimal capacity investment in the absence of correlation. Thiswill then provide a
benchmark against which to compare the capacity investment vector when correlation is

considered.

Assuming the stage demands to be independent, then ®[Z,R] is given by,
K
®[Z,R] = H P[Z,]

and P1 becomes,
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Min{; Pk Ci}

subject to

lflcp[Zk] 29

This problem isreferred to as P1,Ind and can be thought of as an approximation to P1in
which the correlation isignored.

Note that if correlation matrix R has the special structure in which p;=4iA;i#] and
Ai=0,1,j=1,... K, then a lower bound feb[Z,R] is given byﬁ ®[Z,] (Tong, 1980).
=1

However, this will not be true in general and so the constrafi,imd is an
approximation rather than a lower bound.

The Lagrangian relaxation &fL,Ind is given by,

K K
L(CA) = Z P C +/\% - I:l CD[Zk]E

and the partial derivatives with respecttas

oL(Cl) _  _[Bo[Z,] _
o P AE%TEFEL?[Z'] k=1,. K

Now,
C —
z, = k T Hx, andad)[x]:q{ :
Oy, 0X

Therefore,

0P[Z,] _ ¢lZ,]

oc, Oy,

and,
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L(CA) _ HAZ, 1H _
. AF FLKWZ] k=1...,K

The partial derivatives with respectto A is

=g- H d[Z,]

An optimal solution will satisfy the service level constraint with equality. To seethis,

auca

consider a solution in which the service level constraint is not binding, i.e. the inequality
isstrict. The objective function value can be strictly decreased while still satisfying the
constraint by decreasing the capacity of one of the stages. Astheinequality is continuous
and monotonically increasing in each of the stage capacities, there will be solutions for
which the bound holds with equality. Therefore the objective function value of any non-
binding solution is strictly greater than the objective function of some binding solution.

An optimal solution will satisfy the following set of equations,

oL(CA) AH@ H|—|¢[zk]- k=1, K
acy C=C* A=A Ox, [FLizk
1)
dL(C.2) <o
L(CA) =g-[]®[z;]=0
04 Cc=C* A=x D ‘
)
where,
C;_.uxk

Z, =
O'Xk

K
Dividing through equation (1) by L" ®[Z,] and applying (2), one obtains,
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h(z,) =

Oy, P« _HdZ
1 k=1....K whereh(z) = [z]g

Figure 2 shows h(2) for z greater than 1.65 (P[z]>0.95). It also shows an exponential

function, f(z)=ae® with a=6.0322 and d=2.3579, curve fitted to h(z). This curve was

generated by Excel (the least squares fit) and has an R? value of 0.995.

Figure 2
h(z) for Standard Normal Distribution
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As can be seen h(z) is reasonably well approximated by the exponential function for
large zvalues. If the desired service level isreasonably high, then the Z values will be
high. Approximating h(z) with the exponential function, h(z)=ae'®, then

-dz — o Xk Px

g/

0 -dz, = In%% -In(a/fg)+|n(0xk pk)

0 z, =%En(a/fg)—%§n(axk pk) k=1,...K

ae

3
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and so the optimal protection levels, Zi*, should be (approximately) a decreasing linear
function of the natural log of the product of the stage demand standard deviation and
capacity cost.

Substituting (3) into (2), one obtains the following equation for the optimal Lagrange
multiplier,

IleD[ZU = ﬁ@%@n(&\*g)— %En(axk P, )@z g
The only unknown in this equation is A* and as such the equation can be solved by a
simple binary search over A*. After solving for A*, one can use (3) to obtain the
approximately optimal stage service levelsfor P1,Ind. Note that the solutions are
approximate as h(z) was approximated by an exponentia function.

Alternatively, P1,Ind can be solved using mathematical programming software, such
as Excel Solver. @[+] does not have a closed form solution and so an approximation
(Lin, 1989) isused. This approximation isgiven by,

®[7] =1-0.5* exp(-0.7172-0.41622) ,z>0
(4

To ensure that zis greater than 0, P1,Ind is adapted slightly. Existing capacities are
set equal to the mean stage demands rather than zero and the decision variables are the
amount of capacity to add to each stage. This modification does not change the optimal
value as a service level greater than 0.5 requires every stage to have a capacity greater
than its mean demand.

Results for the actual Work Center A demand data are presented in Section 4.3.5.

Eleven other test problem instances were generated for P1,Ind. The same stages as Work

170



Center A were used. Cost data (px) were generated from a truncated (non-negative)
normal distribution with amean of 5 and standard deviation of 2. Stage demand standard
deviations were generated from a truncated (non-negative) normal distribution with a
mean of 500 and standard deviation of 200, except for example 1 in which all standard
deviations were set equal to 300. Mean stage demands were obtained by generating
coefficient of variation data from a truncated (non-negative) normal distribution with a
mean of 0.5 and standard deviation of 0.2. The datafor the eleven examples can be
foundin Table 3. A servicelevel of 0.95 was used for al eleven examples.

For each of the eleven examples, two problems were solved; one in which al twelve
stages were considered and another in which only six stages (A-F) were considered. The
second problem, in which only six stages were considered, was solved so to demonstrate
that systems with fewer stages will have lower individual stage protection levels. The
problems were solved using Excel Solver. Solution time was in the order of seconds.

The optimal protection level results can be found in Table 5 in Section 4.3.4.
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Table3

A B C D E F G I K L N P
1 [mean | 548.5 | 992.9 | 458.9 | 377.6 |1744.7| 487.4 | 411.2 | 509.1 | 475.8 | 423.9 | 371.3 | 430.5
std 300.0 | 300.0 | 300.0 | 300.0 | 300.0 | 300.0 | 300.0 | 300.0 | 300.0 | 300.0 | 300.0 | 300.0
cost 4.4 24 55 7.6 74 8.5 0.6 4.5 7.2 2.8 3.6 1.6
2 |mean | 726.1 | 458.5 |1987.9| 535.4 |5074.0| 525.3 | 833.3 | 558.6 |2452.7| 975.9 |1457.8| 735.8
std 290.3 | 315.8 | 519.8 | 291.4 | 539.4 | 107.1 | 480.8 | 432.2 | 712.2 | 611.4 | 733.2 | 546.4
cost 5.5 3.0 6.5 7.9 17 6.2 7.3 59 6.3 7.1 8.1 7.0
3 |mean |1478.7|1168.3| 760.8 |1678.6| 255.1 | 644.9 | 214.5| 555.7 |1669.0| 748.4 | 571.6 | 444.5
std 804.5 | 598.6 | 582.4 | 933.0 | 70.6 | 365.3 | 116.9 | 428.6 | 523.6 | 447.2 | 356.6 | 339.9
cost 4.0 6.9 2.6 54 11 2.0 5.8 7.7 29 6.3 50 74
4 |mean |1394.2|1422.6|1321.7|1151.8|2304.2|2457.3|1459.4|1800.8|6019.6(2505.2(1112.8| 365.6
std 589.6 | 470.9 | 636.2 | 462.8 | 618.1 | 939.4 | 769.1 | 882.0 | 700.7 | 744.8 | 678.3 | 346.8
cost 5.6 6.2 34 5.9 6.0 4.5 53 3.3 6.9 3.0 4.5 57
5 |mean | 385.9 |1391.1{1092.2|1211.8|1974.5|2118.3|1646.9| 628.8 | 626.7 | 731.4 |1479.7| 792.3
std 313.8 | 590.6 | 526.0 | 723.5 | 434.8 | 256.6 | 672.3 | 492.2 | 312.8 | 449.8 | 752.9 | 322.4
cost 29 3.2 52 2.9 5.4 11 4.8 4.3 7.1 6.1 7.3 55
6 |mean | 814.8 | 740.2 | 679.4 | 921.9 | 489.3 | 195.9 | 211.3 |2280.3| 333.7 |1464.7|1280.5| 909.8
std 453.41460.4 | 232.7 | 545.9 | 295.8 | 87.7 | 111.7 | 741.4 | 230.0 | 433.3 | 580.5 | 514.3
cost 8.0 6.0 5.8 9.3 0.7 3.7 12 4.3 52 4.5 3.6 34
7 |mean | 169.4 |1184.7|1303.7| 676.7 | 378.8 |1277.4{1032.8| 626.1 | 501.4 |1087.7|2081.9| 600.4
std 128.0 | 444.5 | 707.9 | 360.7 | 233.0 | 827.0 | 359.5 | 172.3 | 338.5 | 516.2 | 909.4 | 475.2
cost 54 5.1 7.7 5.6 2.8 5.7 54 7.7 31 6.0 6.2 7.6
8 |mean |1133.8| 932.6 |1189.0|2014.2| 350.3 |2113.9| 875.7 | 3538.7| 481.0 |1381.4|1210.8| 797.6
std 876.2 | 643.8 | 539.5 | 383.5 | 144.0 | 655.6 | 321.3 | 504.3 | 244.1 | 576.5 | 510.2 | 441.9
cost 4.2 3.3 4.8 4.0 2.7 3.8 53 4.9 12 3.0 6.1 9.5
9 |mean |2043.8| 739.8 | 398.9 | 290.4 | 861.4 | 837.1 |1879.7|1241.1| 638.4 | 1321.9|1049.2|5663.6
std 493.0 | 342.0| 288.5 | 210.6 | 458.7 | 562.1 | 776.2 | 883.6 | 509.1 | 572.0 | 660.5 | 774.1
cost 5.9 4.7 6.4 4.6 6.2 9.4 7.7 8.8 7.0 14 6.8 3.5
10|mean |2239.7|1270.0| 406.1 | 898.4 |1418.1| 449.4 |1761.2| 823.9 |2376.6|/2062.4| 893.0 |1447.1
std 972.8 | 532.1 | 276.1 | 284.0 | 647.6 | 154.9 | 711.1 | 596.5 | 461.6 | 776.2 | 554.8 | 573.0
cost 31 5.9 5.3 7.2 4.3 2.6 6.7 4.9 31 4.5 7.5 3.2
11|mean |1610.2| 656.6 | 907.4 | 369.8 | 385.7 |1204.9| 880.0 |1770.4|1569.8|2891.3| 911.4 | 716.6
std 688.0 | 548.4 | 673.5 | 286.6 | 281.9 | 763.6 | 532.4 | 516.3 | 668.9 | 910.8 | 492.6 | 424.7
cost 8.1 4.2 4.8 6.0 2.2 12 4.1 7.8 50 6.1 51 4.1

Graphical results for Examples 5 are shown in Figure 3. The linear regression line for
theindividual stage protection level as afunction of the natural log of cost times standard

deviation is also shown.
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Figure 3
Protection Level as a function of Cost and Standard
Deviation (Example 5)

35

\ A 712 Stages
3 n -
\:\\“L 7*6 Stages
25 Linear (z* 12 Stages)

‘\A Linear (z* 6 Stages)

zk

15

5 6 7 8 9 0
In (cost*std)

As can be seen from Figure 3, the optimal protection levels areindeed linear in the
natural log of capacity cost times standard deviation. The other examples all showed
similar linear relationships. The R? values were above 0.99 for all problems. | conjecture
that they do not equal 1.0 because of the approximation (egn. (4)) used for the normal
cumulative distribution function. When only six stages are considered, the protection
levels are lower. Thisisexpected as all demand is met only if all stages have sufficient
capacity. The probability of there being sufficient capacity will decrease as the number

of stagesincreases.

4.3.4 A Bonferroni Inequality

In the previous section, no use was made of the correlation between individual stage

demands — they were assumed to be independent. Stage demands, as noted earlier, are in

fact correlated. This correlation should alter the optimal capacity investments.
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Consider a supply chain with K stages, each with a protection level of Z. If the stage
demands are independent, then the service level is given by (®[Z])X. However if the
stage demands are al perfectly positively correlated, then the service level is given by
®[Z] which islarger than the service level if the stages are independent. It should
therefore be expected that a positive correlation between two stage demands should lead
to areduction in the capacity required at these stages. This reduction should be most
pronounced for highly positively correlated stages. As noted earlier, if flow path demand
are independent (or positively correlated), then the stage demands will be positively
correlated.

Closed form expressions do not exist for general multivariate normal probabilities. A
Bonferroni inequality is used to obtain alower bound on the probability constraint in P1.

Theorem 7.1.4 of Tong (1980) gives the following inequality,

K
1- Z 1-[Z,]) +max% ZL[ZK Z,, ,ok|]§< ®[Z,R]

1<1<K
©)
where L[Zx,Z;,04] is the probability that both Z, and Z, are greater than 0, a bivariate
probability. The correlation coefficient is given byoy.
Asaclosed form expression for L[Zx,Z;,0q] does not exist, an approximation (Cox and
Wermuth, 1991) isused. This approximation is given by,
LUZ,..Z,py] = O[-Z,]P[WMZ,.Z, .04 )

where,
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oz )2
J1-p2

So the lower bound in (5) can be approximated by,

(Zk1ZI1ka

K-1

1- il D[Z,])+P[-Z, ]ZCD[WZK’ «+Puc )| < ®[Z,R]

(6)
where the maximum expression in equation (5) has been replaced by the K™ term. One
could choose to replace the maximum with any of the K terms.

Using (6), an adternative formulation to P1 can then be rewritten as

K
Min{; P« Ci}

subject to

1-;(1-d>[zk1)+m[-zK]qu(zk,zK,pkK)l >g

Thisformulation isreferred to as P1,Bonf . Unlike P1,Ind, thisformulation uses
some correlation information. As noted above, there are K-1 other possible bounds that
could be constructed by replacing the maximum expression in (5) with some k<K. Each
of the possible bounds, k=1,... K, uses the correlation coefficients of stageith all other
stages, i.epi,-..,Prk- One could solv& different versions olP1,Bonf, with each
version using a different bound, and then select the solution with the lowest capacity cost.
Using Lin’s approximation fo®[¢], given in equation (4), Excel Solver can be used
to solveP1,Bonf.
The same eleven test problems generateB¥dnd are used with stagebeing

arbitrarily chosen as tH€" stage. A$1,Bonf requires correlation coefficients for the
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K™ stage, the coefficients for stage P's demand and other stage demands were generated
from a discrete distribution with values 0.1, 0.3 and 0.9 having probabilities of 0.5, 0.4
and 0.1 respectively. The correlation coefficient data can be found in Table 4.

Table4

A|B|C|D|E]JF|[G]|] I [K|J]L[N]P
b | 03]01|03|09|01]03|03|03|03|03]|09]10
b | 01]03|01|03[01]01]|03|09|01|03]|03]10
b | 01]01|01|03[01]01]|03|01|03|01]|09]10
b | 09]03[03|01|[01]03]01|03|0L|03]|03]10
o |09 [03[03[09|01] 01|01l |01|03]|01]01] 10
oo | 03[03[09[03|01]|03|[03[09|01]03]03] 10
oo | 03|01[03][01|03|09|09|09|03]|03]03] 10
oo |09 [01[01][03|01] 01|01 |09|01]|03]03] 10
b | 01| 010301 [01][09]|01|01|0LI|03]09]10
b | 09| 01|03|0T[01]01]03|01|0LI|01]|01]10
b | 09| 03|01|09|01]03]03|01|0L|03]|03]10

,':BOOO\IG)O‘I-bwl\)I—\|

Graphical results for Example 5 are presented in Figure 4. To illustrate the effect of
demand correlation, the graph shows the protection level&lfond, P1,Bonf, and the
linear regression fdPl,Ind. The results foP1,Ind are the same as those shown in

Figure 3 for the 12-stage problem.

Figure 4
Effect of Correlation on Protection Level
(Example 5)
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As can be seen from Figure 4, the optimal protection levels for P1,Bonf are similar to
those for P1,Ind except that some of the protection levels are lower. It turns out that
stage P and the stages with high correlation coefficients (0.9) are those with the lower
protection levels.

Table 5 presents the results for al eleven examples. 12 (or 6) (Indep) refersto the
results obtained for P1,Ind. The number 12 (or 6) refers to how many stages were
considered in the problem (see previous section). 12 (Bonf) refers to the results obtained
for P1,Bonf. For the problems with twelve stages considered, | have highlighted (in bold
typeface) the protection levels for those stages that had a correlation coefficient of 0.9
with stage P . The possible correlation coefficientsare 0.1, 0.3 and 0.9. | have also
highlighted the protection levels of stage P.

As can be seen, the greatest change in protection levels occur either for stage P or for
those stages most highly correlated with stage P. On average over the eleven examples,
the protection level of stage P decrease by 11.5% with a maximum of 18.9% and a
minimum of 5.8%. For the stages with a correlation coefficient of 0.9, the average
decreaseis 6.7% with a maximum of 13.3% and a minimum of 2.4%. For all other
stages, the average change in protection level is 0.6% with a maximum of 1.5% and a
minimum of 0.0 %. Note that the protection levels both increase and decrease dlightly for
the stages with a correlation coefficient of 0.1 or 0.3. Therefore the percentages quoted
are based on the absolute change in protection level to avoid positive and negative

numbers canceling.
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Table5

1 [12 (Indep) | 2.66 | 2.88|2.58 [ 2.45 | 2.46 | 2.40 | 3.31| 2.65| 2.47 | 2.82| 2.73[ 3.02
12 (Bonf) |2.67|2.91|2.59|2.39|2.48|241|3.36|2.66 | 2.49 | 2.78| 2.55 | 2.45
6(Indep) |251|274|2.42|229|2.30|2.24
2 |12 (Indep) | 2.86|3.03| 257 | 2.72|3.06 | 3.15 | 2.56 | 2.68 | 2.46 | 2.48 | 2.35 | 2.53
12 (Bonf) |2.87|3.03|2.59(2.72|3.09|3.17 | 2.57|2.49| 2.48| 2.48| 2.35 | 2.37
6(Indep) |2.41|261|208|225|262|275
3 |12 (Indep) | 251|241]279[2.32[3.73[3.05[3.07 [ 249 |2.79| 256 | 2.73| 2.60
12 (Bonf) |252|243|2.80(2.33|3.74|3.05|3.07|251| 279|257 | 2.56 | 2.45
6 (Indep) |2.29|2.18|259|2.09|3.58|2.86
4 |12 (Indep) |2.62|2.66|2.77| 268|257 | 252|254 | 2.67 | 2.47 | 2.77| 2.65 | 2.81
12 (Bonf) |252|2.67|2.78(2.70|259 | 2,53 | 2.55| 2.67|2.48| 2.77 | 2.65 | 2.55
6(Indep) |2.37|242|254|2.44]232|2.26
5 |12 (Indep) | 2.97 | 272|257 | 2.67 | 2.63| 3.37 | 251 2.67 | 2.65 | 2.57 | 2.29 | 2.74
12 (Bonf) |2.71|2.73|2.58| 254 |2.65(3.41|253|2.69|2.66|259|2.31|2.48
6 (Indep) |2.64|2.36|219|230|2.26|3.06
6 |12 (Indep) | 2.40| 252 2.78 [ 2.26 | 3.42 | 3.27 | 3.53 [ 2.46 | 2.82| 2.65 | 2.62| 2.69
12 (Bonf) |242|253|2.52(2.27|3.38|3.28|3.52|2.34|2.85| 266|264 |2.32
6 (Indep) |2.19|2.31|260|204|3.23(3.11|3.11
7 |12 (Indep) | 3.11]270]2.36|2.75[3.14 [ 2.42 [ 2.76 [ 2.90 | 2.98 | 2.59 | 2.34| 2.53
12 (Bonf) |3.12|2.74|2.38|2.78|3.15| 228 |2.45| 251|298 |2.61|2.36|2.20
6 (Indep) |2.90|2.46|208|251|2.92|2.15
8 |12 (Indep) | 2.43| 265|257 | 2.77|3.24| 259 [ 2.73 | 2.59 | 3.33 | 2.73| 2.50| 2.38
12 (Bonf) |2.25|2.67|2.60|2.78|3.26|2.61|2.76|2.32|3.35|2.73| 251 | 2.13
6 (Indep) |2.16|2.39|231|252|3.03|2.33
9 [12(Indep) | 273|293 289|311 [2.73|2.50 | 2.45 | 2.34 | 2.65 | 2.58 | 2.56 | 2.75
12 (Bonf) |2.75|2.95|2.90|3.13 (275|237 |247|2.36|2.67 | 2.59|2.41 | 2.34
6 (Indep) |2.34|258|253|2.77|2.35|2.08
10|12 (Indep) | 2.57 | 2.57 | 2.85|2.73 | 2.61|3.28 | 2.40| 2.60| 2.86 | 253 | 2.46 | 2.7
12 (Bonf) |2.48|258|2.86|2.75|2.62|3.30|2.41|2.61|2.87| 254|247 | 253
6(Indep) |2.24|223|255|2.41|2.28|3.02
11|12 (Indep) | 2.37 [2.71| 258 [2.82|3.16 | 3.01| 2.74| 250 | 257 | 2.36 | 2.68 | 2.82
12 (Bonf) |230|2.72|2.61|257|3.18|3.01|2.74|2.52| 260|238 269|237
6(Indep) |2.02]241|227|253|291|277

Stages with highly correlated demands can afford to have lower protection levels.
This agrees with the hypothesized correlation effect discussed at the start of this section.

Two different approaches to solving the capacity problem P1 have been devel oped.
P1,Ind involves an approximation the service level probability bound by assuming

independence. P1,Bonf uses some correlation information to replace the actual service
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level with alower bound. | now use each of these formulations to analyze Work Center

A. Indoing so | compare the effectiveness of the two approaches.

4.35 Work Center A Results

The two formulations, P1,Ind and P1,Bonf devel oped above were used to study the
capacity investment problem using the actual flow path demand data for Work Center A.
Two problem instances were studied. In thefirst, Example 12, capacity costs were set
equal to one and the objective was the minimization of total capacity. In the second,
Example 13, arandom set of capacity costs was generated. Table 6 contains the capacity

cost data for both examples.

Table6
Example| A B C D E F G I K L N P
12 1 1 1 1 1 1 1 1 1 1 1 1

13 4.40|244)1549(755|7.40|8.47|0.63|4.53|7.19| 2.83|3.62| 1.62

For each example, P1,Ind and P1,Bonf were both solved using a service level of 0.95
and a service level of 0.99 (95% and 99%).

In solving P1,Bonf, stage P is chosen as the reference stage in the lower bound (6) for
the servicelevel. Thisisnot an arbitrary choice. As can be seen from Figure 1, al flow
paths visit stage P. The demand on stage P should be correlated with demands for all
other stages. Stages, such as A, which share alarge number of flow paths with P will be
highly correlated. To capture this correlation information, stage P is chosen. One could

instead choose another stage such as C to be the reference stage. However, as C only
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shares flow paths with A and P, stage C demand is not correlated with most other stage
demands. Therefore alot of the system correlation information is not captured if stage C
Isselected. The effect of choosing stage C is discussed at the end of this section.

Table 7 presents the optimal protection levelsfor the different problems and the
percentage difference (reduction) in service level from P1,Ind to P1,Bonf. It aso

presents the objective values and the percentage difference (reduction) in objective

values.

Table?7
Service A|lB|C|D|E|F|G]| Il |K]|]L/|N/|P/|Ob
Leve Value

Ind 220|309 | 264 | 230 | 343 | 275 | 391 | 267 | 3.14 | 3.47 | 3.69 | 2.22 |17620.8
95% |(Bonf | 2.01 | 3.15 | 264 | 203 | 3.46 | 279 | 3.96 | 2.66 | 3.16 | 3.52 | 3.74 | 1.86 (16962.8
12 % diff| 8.7% |-1.9%]-0.1%|11.6%|-0.8%|-1.4%]-1.1%| 0.2% |-0.5%|-1.3%|-1.3%(16.4%| 3.7%
Ind 277|358 | 315 (286|384 | 324|429 | 316 | 356 | 3.88 | 414 | 2.84 |19471.3
99% |Bonf | 2.65 | 3.65| 320 | 268 | 3.95 | 3.33 | 437 | 3.20 | 3.60 | 4.03 | 422 | 2.53 |19026.7
% diff| 4.4% [-2.0%|-1.5%| 6.4% |-3.1%|-2.8%|-1.8%]-1.5%|-1.4%|-3.9%|-2.0%|10.7%| 2.3%
Ind 225331260 |211|330| 254|443 | 269 | 298 | 3.63 | 3.79 | 257 |78331.8
95% |Bonf | 2.07 | 3.35| 260 | 200 | 3.33 | 257 | 443 | 267 | 3.02 | 3.67 | 3.83 | 1.95 |76287.6
13 % diff| 7.9% [-1.1%] 0.0% | 5.1% |-0.9%|-1.0%|-0.1%| 0.5% |-1.2%|-1.0%|-0.9%(24.2%| 2.6%
Ind 282 (374|312 | 272|373 307|478 | 320 | 3.45| 404 | 418 | 3.09 |86688.8
99% |(Bonf | 269 | 3.78 | 3.15 | 264 | 3.77 | 3.12 | 483 | 3.23 | 3.49 | 407 | 422 | 2.64 |85375.1
% diff| 4.5% |-0.9%]-1.2%| 2.8% [-0.9%]-1.4%]-1.1%|-0.9%|-1.2%]-0.9%|-0.9%(14.7%| 1.5%

The protection levels for the highly correlated stages, A, D and P, are significantly
reduced when the correlation is considered. Thisis consistent with the results obtained
for the eleven examplesin the previous section. The protection levels for the other stages
increase slightly. | conjecture that this slight increase is an effect of the lower bounds
and approximations used.

These results are presented in graphical form in Figures 5-8.
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Figure 5
Effect of Correlation on Protection Level
Example 12 (S.L.=0.95)
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Figure 6
Effect of Correlation on Protection Level
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Figure 7
Effect of Correlation on Protection Level
Example 13 (S.L.=0.95)
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Figure 8
Effect of Correlation on Protection Level
Example 13 (S.L.=0.99)
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Again one sees the approximately linear relationship between the protection level and
the natural log of cost times standard deviation for P1,Ind. As mentioned above, when
correlation is considered the protection levels are altered somewhat, with the protection
level for highly correlated stages being reduced.

One possible capacity investment policy is to assume that stage demands are
independent and provide an equal protection level for al stages. If the service level
target is g, then the protection level for each stageis given by,

z; =og"] k=1,..K

This policy is used as a benchmark against which to compare the results for P1,Ind
and P1,Bonf. Table 8 presents the results for 90%, 95% and 99% service levels. As can
be seen, both formulations outperform the equal protection policy, and P1,Bonf

outperforms P1,Ind.
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Table8

Example| Service Simulated | % Reductionin | Actual Reduction
Level Service Total Cost over | in Total Cost over
Leve Equal Protection | Equal Protection
Policy Policy
Equal 91.9% - -
90% Ind 94.4% 4.9% 864.1
Bonf 89.8% 9.3% 1626.3
Equal 95.6% - -
12 95% Ind 97.2% 4.2% 778.5
Bonf 95.5% 7.8% 1436.5
Equal 99.4% - -
99% Ind 99.3% 3.1% 626.0
Bonf 99.2% 5.3% 1070.6
Equal 91.9% - -
90% Ind 94.1% 4.9% 3811.8
Bonf 90.5% 8.0% 6244.5
Equal 95.6% - -
13 95% Ind 97.1% 4.2% 3459.6
Bonf 95.7% 6.7% 5503.8
Equal 99.4% - -
99% Ind 99.4% 3.1% 2815.4
Bonf 99.2% 4.6% 4129.1

The service level lower bound in P1,Bonf uses correlation data that is not used in the
service level approximation in P1,Ind. As such one might expect the actual service level
to be more closdly attained by P1,Bonf. Simulation is used to estimate the actual service
levels obtained by the various policies. Using Excel, twenty thousand flow path demand
vector realizations were generated. Each vector comprised of arealization for each flow
path. The frequency of shortfall was calculated and a simulated service level obtained.
In al casesthe simulated service levels are equal to or higher than the target service

level®,

(1) A simulated service level of 89.8% is obtained for the P1,Bonf solution for the 90% service level target.
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P1,Bonf gives simulated service levels closer to the target than P1,Ind. Thisisone
possible reason for the objective value being lower in P1,Bonf.

The simulated service levels for P1,Bonf are quite close to those obtained by an equal
fractile policy; yet the capacity costsis significantly lower. This suggests that an equal
protection policy is not avery effective one. A better policy can be obtained by
considering the capacity costs, demand standard deviations and demand correlations.

The percentage reduction in total cost over the equal fractile policy increases as the
service level decreases. One possible explanation for thisis that the improvement (or
cost reduction) values are quoted relative to the capacity cost required by an equal fractile
policy. Asthe servicelevel decreasesfrom 99%, the capacity cost required by an equal
fractile policy decreases rapidly. Thus even if the actual reduction in capacity cost
decreases, the relative reduction may increase.

However, Table 8 shows that the actual reduction in capacity cost increases as the
service level decreases. Therefore the increasing relative improvement over the equal
fractile policy as the service level decreasesis not an artifact of a decreasing
denominator.

As noted earlier, stage P was selected as the reference stage for the lower bound (6) in
P1,Bonf. The Work Center A examples were re-solved using stage C as the reference
stage in the lower bound. Stage C demand is correlated only with the demands on stage
A, F and P, whereas stage P demand is correlated with all stage demands. Given that
P1,Bonf uses the correlation information for the reference stage, one might expect
P1,Bonf to perform better when P is chosen as the reference stage. Table 9 showsthisto

be true.
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Table9

Example| Service | Reference | Simulated | % Reduction in
Level Stage Service Total Cost over
Level Equal Protection
Policy
90% P 89.8% 9.3%
C 95.0% 4.8%
12 95% P 95.5% 7.8%
C 97.4% 4.2%
99% P 99.2% 5.3%
C 99.2% 3.2%
90% P 90.5% 8.0%
C 94.0% 4.8%
13 95% P 95.7% 6.7%
C 97.4% 4.2%
99% P 99.2% 4.6%
C 99.4% 3.2%

In every case, the percentage reduction in total cost relative to an equal fractile policy
Is greater when stage P is chosen as the reference than when stage C is chosen. One
reason this improvement is that choosing stage P appears to give atighter bound on the
service level. Ascan be seen from Table 9, the simulated service levels are nearer the
target when P is chosen. This does not explain al of the improvement. For the 99%
target case in Example 12, the simulated service level is99.2% for both P and C but P
attainsthis service level at alower total cost.

It is therefore recommended that when using P1,Bonf, one selects the reference stage

to be one whose demand is correlated with alarge number of other stage demands.
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4.4 Expected Shortfall Criterion

When investing in capacity, afirm may decide to use an expected shortfall criterion
rather than a service level criterion. That is, the capacity at each stage should be such
that the expected shortfall in aperiod is less than or equal to sometarget T.

This criterion supposes that a production planning objective of minimizing total
supply chain shortfall isused. The supply chain shortfall is the sum of the individual
flow path shortfalls. Production planning is assumed to occur after demand isrealized
and the production planning problem, for a given capacity vector C, is given by the

following linear program, P2(C),

F
Min{sfg :leff}
subject to

2. Y BaYi<c k=1..K
fIOP(k)
3.y,sf =0
where y; is the production of flow path f and sft is the shortfall of flow path f, and sfsc is
the total supply chain shortfall.
While all parameters are deterministic for the production planning problem, the
demands are stochastic when the capacity vector is being determined. So for agiven

capacity vector, C, the expected total shortfall, Ep[ SFc(D,C)], is given by the expected

objective value of the production planning problem.
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The capacity problem can be formulated as a two stage stochastic program with
recourse, where the recourse function for a given capacity vector is the production

planning problem, P2(C). The stochastic program, SP1, isthen given by,

Min{; P«Ci}

subject to
E[SF]<T

The expected shortfall upper bound is assumed to be sufficiently low asto require a
positive capacity at all stages.

The Lagrangian relaxation of this problem can be mapped into the multiple-resource
investment problem formulated by Harrison and Van Mieghem(1999). Using Lemma 1
in that paper, the optimal capacity addition vector must satisfy,

¢.*>00 O,E[SF«(D,C*)] = A* p,
where 0, E[SF. (D,C*)] isthe derivative of the expected total shortfall with respect to
stage k capacity at the optimal capacity vector and A* isthe optimal Lagrange multiplier.

Thistells us that an optimum capacity addition vector is such that the marginal values
of increasing capacity, defined as the change in expected shortfall divided by the capacity
cost, at each stage should be equalized. In some sense, the supply chain capacities should
be “balanced” where “balance” is defined in terms of marginal capacity values.

While it is important to understand the structure of the optimal policy it is also useful
to be able to solve the capacity probl&R1, for actual problem instances. Harrison and
Van Mieghem (1999) provide an exact solution technique suitable for very small
problems and give a two-product three-stage example. However the method is not

suitable for even moderately sized problems as it requires the evaluation of multivariate
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normal probabilities which is prohibitively difficult as the problem sizes grow in the
number of stages.
This section develops an aternative solution method suitable for certain supply chains.

The supply chain used for problem instances in this section is described next.

4.4.1 TheAlcalde Job Shop

Alcalde (1997) describes a job shop shown in Figure 9 below. Thisjob shopis

referred to as the Alcalde job shop in this dissertation.

M etal Softerfling and Cooling
Gringding
Surface Preparation
Ing/T ést Painting
v v v v v v

Figure 9: Alcalde Job Shop

As before, boxes denote production stages and lines denote flow paths — a flow path is

defined by the stages the line passes through.

188



Demand data were not available for the Alcalde job shop so the flow path demands
presented in Table 10 were chosen and used for al the examples solved in this section.

Table 10

Flow Path |Mean | St. Dev
MSC,SP,I/T | 650 195
MSC,SP | 2500 | 750
MSC,G,SP | 900 270
M SC,G,SP,P| 600 180
G,SP 300 20
SP 1200 | 360

Aswill be discussed in Section 4.4.3, the stochastic program devel oped is not useful

for the Work Center A supply chain.

4.4.2 Independent Stage Demands

Asdiscussed in Section 4.3, apair of stage demandsis correlated if thereis one or
more flow paths that require processing at both stages. If each stage processes only
products unique to that stage, then the stage demands would be independent. Asin
Section 4.3, | first assume that stage demands are independent to develop some insight
into the expected shortfall criterion. The results and formulations developed in this
section are applicable to all supply chains characterized by the general model described
in Section 4.2.

If each stage processes a unique set of products, then the production planning problem
is greatly ssmplified, each stage produces the minimum of its total demand and capacity.

For a capacity of ¢, the expected shortfall for stage k is then given by,
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00

I(Xk = ¢, )hy (%, )dx,
C

where hy(x) is the demand distribution for stage k. The stochastic program, SP1, is then

given by,

Min{; P« Ci}

subject to

K [ U
; Q:(Xk = G)h (X )dx, Eg T

Thisformulation isreferred to as SP1,IND. The Lagrangian relaxation of this

problem is given by,

K [
L(CA) = Z Py Cy +/] a —c)hy (Xk)dxk%

and the partial derivatives with respect to A and ¢, are,

=T- Zg(xk Chy (Xk)dxkH

dL(CA p
R LAV

auca

=p +AlL-H,[c]) k=1..K

where Hy[] is the cumulative distribution function of stage k demand.

An optimal solution will satisfy the expected shortfall constraint with equality. To see

this, consider a solution in which the service level constraint is not binding, i.e. the

inequality isstrict. The objective function value can be strictly decreased by decreasing

the capacity of one of the stages while still satisfying the constraint. Asthe inequality is
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continuous and monotonically increasing in each of the stage capacities, there will be
solutions for which the bound holds with equality. Therefore the objective function value
of any non-binding solution is strictly greater than the objective function of some binding
solution.
Therefore the partial derivatives will equal zero in an optimal solution and the solution
will satisfy the following set of equations,
U

kK [P .
Z g(xk = ¢, )hy (%, )dx, E: T

(1)

Hk[c;]=1+% k=1... K

)
So at an optimal capacity vector, the probability that a stage’s demand exceeds its

capacity is a linear function of the capacity cost.AAs negative, the probability is a

decreasing function of cost.
SP1,Ind can be solved using mathematical programming software, such as Excel

Solver. If stage demands are normally distributed, Hhga]=P[Z] where,

_ Cy _,ka
Zk -_——
Ox

k

and,

[ =GR (X)X = 0, AZi) + (14 -c,)@-[Z,])
Cy
=0y, AZ,) —anZk(l— d[Z.])

9)
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where (9) is obtained using equation (4.15) of Hadley and Whitin (1963). SP1,IND can
then be expressed using equation (9) in the constraint. As in Section 4.3, Lin’s
approximation, equation (4), is used ffiZ].

It should be noted that in the case of equal capacity costs, the optimal solution to
SP1,IND can be obtained without using an optimization package. From equation (8), the
probability that a stage’s demand exceeds its capacity will be the same for all stages.
That is®[Z¢*] is the same for ak=1,... K, and therefor&*=2* for all k=1,... K. Using

equations (7) and (9), then
[qo(z* )—Z, (1— D[z ])]i oy =T

(10)
Equation (10), and thus equal capacity cost problems, can be solved using a simple
line search technique.
Five examples for the Alcalde job shop were analyzed. In each example the demand
data presented earlier in Table 10 are used. The cost data for the five examples are

presented in Table 11.

Table1l
Example | MS&C | Grinding Surf. Ins/Test | Painting
Prep.
1 1.00 1.00 1.00 1.00 1.00
2 0.88 0.60 1.10 1.40 1.38
3 112 1.46 1.46 1.09 0.74
4 0.96 0.94 141 0.84 1.29
5 1.00 1.00 3.00 1.00 1.00

Example 1 has all the capacity costs equal. Example 2,3 and 4 have the costs

randomly generated from a uniform distribution over the range [0.5,1.5]. In Example 5,
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all the stages except for Surface Preparation have equal capacity costs. Surface
Preparation has a significantly higher cost.

Each problem example was solved using Excel Solver for six different expected
shortfall bounds, ranging from 100 to 600. Solution time was in the order of seconds.

As noted above, because capacity costs are equal, the optimal solution to Example 1
should be such that ®[Z*] are equal for all stages. Table 12 presents the ®[Z*] results for
Example 1. It also presents the analytical ®[Z*] obtained by solving equation (10)

above. As can be seen, the Solver results agree very closely with the analytical solution.

Table 12
Excel Solver ®[Z*] Analytical
Expected | MS&C | Grinding | Surf. IngTest | Painting | ®[Z*]
Shortfall Prep.
Upper
Bound
100 0.924 0.924 0.925 0.924 0.924 0.925
200 0.864 0.864 0.864 0.864 0.864 0.867
300 0.812 0.812 0.812 0.812 0.812 0.816
400 0.765 0.765 0.765 0.765 0.765 0.769
500 0.723 0.723 0.723 0.723 0.723 0.727
600 0.684 0.684 0.684 0.684 0.684 0.688

Table 13 presents the Excel Solver ®[Z*] results for examples 2-5. The linear
relationship between ®[Z*] and the capacity cost is shown in Figures 10-13. Stages with

higher capacity costs are given lower protection levels, with the probability of demand

exceeding capacity decreasing linearly in the capacity cost.
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Table13

()
Example | Expected | MS&C | Grinding Surf. Ing/Test | Painting
Shortfall Prep.
Upper
Bound
100 0.933 0.955 0.917 0.894 0.895
200 0.879 0.918 0.851 0.812 0.814
2 300 0.833 0.884 0.795 0.742 0.745
400 0.792 0.855 0.745 0.679 0.683
500 0.755 0.829 0.700 0.621 0.625
600 0.722 0.806 0.659 0.564 0.569
100 0.935 0.915 0.915 0.937 0.958
200 0.882 0.847 0.848 0.885 0.922
3 300 0.837 0.789 0.790 0.841 0.891
400 0.796 0.738 0.739 0.801 0.863
500 0.760 0.691 0.692 0.766 0.838
600 0.727 0.648 0.649 0.734 0.815
100 0.938 0.940 0.909 0.946 0.916
200 0.887 0.890 0.837 0.901 0.850
4 300 0.844 0.847 0.775 0.862 0.793
400 0.805 0.809 0.721 0.827 0.742
500 0.770 0.775 0.671 0.797 0.697
600 0.739 0.745 0.624 0.769 0.655
100 0.961 0.961 0.881 0.961 0.961
200 0.929 0.929 0.792 0.929 0.929
5 300 0.900 0.900 0.717 0.900 0.901
400 0.876 0.876 0.651 0.876 0.876
500 0.855 0.856 0.590 0.855 0.855
600 0.838 0.838 0.534 0.838 0.838
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Figure 10
CDFz*) versus Capacity Cost
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CDKz*) versus Capacity Cost
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Figure 13
CDKRz*) versus Capacity Cost
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4.4.3 A Scenario Based Stochastic Program

In the previous section, stage demands were assumed to be independent. However,
thisisnot the case. As stages can process similar flow paths, the stage demands will be
correlated. In this section, a scenario based stochastic program that accounts for this
correlation is developed.

The idea behind the formulation is to use a set of scenarios to specify the flow path
demand distributions. Clearly the demand distributions will be better modeled as the
number of scenariosincreases. For certain supply chains, aformulation is developed that
enables alarge number of demand scenarios to be considered.

A scenario based version of the stochastic program SP1, can be obtained by simply
defining a set of scenarios, with each scenario, s, s=1,... S specifying a possible vector of

flow path demands. The stochastic program is then given by,
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K
Min{z P« Ci}

subject to

1.(1/3)§gpsrfsT

2.y; +sff>d, fOF s=1...,S
3. Y Bayis<c k=1..K s=1...S

()
4.c,y,sf =20

The first constraint ensures that the average total shortfall, across the S scenarios, is
less than or equal to the upper bound. Constraints 2 and 3 are those given in the
production planning linear program P2. This stochastic program isthus ssimply a
scenario based program in which the production planning linear program P2 is used as
the recourse function for each scenario. This program isreferred to as SP1(P2).

The number of decision variables used in SP1(P2) is equal to K+23F|, where |F|isthe
number of flow paths. For the Alcalde job shop, K=5 and |F|=6. Therefore the number
of variablesis 5+12S. Excel Solver can only accept 200 decision variables. Therefore,
the maximum number of scenarios that can be used with Excel Solver is16. Asthe
number of flow paths increases, the number of scenarios that Excel Solver can handle
becomes quite small and the ability to model the actual probability distributions
decreases. An alternative stochastic program is developed for certain supply chain types
in which the number of scenarios alowed is significantly increased.

The key to this alternative stochastic program lies in an aternative formulation to the

production planning linear program P2 that can be developed if all the capacity usages [«
are equal for each stage. That is, for each stage k, Gw= G OfOOP(K). If thisisthe case, the

stage capacities can be written as ¢,"*=c/ .. | assume from here on that all capacities
age cap
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are expressed in this manner and suppress the “new” superscript. The linear pbgram

is then given by,

Min{sfq. =2srf}

subject to

2. yi <c k=1..K
1PT)
3.y,sf =0
This linear program is referred to@3. A lower bound on the minimum total
shortfall is given in Lemma 1 below. This lemma also gives a sufficient condition on the
supply chain so that the minimum shortfall actually equals this lower bound.
Define the path-stage matkof a supply chain to be the matrix in which there is a
row for each flow patli, a column for each staggeandby=1 if kLIQ(f) andby=0 if
kOQ(f). In other wordshy=1 if flow pathf requires stagk and 0 otherwise. L&t

denote a subset of the stagged,... K. LetP(A\) denote the set of flow paths processed

by any stag&CIA.

Lemma 1:

(i) Alower bound on the minimum total shortfall in problem P3 is given by

max { % d; _;Ck}

A{L..K) )

(i1) If the path-stage matrix B istotally unimodular (TU), then the minimum total

shortfall in problem P3 equals the lower bound in (i).
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The lower bound in (i) does not equal the actual minimum total shortfall in all supply
chains. Consider the supply chain represented by the following path stage matrix

1 1 0O

B= 1 17
H 0 1

In this supply chain®, the flow path A requires processing at stages 1 and 2, flow path
B at stages 2 and 3, and flow path C at stages 1 and 3. Let each stage have a capacity of
c. If the supply chain produces c units of flow path A, then it can not produce any units
of the flow paths B and C. Stage 3’s capacity is not used at all. A similar phenomenon
occurs if the supply chain producesnits of either flow patB or C. The maximum
total production that this supply chain can achieve/i® 8nd occurs when the supply
chain produces/2 units of each product. In this case, all three stages produce to
capacity. Let the demand for each of the products theen the lower bound of Lemma
1(i) isc. The minimum total shortfall iscB as the maximum total production a3
can be attained by producicf units of each product. Therefore, for this supply chain
the lower bound in Lemma (i) is strictly less than the minimum total shortfall.

Lemma 1(ii) gives a sufficient condition on the supply chain path-stage matrix for the
lower bound to equal the minimum total shortfall, namely that the matrix be totally

unimodular (TU). Polynomial time algorithms exist for testing total unimodularity of a

@ This supply chain is closely related the supply chain of Figure 3in Chapter 3. Thisis not coincidental as the classes
of supply chains being considered are closely related. Chapter 3 considers supply chains in which every product visits
every stage with stages being partialy flexible. Chapter 4 considers supply chainsin which a product visits a subset of
stages with stages being totally flexible. Lemma 1 in Chapter 4 can be thought of as analogousto Lemma 1 of Chapter

3.
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matrix (Schrijver, 1987). The question arises as to whether this condition is so restrictive
that very few supply chains satisfy it. The following lemma suggests that thisis not the

case.

Lemma 2:
The path-stage matrices for the Alcalde Job Shop and for Work Center A are both

totally unimodular (TU).

Therefore both supply chains studied in Chapter 4 satisfy the TU condition.
Obviously one can not generalize from these two supply chains to state that most real
world supply chains satisfy the TU condition. However given Lemma 2, one might
conjecture that there is areasonable number of supply chains satisfying the TU condition.
In the remainder of this section, | restrict attention to those supply chains with totally
unimodular path-stage matrices. For these supply chains, the minimum total shortfal is

given by the expression
max di - ) ¢
/\D{l,,..,l(){f 1) f ; k}

The subsets over which this maximization is evaluated can be restricted as shown be

the following lemma.

Lemma 3:
Any subset / that can be partitioned into two digoint subsets A, and A, such that
P(Nm) LP(ANn), can be omitted from the set of subsets over which the maximumin

Lemma 1 is evaluated.
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So, one can restrict the maximization in Lemma 1 to the stage subsets A that cannot be
partitioned in this manner. This maximization is referred to as P4.

For asimpleillustration, consider a system with two stages, A and B, and two flow
paths, A and AB. The complete set of stage subsetsis{{} {A} {B} {AB}}. However
the subset { A,B} cannot be the maximizing set in Lemmal, as

d,+d,-c,-c,<d,+d,, —-c,
In some sense the stage subset { AB} double counts the capacity available for flow path
AB as this flow path cannot use the sum of the available capacity in A and B but only the
maximum of the available capacity of A and B. Therefore the maximum is never
achieved by the stage subset { AB} .
Denoting the possible maximizing setsin P4 as A\y,..., /AL, the optimum value tB3

can then be expressed as,

d -
max { f k;lck}

B
An algorithm for determining the sefs,..., /AL can be found in Appendix 3.

This is a simple maximization over a set of numbers and thus can be evaluated much
more simply thaP3 can be solved. A linear program package is not even required. For
the Alcalde job shop the set of possible stage subsets is {Metal Softening and Cooling
(MS&C), Grinding, Surface Preparation (SP), Inspect/Test (I/T), Painting, MS&C and
Grinding, Grinding and I/T, I/T and Painting, Null Set} alcwd.

This new expression for the optimal shortfall for a given demand realization can now
be used in place &2 in the recourse function for the scenario based version of the

stochastic prograr8P1. This stochastic program, denoted3®B4(P4), is given by,
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Min{; Pk Ci}

subject to
S

1.(1/S)ZzpsszT

2= § d —;ck l=1...L s=1...,S
fOP(A) kLA

3.¢c,sf=0

The number of constraintsis LS+1. Note that the null set can be removed from the
possible set of stage subsets as the right hand side of constraint 2 is zero for the null set.
The number of decision variables used in SP1(P4) is equal to K+Sas opposed to K+23F|,
for SP1(P2). For the Alcalde job shop, K=5 and |F|=6. Therefore the number of
variablesis 5+S as opposed to 5+12S. Excel Solver can only accept 200 decision
variables. Therefore, the maximum number of scenarios that could be used with Excel
Solver isnow 195 instead of 16. Thisisavery significant increase in the number of
scenarios allowed and as such should enable a much better modeling of the demand
distributions.

Two very important points should be noted. Thefirst oneisthat this formulation
assumes that capacity usages are equal for all flow paths at astage. Thismay be a
reasonabl e approximation for some supply chains but may be poor for others. Secondly,
while the number of variables decreases, the number of constraints can increase
significantly.

The number of constraintsis LS+1 and therefore increases as the number of possible
stage subsetsto consider, L, increases. In the Alcalde job shop, L=8 when the null set is
removed and a problem of thissizeis easily handled. However, if L islarge than this

formulation may be very hard to work with. L will be large if the number of stagesis

202



large and the possible subsets cannot be pruned significantly using Lemma 2. The Work
Center A supply chain contains 12 stages with numerous stages having no overlap in the
flow paths processed. L isvery large for this supply chain and the stochastic formulation,

SP1(P4) developed is thus not very useful.

4.4.3.1 Resultsfor the Alcalde Job

The stochastic program formulation, SP1(P4) was used for the five problem examples
detailed for the Alcalde job shop in Section 4.4.2. Again, each example was solved for a
range of expected shortfall bounds, from 100 to 600. Frontline’s Excel Premium Solver
was used and in each case 600 demand scenarios were used. Flow path demand scenarios
were randomly generated from a normal distribution given the mean and standard
deviations specified in Table 10 in Section 4.4.1. This problem comprised 605 variables
and 4801 constraints. Solution time was on the order of 20 minutes.

The solution time can be reduced significantly if the number of demand scenarios is
reduced. This stochastic program approximates the actual expected shortfall by
essentially sampling the demand distribution. As the number of scenarios used decreases,
the demand distribution approximation deteriorates. The confidence interval about the
expected shortfall will therefore be larger. The shortfall for each demand scenario is
given in the optimal solution t8P1(P4) and thus the confidence interval can be
determined following Law and Kelton (1991, Chapter 4.5). This was done for Example 5
for an expected shortfall upper bound of 400. To investigate the sensitivity of the

confidence interval to the number of demand scenarios used, Example 5 was solved for a
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number of cases, with each case having a different number of demand scenarios. The

confidence interval was determined for each case and the results are presented in Table

14.
Table 14
Number of 95%
Scenarios Confidence
Interval

16 400+/-239.2
100 400+/-108.1
195 400+/-79.0
300 400+/-68.1
600 400+/-45.5

As can be seen from Table 14, the 95% confidence interval for the expected shortfall
is[160.8,639.2] when only sixteen demand scenarios are used. Thisisvery wide
considering the expected shortfall upper bound is400. As noted in Section 4.4.3, sixteen
is the maximum number of demand scenarios allowed by the standard Excel Solver when
solving the stochastic program SP1(P2), i.e. the program that uses the original production
planning formulation. This large confidence interval suggests that using the SP1(P2)
program would not be advisable.

For 195 scenarios, the confidence interval isalot narrower [291.9,508.1], but is till
significant. 195 corresponds to the maximum number of scenarios alowed by the
standard Excel Solver for the stochastic program SP1(P4). Thisformulation thus gives a
tighter confidence interval because more demand scenarios are allowed. However, by
increasing the number of demand scenarios, the confidence interval can be significantly

tightened. At 600 scenarios, the interval is[354.5,445.5]. It istherefore recommended
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that the number of demand scenarios used be as large as possible given the optimization
package and solution time available.

In Section 4.3, when a service level criterion is used to determine the capacity
Investments, it was shown that positive correlation leads to a reduction in the protection
level required as compared to the case in which correlation isignored. Again, itis
reasonabl e to conjecture that ignoring correlation will lead to an overestimation of the
required capacity when an expected shortfall criterion is used.

The scenario based stochastic program, SP1(P4), does take into account the
correl ation between stage demands. To compare the capacity investments when
correlation is considered to the casein which it isignored, Table 15 presents the decrease
in ®[Z*] for both the independent formulation, SP1,Ind, and SP1(P4). A positive value
implies that d[Z*] decreases going from SP1,Ind to SP1(P4). The percentage reduction
in capacity cost obtained by using SP1(P4) instead of SP1,Ind isalso presented. Tables
16 and 17 present the actual ®[Z*] results.

In Section 4.4.2, the optimal capacity investment for SP1,l1nd was shown to be such
that ®[Z*] was a decreasing linear function of the capacity cost, where Z* isthe
protection level for stage k, defined earlier. Comparing the results SP1(P4) and SP1,Ind,
in nearly all casesthe ®[Z*] decreases for the MS& C, Grinding, Inspect/test and
Painting stages. In other words, the protection level is decreased when correlation is
considered. The ®[Z*] for the Surface Preparation are slightly increased.

The Surface Preparation stage processes al flow paths, while the other stages only
process a strict subset of the flow paths. The other stage demands are positively

correlated with the Surface Preparation stage demand. If the Surface Preparation stage’s
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capacity is not exceeded, the probability that another stage’s capacity is exceeded is
lower than this probability if the stage demands are independent. The solution appears to
account for this by lowering the protection levels of the other stages.

As can be seen from Table 15, the reduction in capacity costs increases as the shortfall

bound increases from 100 to 600.

Table 15
Example | Expected % Decreasein @ (z*) from SP1,Ind to SP1(P4)
Shortfall | Decrease | MS&C | Grinding | Surf. IngTest | Painting
Upper in Total Prep.
Bound Cost
1 100 0.1% 0.01 -0.03 0.01 0.03 0.00
200 0.9% 0.02 0.02 0.01 0.06 -0.02
300 1.7% 0.06 0.06 0.00 0.09 0.01
400 2.5% 0.11 0.08 0.00 0.09 0.06
500 3.2% 0.14 0.12 0.00 0.14 0.11
600 4.0% 0.15 0.17 0.01 0.13 0.18
2 100 0.4% 0.02 -0.02 0.00 0.07 -0.02
200 1.0% 0.04 0.01 0.00 0.06 0.01
300 1.5% 0.09 0.00 -0.01 0.15 0.00
400 2.2% 0.12 0.10 -0.02 0.12 0.05
500 2.9% 0.17 0.10 -0.02 0.12 0.12
600 3.6% 0.18 0.18 0.02 0.06 0.07
3 100 -0.1% 0.02 -0.03 0.00 -0.01 0.03
200 0.8% 0.02 0.03 0.00 0.06 0.01
300 1.5% 0.10 0.06 -0.01 0.08 -0.01
400 2.1% 0.12 0.09 -0.01 0.11 0.04
500 2.8% 0.17 0.10 0.00 0.11 0.07
600 3.5% 0.18 0.13 0.01 0.17 0.12
4 100 0.0% 0.02 -0.02 -0.01 0.05 0.00
200 0.8% 0.04 -0.01 -0.01 0.07 0.03
300 1.2% 0.10 0.10 -0.03 0.06 -0.01
400 1.9% 0.13 0.09 -0.02 0.11 0.04
500 2.6% 0.15 0.14 -0.01 0.08 0.12
600 3.3% 0.17 0.18 -0.01 0.18 0.15
5 100 -0.4% 0.05 -0.02 -0.03 0.06 0.03
200 0.1% 0.06 0.03 -0.03 0.10 0.02
300 0.1% 0.10 0.10 -0.05 0.09 0.00
400 0.8% 0.16 0.12 -0.04 0.07 -0.02
500 1.2% 0.19 0.13 -0.04 0.14 0.02
600 1.7% 0.25 0.18 -0.04 0.18 0.03
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Table 16

Example | Expected SP1,Ind @ (z*)
Shortfall | Mms&C | Grinding| Surf. IngTest | Painting
Upper Prep.
Bound
1 100 0.92 0.92 0.92 0.92 0.92
200 0.86 0.86 0.86 0.86 0.86
300 0.81 0.81 0.81 0.81 0.81
400 0.77 0.76 0.76 0.76 0.77
500 0.72 0.72 0.72 0.72 0.72
600 0.68 0.68 0.68 0.68 0.68
2 100 0.93 0.96 0.92 0.89 0.90
200 0.88 0.92 0.85 0.81 0.81
300 0.83 0.88 0.79 0.74 0.74
400 0.79 0.85 0.74 0.68 0.68
500 0.76 0.83 0.70 0.62 0.62
600 0.72 0.81 0.66 0.56 0.57
3 100 0.94 0.91 0.92 0.94 0.96
200 0.88 0.85 0.85 0.89 0.92
300 0.84 0.79 0.79 0.84 0.89
400 0.80 0.74 0.74 0.80 0.86
500 0.76 0.69 0.69 0.77 0.84
600 0.73 0.65 0.65 0.73 0.82
4 100 0.94 0.94 0.91 0.95 0.92
200 0.89 0.89 0.84 0.90 0.85
300 0.84 0.85 0.78 0.86 0.79
400 0.80 0.81 0.72 0.83 0.74
500 0.77 0.78 0.67 0.80 0.70
600 0.74 0.75 0.62 0.77 0.65
5 100 0.96 0.96 0.88 0.96 0.96
200 0.93 0.93 0.79 0.93 0.93
300 0.90 0.90 0.72 0.90 0.90
400 0.88 0.88 0.65 0.88 0.88
500 0.86 0.86 0.59 0.86 0.86
600 0.84 0.84 0.53 0.84 0.84
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Table17

Example | Expected SP1(P4) @ (z¥)
Shortfall | Mms&C | Grinding| Surf. IngTest | Painting
Upper Prep.
Bound
1 100 0.92 0.96 0.92 0.90 0.93
200 0.84 0.85 0.86 0.81 0.89
300 0.75 0.75 0.81 0.72 0.80
400 0.66 0.69 0.76 0.67 0.71
500 0.59 0.60 0.72 0.59 0.62
600 0.53 0.52 0.67 0.55 0.50
2 100 0.91 0.98 0.91 0.82 0.91
200 0.84 0.91 0.85 0.76 0.80
300 0.74 0.88 0.81 0.59 0.74
400 0.67 0.75 0.76 0.55 0.63
500 0.59 0.73 0.72 0.50 0.50
600 0.55 0.62 0.64 0.50 0.50
3 100 0.92 0.94 0.92 0.94 0.93
200 0.86 0.81 0.85 0.83 0.92
300 0.74 0.73 0.80 0.76 0.90
400 0.67 0.65 0.75 0.70 0.82
500 0.59 0.59 0.70 0.66 0.77
600 0.55 0.52 0.64 0.57 0.70
4 100 0.92 0.96 0.92 0.90 0.92
200 0.84 0.90 0.84 0.83 0.82
300 0.74 0.75 0.81 0.81 0.80
400 0.68 0.72 0.74 0.72 0.70
500 0.62 0.64 0.68 0.72 0.57
600 0.57 0.57 0.63 0.59 0.50
5 100 0.92 0.98 0.91 0.90 0.93
200 0.86 0.90 0.83 0.83 0.91
300 0.80 0.80 0.77 0.81 0.90
400 0.72 0.75 0.69 0.81 0.90
500 0.67 0.73 0.63 0.72 0.83
600 0.59 0.66 0.58 0.66 0.81

208




4.5 Conclusion

Most existing literature on capacity planning under uncertainty focuses on either
single-product or single-stage supply chains. In multiple-product supply chains, floating
bottlenecks can occur and thus it is necessary to consider the multiple stages of the
supply chain. Eberly and Van Mieghem (1997) and Harrison and van Mieghem (1999)
study this problem when an expected profit criterion is used to determine the optimal
capacity investment.

Chapter 4 studies the supply chain capacity problem using both a service level and an
expected shortfall criterion. It develops some insight into both problems and provides
Excel based solution techniques.

For the service level criterion, an equal protection level policy is easily improved
upon. If the stage demands are independent, the optimal protection level is
approximately a decreasing function of the log of the product of stage demand standard
deviation and capacity cost. Ignoring correlation overestimates the capacity required.
Stages that are highly positively correlated can have significantly lower protection levels.
A non-linear formulation is devel oped using a Bonferroni inequality and approximations
to single and bivariate normal probabilities.

For the expected shortfall criterion, it is shown that the optimal capacities should be
such that, for asmall increase in a stage capacity, the decrease in shortfall divided by the
capacity cost should be the same for all stages. Thisfollows directly from the work of
Harrison and Van Mieghem (1999). If stage demands are independent, then the optimal

protection levels are such that the probability of a stage demand exceeding its capacity is
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alinear function of the capacity cost. A scenario based stochastic program that enable a
very large number of scenarios to be considered is developed for certain supply chain
types.

Asin Eberly and Van Mieghem (1997) and Harrison and van Mieghem (1999),
Chapter 4 assumes that stages are totally flexible when capacity decisions are being
made. Thisis quite a strong assumption. Chapter 3 studies the flexibility decision
assuming capacities are fixed. Developing a unified strategy that considers both partial
flexibility and capacity ssimultaneoudly is an area that has yet to be considered for

multiple-stage multiple-product supply chains.
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5 Referencesand Appendices

5.1 Appendix 1

This appendix contains proofs of the lemmas from Chapter 2.

Lemma 1:

The optimal capacity choice, y;*, for a central decision-maker is given by,

S -¢ H_ ~aH —Pu—Ps—Cy —Cs
y =F 15::? lE_F 1 E
| X Y X H_pM ~Ps ~Vm ~Vs

Proof:
Thetota channe profit as afunction of y;, M(y;) is given by,

Y| Y

nly,)=-cy, +m IXfx (ax+my, [1-Fy (y,)] +v, I[Y| = X] fy (x)dx

Taking the derivative with respect to y.,%z—cI +m, —(m, —v,)Fy(y,). Thesecond
Y,
2
derivative with respect to y,, is% ==(m, —-v,) f (y,)

|
Theretail priceisrestricted to r>py+pstcytcs The salvage values are also strictly less than
the capacity costs. Therefore m-v;>0. The density function is non-negative, therefore,
d’r(y,)
dy, 2

and IM(y,) isaconcave function of y;. Therefore, the first order condition is sufficient for y,* to be

<0

the profit maximizing capacity. So,

dl—l(yl) :O |:| y: :F)Zl | _C| E
My B::' Vi
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Lemma 2:
For a given wholesale price, w, the optimal capacity choice, yu(w), for the manufacturer,

assuming the supplier hasinfinite capacity, is given by,
- Em -C 4 -w-py, —-C
W) = FAOMm MO F 1|:r M M
Y ()= Fx My _VME XB_W_pM ~Vm

Asfor Lemma 1 above, but replacing capacity, salvage and unit margin parameters as
appropriate.

Pr oof:

Lemma 3:
For a given wholesale price, w, the optimal capacity choice, ys(w), for the supplier, assuming
the manufacturer hasinfinite capacity, is given by,

w) = Eotds ~Cs :F—lﬁss_ps_cs
Ys(W) = Fyx S_VSE X = P Ve

Pr oof:

Asfor Lemma 1 above, but replacing capacity, salvage and unit margin parameters as

appropriate.

Lemma 4:

(1) ym(w) is strictly decreasing in w

(i1) y(w) is strictly increasing in w

(Note that Fx(X) is assumed to be continuous and differentiable)

Pr oof:

(i)

dyy (W) _ H 1 q Vm ~Cwm E< 0
dw fo (YM (W)) j(r_W_ Pwm _VM)2

(ii)

dysw) _H 1 % Cs~Vs H 0
dw fo (YS(W)) i
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Lemmab:
(i) Thereis aunique wholesale price, w, such that yy(w)=ys(w)
(i) This unique wholesale price, Wi, iS given by,

_(r=py)cs —Vs)+ ps(Cy —Vy ) +CyVs —CsVy,

W =
Cs ~Vg +Cy —Vy

crit

(iii) At this wholesale price, Werit, Yi(Werit) =Ys(Werit) =Yi*
(iv) If w=w;;, then the total channel profits equals the channel profits obtained by a central

decision-maker.

Proof:
(i) and (ii)From Lemma 4, yu(w) is strictly decreasing in w and ys(w) is strictly increasing in w.

Therefore yy(w) and y(w) can cross each other at most once.

) =R 0y =R
Y ~Vs

So, ym(w)=ys(w) iff,
Hny, —cy Ez Hmns - cg E
Hns ~Vs
My=r-w-py and ms=w-ps. S0, ym(W)=ys(w) only if,

W= (r = Py )(Cs =Vs) + Ps(Cy — V) *+Cy Vs —CsVy,
(Cs —Vs +Cy —Vy)

M~V

(i) yr*=ys(w) iff,

R R

M=r-Py-Ps, C;=Cumt+Cs, Vi=ViytVs and SO, yi* =yg(w) iff,

(r = Pw )(Cs =Vs) + Ps(Cy =V )+ Cy Vs —CsVy
(Cs Vs +Cy —Viy)

W=

which isthe same condition for yy(W)=ys(W) SO a Werit, Ym(Werit) =Ys(Weri) =Yi*
(iv) Thetotal channel profits depend only on the supplier and manufacturer capacity. Since,
ym(Weri) =Ys(Werit) =Y, the capacities are the same as those chosen by a central decision-maker and

therefore the total channel profits are the same.
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Lemma 6:
The necessary and sufficient condition on the demand distribution, Fx(X), for ys(w) to be a
concave function of w is given by,
BO-FM L 5 0y an)
[fx
For gtrict concavity, the inequality needs to be strict. This condition isreferred to asthe

(strict) concavity condition in the rest of the proofs. Note that this condition is equivalent to

requiring that g’)=0 [J x, where,

fy (X)
g(x):x—
[i-F 0F
Pr oof:
W) = E “Cs i pagVT Ps—Cs
H = e i oo
Therefore,

d’ysw) _H 1 %(1— Fulys(])’ FH 5 _Hfx (s W)a- Fxlys (W) H
w? G sl Cs-vsf HHTOH  [RGsw)F

The first bracketed term is > 0. Now, becauses, i.e. the salvage value is strictly less than

capacity cost,

-ps—C
Flys(w)] = %Eﬂ
~Ps ~Vs
Therefore, the second bracketed termis > 0. So, for
2
d C;/\;gw) <0
the third bracketed term needs tob@, and for strict concavity this term needs to be < 0. Indeed
this condition is sufficient. So, the necessary and sufficient conditigR(f@rto be a concave
function ofw is then given by,
Fx (Vs (WIL= Fy (YsW)] | _,
PAD

Sinceyg(w) is strictly increasing imv and since for everyJ[a,b] there is wholesale prigesuch

thatygw)=x, then this condition is satisfied iff
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fy (Q[L-Fy (X)] >-2 OxO[ab]
[fx 0F

Lemma7:
(i) If Fx(X) isan increasing failure rate distribution (IFR), then,
fx (L= Fy ()]
[, (0F

and (ii) the strict concavity condition is satisfied so ys(w) is astrictly concave function.

>1 0OX

Proof:
(i) Thefailure rate function, h(x), for adistribution Fx(X), is defined as,
h(X) - fX (X)
1-Fy (X)

A distribution is said to have an increasing failure rate function (IFR) if h'(x) >0 Ox

_ [ _ 2
0 = B B R 09~ (4]
[1-Fx (X)]

If Fx(X) isan IFR distribution, then

1000 0x0 BTFOIBO-TH01 o
[1-F, (]
o BRI
[ (]

X

(i) Follows directly from part (i) and Lemma 6 above

Lemma 8:

In Game A, where the wholesale price is exogenous and the manufacturer is the Stackleberg
leader, the manufacturer and supplier choose their capacities such that
yv* =ys* =min{ ys(w),ym(w)}, where yu(w) and ys(w) are given by Lemma 2 and Lemma 3
respectively.

Pr oof:

The supplier never chooses a capacity larger than the manufacturer’s capacity choice, as its

total sales are limited by the manufacturer’s capacity. From Lemma 3, the supplier’s profit,
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M«(y), is concave with the maximum achieved at ys(w). For y<y{w), M«y) isincreasinginy.

Therefore, if the manufacturer announces a capacity of y, the supplier chooses a capacity of

min{y,ys(w)}. Likewise, the manufacturer never announces a capacity larger than the supplier

would choose, as its total sales are limited by the supplier's capacity choice. From Lemma 2, the
manufacturer’s profitflu(y), is concave with the maximum achievedgygiv). Fory<yu(w),

Mu(y) is increasing iry. Therefore, the manufacturer chooses its capacity,

ym*=min{ ys(w),yu(W)}. The supplier chooses a capacitynofi{ yy*, ys(w)}= mir{ ys(w),ym(w)}.

Lemma 9:
In Game B, where the manufacturer chooses the wholesale price, the manufacturer never

chooses a wholesale priee, such thatv>wyiq.

Proof:

Let the manufacturer choose a wholesale pri¢ew,;. The channel capacity is then given
by min{ys(w*), ym(W*)}. For w>Wgi, Ys(W)>yu(w), so the channel capacityyig(w*). However,
there exists a**< wyg;; such thays(w**)=yu(w*). [For everyx[[a,b] there is a wholesale price
Wws such that thagg(ws)=x. Likewise there is a unique wholesale prgesuch tha(wy)=x.
ys(w) is strictly increasing imv, ym(w) is strictly decreasing iw and there is a unique wholesale
price Wit for which yo(Weri) =Ym(Werit) -]

The manufacturer’s expected total sales depend only on the channel capacity. Thus the
manufacturer's expected sales revenue is the samé tordw**, as is the manufacturer’s
capacity cost and expected salvage revenue. The cost per unit sold is stricthyiess if
chosen. Therefore the manufacturer’s profit is strictly great@t*and so the manufacturer
never chooses\a>Wit.

Therefore, the manufacturer's wholesale price choice can be restrigtsadidp. For the
supplier to invest in capacity, the wholesale pngenust be larger than the sum of unit capacity
cost and unit marginal cost£pstcs). So the manufacturer’s optimal wholesale price falls within

pS+CS<WSWcrit.
Lemma 10:

If Fx(X) satisfies the concavity condition, then the manufacturer’s pirafifw), restricted to

PstCs<W<Wit, IS @ strictly concave function.
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Proof:
In this range the manufacturer’s profit,(w), is given by,
Ys (W)

My (W) ==Cy Ys(W) +(r = py —W) IXfx ()dx+(r = py —W)ys(W)1-Fy (ys(W))]

Ys(W)

- [lysW) =] i (x)dx

Taking the derivative with respectwg

dri,, (w) _
dw

des<w) 4= P =) =1 = Py =W (v ()

Ys(w)

- Ixfx (X)dx = ys(W)[1-Fy (ys(W))]

Taking the second derivative,

d’n w (W)
dW2

:Ed yS(W)E(r By ~W=Cyy) = (r = Py = W=Vyy )Py (Vs (W)])

—ZEBWSTWEHI' Fx (Ys(W)]=(r = py —w=vy) fx(ys(W))[ y(jV(VW)[g

Now,

(nmeLemmaqu%9@>o
W

(if) As Fx(x) satisfies the concavity condition, thgﬂgs—() <0

(i) r>w+py+cy in the allowable range fav,
(iv) cu>Vi

(v) In the specified range fov,
Fx [ys(W)] %Eﬁ F [yM (W)] —C pM VM E<1

2
d L MZ(W) < o
W

Using (i)-(v),
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Lemma 11:
If Fx(X) satisfies the concavity condition (egn. (2)) given in Lemma 6, then the optimal w for
Game B is given by thefirst order condition,

drty, (w) _ fdys(w) _ o o o
dw _Eddw g(r Pm ~W=Cy) = (r =Py —W VM)FX(yS(W)))

Ys(W)

- Ixfx (X)dx = ys(W)[L1-Fy (ys(W))]

=0
and the optimal w is strictly greater than pstcs and strictly less than wyi.

Proof:

From Lemma 9, the manufacturer’s optimal wholesale price lies viRIa<W* <W;;.. From
Lemma 10J1y(w) is a strictly concave function so the first order condition is sufficient for
optimality as long as the wholesale pria#, that satisfies the condition, lies in the interior of the
range pstCs<W<wWg;;. | will show that the optimal wholesale price satisSpesCs<W*< Wit

If wepstcs, then the supplier does not invest in any capacity and the manufacturer’s profit is
be zero. At the manufacturer’s profit is strictly positivély(w) is a strictly concave function

in the rang@s+Cs<SW<Wgi, SO We must have

driy (w)

>0
dw We pre
At W=Weit,
... (L11.2)
drl M (W) yS(Wcrit)
Tow L OO Yl )L P (s (i D] <O
... (L11.2)

Mu(w) is concave function. From (L11.2) the profit is decreasing-at,;, so the first order
condition must be satisfied fa<w,;;. From (L11.1) the profit is increasingwtpstcs.
Therefore, thev* that satisfies the first order condition must sat{sfyCs<w*<Wi;.
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Lemma 12:
If Fx(x) satisfies the concavity condition, then in Game B, the total channel profits, Mp, is

strictly less than the total channel profits obtained by a central decision-maker, Mc.

Pr oof:

M=, only if the channel capacity chosen is the same as that chosen by a central decision-
maker. Thisonly happensif the manufacturer chooses the wholesale price, w, such that W=w;;.
From Lemma 11, this never occurs. Therefore, the total channel profitsis trictly less than those

obtained by a central decision-maker.
Lemma 13:

For any allowable price schedule (w,A), pstcs<w+A<r-cy-py and A=0, then (i) the optimal

capacity choice, ys(w,A), for the supplier, assuming the manufacturer hasinfinite capacity, is

. +A-cC apw+A-pg-c
,A -F 1 S S -F 1 S S
ys(w,8) = Fy %E X H\N’fﬂ‘ps‘Vs%yS(W)

and (ii) the optimal capacity choice, ym(w,4), for the manufacturer, assuming the supplier has

given by,

infinite capacity, is given by,

_ -A-c 4 -w-A-py, -c
W’AzqunM M - pd M~ Cwm W
Vi (,0) XEan—A—vME XH_W_A_DM_VME@MU

Proof:
(i) Let Mgy,w,A) denote the supplier’s profit as a functiorydbr a price schedule o). If
A=0, then the supplier invests in capaciggw). However A>0, so when determining the

optimal capacityy{w,A), we only need to look gtys(w). In this range,

Ys(W)
Ms(y,W,A) =-cgy+mg IXfx (¥)dx +mgys (W)[1-Fy (Ys(W)]

y

+(ms +4) J’(X- Ys(W)) fx (X)dx -+ (mg +A)(y = ys (W)I[1 - Fx (y)]

ys(w)

s 1y = (9
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dris(y,w,4) _

Taking the first derivative with respect to y, mg+A—-cg— (Mg +A-vg)F, (y)

dy
Taking the second derivative,
d?M<(y,w,A
%z-(ms A =vg) () <O

So, M4y,w,A) is aconcave function of y and the first order condition is sufficient for optimality.
Thus,

A-c Hw+A-pg—-c
= A _Hms + i s ~Cs
x50 20) Hms"'A_VSE E}‘N"'A‘ps‘VsE

(i) Proof follows similarly to (i) but the quantity premium, A, is subtracted from the unit margin.

Important Note for Proofs of Lemmas 14, 15 and 16:

(1) ys(w,A)=yg(W') and ym(w,A)=ym(W') wherew'=w+A.

(ii) The first and second derivativesya{w,A) with respect to eithex or A is the same as the
derivatives ofys(w') with respect tow'.

(i) The first and second derivatives wf(w,A) with respect to eithew or A is the same as the

derivatives ofyy(w') with respect to w'.

Given (i),(ii) and (iii), Lemmas 14, 15 and 16 follow directly from the proofs of Lemmas 4, 5 and
6. Fully worked proofs, independent of Lemmas 4, 5 and 6 are available.

Lemma 14:
() ym(w,A) is strictly decreasing in botkh andA.
(i) ys(w,A) is strictly increasing in botty andA.

(Note that k(x) is assumed to be continuous and differentiable)

Pr oof:

Follows from Lemma 4 and above note.
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Lemma 15:

For a given wholesale price w<w;; there is a unique quantity premium A, given by

WHA, = (r = Pm)(Cs ~Vs) + Ps(Cy ~Vim) +CuVs ~CsViy _ W,
Cs ~Vg +Cy —Vy

such that Y™ (WyAcrit) ZYS(W,Acm) =Y *.

Pr oof:

Follows from Lemma 5 and above note.

Lemma 16:

(i) ys(w,A) is aconcave function of both w and A iff the concavity condition given by equation (2)
holds for Fx(x).

(i) If Fx(x) isan IFR distribution then equation (2) is satisfied so ys(w,A) isa strictly concave

function of both A and w.

Pr oof:

0%ys(w,2)

(i) From Lemma 6
ow

< 0if and only if the concavity condition holds. From the above

2 2 2
nOte, a yS(WﬂA) - a yS(WvA) = a yS (W!A)

2
. Therefore, a%ST(\;VA) <0,

OWOA o’ ow’
2 2 2 2
0 y; i\;VvA) <0and Ela ysv(v‘;"’A) EHE) y;i\év,ﬂ) % Ep z\iv(c;NA,A) E <0. Soy{w,A) isaconcave

function of w and A.

(i) Follows directly from Lemma 7.

Lemma17:

For Game C the manufacturer never chooses a quantity premium, A, such that A>Ag;;.
Proof:

Similar to proof of Lemma9 but adapting for A instead of w. Therefore, the manufacturer’s

wholesale price choice can be restrictedthb<\;;.
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Lemma 18:
For Game C, if Fx(X) satisfies the concavity condition given by equation (2), then the

manufacturer’s profitl1y(w,A), restricted to 8A<A;, is a strictly concave function &f

Proof:
The manufacturer’s profifly(w,A), is given by,

Ys(W)

My (W,4) = —cy ys(W,4) +m, I)dx (X)dx +my ys(W)[L1-Fy (Ys(W)]

Ys(W,A)
+(my —4) I(X— Ys(W)) fx (X)dx
ys(w)
+(my —A)(ys(W,A) — ys (W)L~ Fx (Ys (W, A))]
ys(w.A)

Vi I[YS(WvA)_X]fx(X)dX

Taking the derivative with respect9

d,, (w.8) _ [eys(wd)
dA 0 dA
Ys(W,A)
- J'(X— Ys(W)) fx (3)dx = (ys(w,A) = ys(W)[1 - Fx (Ys(w,4))]

ys(w)

@(mM ~A=Cyy) = (My ~B=Vy, )Fy (Ys(W,2))]

Taking the second derivative,

d’n,, (w,a) _

2
ut @d Ys(w.4) @(mM —A-Cy) ~ (My A=y )Fy (Ys(W,A)]

da®
ABSD e (4 (w80 (m -84 (o) O]
O dA o dv g

Now,

(i) From Lemma 14(”),% >0

2
(ii) As Fx(x) satisfies concavity, then from Lemma 16 ,ngv’A) <0

(i) my>A+cy in the allowable range fdk,
(iv) cw>Vm

(v) In the specified range faov,
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F [ys(W)] %%F [YM (W)] 2 \C;M E<1
s M

o d?r,, (w,A
Using ()-(v), “ 2845 <o
Lemma 19:

For Game C,

(i) the manufacturer chooses a positive quantity premium, i.e. A* (w)>0

(i) the supplier’s profit strictly increases with increasing

(it ) M+(w,A*(w)) the expected total supply chain profit for the price schedulE(w)), is
strictly greater than the expected total supply chain drigfitv) when no quantity premium is

offered but the supply chain is not completely coordinated, @) <M +(Wcit).

Proof:
(i) The derivative of 1y (w,A) with respect td\ is given in the proof of Lemma 18,

dr,, (w,4) _ [dys(w,A) _ )
dA Ed @(mm A-cy,)-(my —A-vy,)Fy (Ys(w, A))]
ys(w,A)
- I(X‘ yYs (W) fy (X)dX = (Y5 (W, A) — ys (W))[1— Fy (Ys (W, A))]
ys(w)
So, atA=0,
dr,, OI(AW,A) _ - HHE’YS SZV,A) ) @(mM —cy ) = (My =Vy )Fy (Ys(W)]

From lemma 14(ii), the first bracketed term is > 0. The second bracketed term is also >O0.
Therefore,

dr1,, (w,A)
dA

A=0

From Lemma 18&1y(w, 4) is a strictly concave function é&f Mg(w,A) is increasing ah=0 and

so the optimal\* is strictly greater than O.
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(i) For afixed wholesale price, w, the supplier’s profit as a function &f Mgw,A), is given by,

ys(w)
Ms(w,A) =-csys(W,A) +mg I)dx (¥)dx+mgys (W)[1-Fy (ys(w)]

Ys(w,A)
+(ms +4) I(X‘ Ys(W)) fx (X)dx
ys(w)
+(ms +A)(ys(W, A) — ys (W)][1- Fx (ys (W, A))]
Ys(w,A)

#vs [IysW) = ()

Taking the derivative with respect9

dMsw,a) _ [ys(w,
I d(ZVA) - E"y QZ”A) @(ms +A-cg) ~ (Mg —A-Vg)Fy (ys (W,A))]
YS(WrA)
£ [0 Yo () F (9K (Y5 (4.8) = Y (WL F (¥ ()]
Ys(w)
>0

So for a fixed wholesale price<w;, the supplier’s expected profit increases if the manufacturer
offers a positive quantity premium.

(iif) From (i) the manufacturer choose&a0 and its profit strictly increases. From (ii) the

supplier’s profit strictly increases. Therefore the total channel profits are greater than in Game A,
i.e. M(w,A* (W)>/T(w). From (i) 04*(w). | will now show thath*(w)<Ait.

Ys(W,A i)
SO = L Yo (W) (0= (Y5 (W) =Y ()L~ F (Y5 (8 )
da A=At Ys(w)
<0

Mu(w,4), restricted to 8A<A., is a concave function & Therefore, because

dr,, (w,A)
dA

drt,, (w,A)
da

>0 <0

A=0

A=A

crit

the optimalA for the manufacturer is given by the first order condition arsFQm) <A
Therefore the channel capacity is strictly less than that chosen by a central decision-maker and

thus the total channel profit is strictly less then those obtained by a central decision-maker, i.e.
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(W, A% (W) </Te=T+(Weit), Where the central decision-maker expected profit is the same as the

total supply chain profit in Game A if w=w,; (Lemma5).

Lemma 20:
(i) If Fx(x) satisfies the concavity condition, then the manufacturer’s pigfiv,A), restricted to
pstcs<w+A<w,;; andA>0, is a strictly concave function efandA.

(ii) The first order conditions faw andA are necessary and sufficient far(A*) to be optimal.

Proof:
() From Lemma 18,
0°M w (Ys(W,4)) <0
N>
Next, | will show that,

0°M w (Ys(w,4)) <0
ow?

Ys(W)
M (W,8) ==Cy ys(W,2) + my - [xfy (b +m, ysWL- Fy[ysw)]]

ys(w,A)
+(my —8) I(X-ys(W)) fx (X)dx

ys(w)

+(my —D)[ys(w8) -yswWL- Fylys(w,a)]]

ys(w,A)
+vy  [(ys(w,d) = x) fy (X)dx
ys(w)

Taking the partial derivative with respect to the wholesale price

ys(w,A)

T =P sl [ (=P lys(w ]

+PYs(wh) @(mM —A-cy )~ (M —A-vy, )Fy[Ys(w,A)])
o ow

Taking the second derivative with respecivto
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a2M (WA) Eh yS(W)Hl = [ys(w)]] Aﬁwgf (ys(w))

aw2
+EMEWM ~A-cy)—(My A=y )Fy [ys(WA)])

-2 F s ]
0 ow
- (m, —A—vM)fx<ys<w,A>)[B"ys‘§%A)[HQ

Now,
(i) A=0,

> 0 from Lemma 14(ii)

2 2
(iii) As Fy(X) satisfies the concavity condition, % <0 and % <0
(iv) my=A+cy isthe allowable range for w
(V) cv>Vm

(vi) In the specified range for w,
F [ys(W)] %% F [YM (W)] “8- CM E<1

92 (WA)

Using (i)-(vi), W

I will now use the following theorem (Theorem 2.13 from Avriel, Diewert, Schaible and Zang
,1988): Let f be a differentiable function on the open convex set COR". It isconcaveif and only
if for every two points x'00C, x*00C,

(2 -V [of (x?) - o (< 0
It is strictly concave if and only if thisinequality is strict for x'# x?

So, for this problem the condition is that for every (w*,4") and (w*,4°%) in the allowable region

(pstCe<WH+A<W;; and A>0),
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_ oMy, (w,A)

O O
(WZ—WI)QBHM(W'A) D+(A2—A1)EBHM(W’A)| _aI_IM(W!A)| 0< 0
O ow w=w? ow w=w! [ O 0A |A:A2 oA |A:A1 O
... (L20.1)
From above,
2
011, (w,A) <0
aWZ
Then if w>w?,
o, (w,A) < or,, (w,A)
ow Wew2 ow wewt
and if w<w?,
o, (w,A) S o, (w,A)
ow w=w? ow w=w!

So, the first term in L20.1 is < 0 unles&w", for which itis = 0. Similarly, the second term in
L20.1 is < 0 unlesA?=A*, for which itis = 0. Therefore, L20.14s0 for every @',A") and

(W?,A% in the allowable region and this inequality is strict for every/*)#z(w?A?). Using the

above theorent]y(w,A), restricted t@stcs<w+A<wg;; andA>0, is a strictly concave function of

w andA.

(i) From Lemma 19 (iv), for anw<wg;;, 0<A*(W)<A.i;, SO 0Q*< Ay If w=pstcs, then in effect

there is no quantity premium afAds the constant wholesale price per unit. From 19(i), the
manufacturer chooses a positive quantity premium. ThereforpstCs. At Wei, the

manufacturer does not offer any quantity premiumAféw,)=0, as the manufacturer’s capacity
dictates the supply chain capacity for any positive quantity. We therefore only need to consider
the case olv*=w;; andA*=0. However, this is the same as a constant wholesale price schedule

and from Lemma 11(ii) w* is strictly less thaRi. SO OW*<Wc;;.

Lemma 21:

(i) If Fx(x) satisfies the concavity condition given by equation (2), then the total expected channel
profit when the manufacturer chooses both a wholesale price and a quantity premium is strictly
greater than the total channel profit when the manufacturer only chooses a wholesale price but it

is strictly less than the total supply chain profit when the supply chain is completely coordinated.
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Proof:
Letting Myu(w) be the manufacturer’s profit as a functiomoivhen no quantity premium is

allowed, then, using the expressionsddi,(w,A)/ ow and d1y(w)/dw given in Lemmas 20 and

w'=w+A E

Let (w*,A*) be the optimal\,A) pair chosen by the manufacturer avid be the optimalw

10 respectively,

M08 - TV, fy )+ )

ow

chosen when no quantity premium is allowed. From Lemma 21 and Lemma 10, the following

first order conditions must be satisfied,

(W, A%): o, (w,A) -0 or,, (w,A) 0
aW W=wr A=A* aA w=w* A=A*
W amy W g
dW W=WF*

But,

o, (w,A . ) . n,, (w

M =A % @1_ Fylys(w )]]4.% E

ow W= A=A W | L PR

Now,

(i) From Lemma 19(ip*>0.

i) Y™ - 6 from Lemma 4(ii)
dw
(iii) Fx(ysw*)) <1
So,
Ny g ag T _,
W [mpeens o LV P

But, from Lemma 10[1(w) is a strictly concave function sg*< w*+A*. From Lemma 20,
for anyw, A*(W)<Aqi;. Therefore atv*, A*=A*(W*)<Agi, OFrW*+A*<wyi,. Therefore, the
optimal channel capacity is strictly greater when a quantity premium can be offered and thus the
total channel profits, which depend only on the channel capacity, are strictly greater when a
quantity premium can be offered.
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Asw*+A* <w,;, the total supply chain capacity is strictly less than that chosen by a central

decision-maker.

Lemma 22:
The following continuous quantity premium price schedule is an optimal wholesale price
schedule for the manufacturer,

dw(Q) _Cs~Vs Fx (Q) +
dQ 1-F(Q)

Ps

Furthermore, it completely coordinates the supply chain but |eaves the supplier with an expected

profit of zero.

Proof:
For awholesale price schedul e specified by W/(Q), let Mg(y,W{Q)) be the supplier's expected

profit from choosing a capacity gfif the manufacturer has infinite capacity.

y
Ms(y.W'(Q) = =y + [W0) = psx)T (ax+ (W(y) = pyIL=Fic ()]

y
+ VSI[Y =X fy ()ax

So,
50 WHQ) S();;N'(Q)) = —(cs =VsFx (N)+ W' (y) = ps JL- F ()]
Suppose,
) _Cs —VsFy (Q)
W'(Q) = ?X(Q) * Ps
Then,

s W'Q) _ (.
dy
So the supplier receives an expected profit of zero for all capacity choices.

s ~VsFx (Y))"' (Cs —VsFy (Y)): 0 Oy

For a wholesale price schedule specified\Q), let My (y,W1(Q)) be the manufacturer’s

expected profit from choosing a capacityydf the supplier has infinite capacity.
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y
M (Y W'(Q) = =y Y+ [ (T = Py )X =W()) T )b+ (r = Py )y ~W(Y) J1= Fe ()]

y
+vi [y = (e

So,
an,, (QN_'@) = (= pu ~W M- Fx]=[ow v Fx ()]
and,
T L) - py v W))W R )]
Suppose,
) _Cs—VsFy (Q)
W(Q) = W + Ps
Then,
" (Cs _Vs)fx Q)
W'(Q) =3 sl x )
@ @-F @Y
Therefore,
i RUR et LAV AT
X
== Fx (Y)\F =Py — Ps)=Cs +Vghy (Y) —Cy +Vy Fx (Y.
fi-F () ) Fy () Fy ()
= (r ~Pm ~ Ps—Cy _Cs)_ Fx (Y)(r ~Pm ~ Ps ~Vy _Vs)
and
d?r,, (y,W'(Q) _ H_o s VsR(Y)
dy? = E Pm = Ps =V ~- 1-F, (y) x (¥)
_ (Cs _Vs)fx M,
iy b0
__H_ . _Cg=VsFy(Yy)
= E Pm — Ps —Vm TICE(Y) F () x (¥)
_ (Cs _Vs)fx (y)
1-Fx (y)
= - Rl b s )
X

=-fy (Y)(r ~Pm ~ Ps ~Vy _Vs)<0
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as r>py+pstvstvs.
So, Mu(y,W1Q)) isconcaveiny and thefirst order condition is sufficient for optimality. The
first order condition is given by,
dn W' -C
M(y (Q))=0<:> Fx(y) pM pS SE@ y*zyl
dy B’ Pm — ~Vs

The manufacturer’s optimal choice is the same as that of a central-decision-maker. The

supplier is indifferent to its capacity choice from above, so it is willing to invest in this capacity
also. The supply chain is completely coordinated. The manufacturer captures the total expected
supply chain profit as the supplier’s expected profit is zero.

Note that one can induce the supplier to chgpbg introducing an arbitrarily small quadratic

penalty into the wholesale price schedule.

Lemma 23:

In theN supplier exogenous wholesale price game, the manufacturer and suppliers choose

their capacities to b, *=yg*=...=ya*=min{ya"" (Wi, .. Wn),Ym(Wro)}-

Proof:

SupplierN never chooses a capacity larger than the supg@iEs capacity choice, as its total
sales are limited by the this capacity. From Lemma 3, supybegorofit, Msy(yn), is concave
with the maximum achieved wdy(Wn). Foryn<ys(wn), Ms(yn) is increasing ity. Therefore, if
supplierN-1 announces a capacityyaf;, then supplieN chooses a capacity oin{ yx.
uYsn(Wh)}. SupplierN-1 therefore does not choose a capacity largeryhé@m). Repeating this
argument for supplied-1 through 1, the suppliers choose their capacities equal to
min ym,Ysi(Wi), ... Ysn(Wn)}, whereyy is the capacity announced by the manufacturer. From
Lemma 2, the manufacturer’s profity(y), is concave with the maximum achievegtvro).
Fory<yw(Wro), Mu(y) is increasing iry. The manufacturer does not choose a capacity larger than
the suppliers would be willing to choose. Therefore, the manufacturer chooses its capacity,
ym*=min{ ym(Wror) Y1 (Wi),....Ysn(Wn)}. The suppliers then choose their capacities such that

Ysr*=... =Yan* = mMin{ yu(Wrot) Ysi (W), ... ysu(Wn)}. - By definition ys™ (wi, ..., W) =ming{ ysn(Wn).

min
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Lemma 24:

crit

(1) ym(Wro)=y1*, the coordinated channel capacity, iff w;, =wg, , where

Tot Tot Tot Tot Tot
)+(CM _VM)p TCuVs —VuGCs
Tot _ Tot

Wcrlt (r ~ Pw )(C

Tot —

Cy —Vy *+C.

crit

and ywm(Wro)2y* iff Wi < Wry

crit

(i) Ysn(Wo)=y* iff w, =w" where

( Tot Tot Tot

~Pm ~ Ps )(Csn _Vsn)"' p%(CM ~Vm +CTOt

Cy —Vy +C&& -

crit _ ) CS(VM +V )+VS(CM +C1—Ot)

n

Tot
Vs

cr|t

and ys(Wn) 2y/* iff w, = w;
N
(iii) ZWﬁm = Wrgp

(iv) Complete channel coordination occurs iff wy=w,"" n=1,... N.

Pr oof:

= - C * _ - C o
(i) Yy (Wygy) = Py M E y, = Fxl%gwherew:r—wm—pm m=r-pu-ps'
M~ VM |~V

C=Cy+ps'?, andvi=vy+vs . So,ym(W)=y,* iff

mwl -cy H.Hm —¢ E

M~ Vm Hml Vv

or,

(r _ pM )(CTot VTOt) + (CM _VM ) pTOI + CM VTOt _VM CTOI
Wror < Cy —Vy + c:Tot Tot
M

(ii)

Vs, (W”):F_E.:—H yi —F‘l%awheremsq—wn Pn. SO.ys(W)2y* iff
s,

H™s, ‘\C/Sh %Fm E

TOt

or,

Tot _ TOt Tot

. (r=pu = Ps )Cs, —Vg )+ Ps (Cy —Vy +C )= Cq (Viy +V2 Tot

)+Vvg (Cy +C

n-— _ Tot _\,Tot
Cuy —Vm tCg Vg
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Nr=py - p-srm)(csn _Vsn)+ Ps, (Cy —Vu "'C-srot _V-srot)_cs1 (Vu +V-sror)+Vsn (Cy +C;—m)H

- 20 vy O 0

" T T Nt T
(r = py)(ce” V&™) +(Cy —Vy )P +Cy Ve =V Ce” _ wert

Tot Tot - ot
Cy —Vm +C7 — Vg

(iv) Complete channel coordination occurs iff the supply chain capacity choiceisequal to y*.
In other words, from Lemma 37, one needs min{ ys(Wi),..,Ysu(Wn) ,Ym(Wro) } =yi*. Thisistrue
iff (&) ym(Wro)2yr*, (b) ys(Wn)2y*, n=1,... N and (c) one of the inequalities in (a) or (b) to
hold with equality. From (i) abovgyu(wre)2y* iff Wraswio . S0 (a) holds iffvraswry™™.
From (i) aboveys,(Wo)2y*, n=1,... N iff w2w,"" n=1,...N. So (b) holds iffv,2w, "
n=1,...N. Therefore, using (i) above, (a) and (b) both holdiftw,"" n=1,... N and

crit crit crit

Wro=Wrot . HOwever, if somev,>w," ", thenwe =Wt
be if (a) and (b) both hold. Therefore (a) and (b) both hold#v."" n=1,... N, which

crit

iff some othem,<w,". This cannot

implieswr=Wry . For these wholesale prices the inequalities in (a) and (b) all hold with

equality so (c) holds.

Lemma 25:
In theN supplier wholesale price game, if(K) satisfies the concavity condition, then
(i) The manufacturer’s expected profit as a function of the suppler 1 wholesale pRfg(w),

crit

restricted tg+cg<wsw, ", is a strictly concave function.

(ii) The optimal wholesale priceg* are strictly less tham,“™, n=1,...N,

(iii) The channel fails to be completely coordinated.
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Pr oof
(i)
Yg (W)

My (W) = —c, Ys (W) +(r = py =G, (W) IXfx (X)dx

Yg; (W)

+(r = pu —G (W) ys(W)[1-Fx (Ys (W)] + vy, I[ Ys (W) = X] fy (X)dx

Taking the derivative with respect to w,

dnl\N/I(W)_I:PySL(W) o _ I )
dw  H dw E‘r P = G(W) =y ) = ( = Py =~ G(W) =¥y )Fi (v (W)

Yg, (W)

~Ay IXfx (X)dx=A,ys (W[1-Fy (ys (W)]

Taking the second derivative,

d’npy (w) _Hd®ys (W)

g(r ~ Py = G(W) = Cyy ) = (F = Py = G(W) =V )Fy (¥ (W))])

dw? H dw?
s, (W) s, (W)
—2A ZW %l' Fy (ys (W] =(r = py =G(W) —vy) fx (ys (W) ZW g
Now,
(i) From Lemma 4(ii), M >0
dw
y . . . d?ys (W)
(i) As Fx(x) satisfies the concavity condition, then <0

2

(ii1) r>w+pytcy in the alowable range for w,
(iv) cv>vm

(V) Fx(ys(w))<(r-pm-G(w)-cm)/ (r-pu-G(w)-vin)<1
(vi) A>0

Using (i)-(vi), dzn—w <0
(ii)
ysl(me)

L=ty (k=g ()L~ F (v ()] <O

dW W:V\f it

234



As MMNy(w) is concave function, w* must be strictly less than w,“™. The optimal wholesale
price for supplier 1isw,*=w*. The optimal wholesale pricesfor w;,...,wy, are given by
T (W) =wr*, n=2,...N. T"y(w,) is a one-to-one mapping such thatw,)=ys (T 2(Wy)). T (W)

crit

crit :chrl'[. AS W1*<W1 ,

is strictly increasing inv’. ys,(Wi™")=ys(W,""), thereforem™,(w,"™)

wr<w " n=1,...N.

(i) From Lemma 38(iv), the channel is only coordinated#w,™" n=1,... N. Therefore, the
channel is not completely coordinated when the manufacturer sets the prices to maximize its

expected profit

Lemma 26:
() If Bs<(r-c)/(r-v), then a central decision maker would invest in either medium or large
capacity, investing in medium capaciti(c-v)/(r-v) and in large capacity otherwise.

(i) If Bs<(r-c)/(r-v) andp.<(c-v)/(r-v), then a quantity premium price scheduleaphy*) induces

Bs

S

the supplier to invest in medium capacity, whare = Ec—v) . Furthermore, the

channel is completely coordinated and the manufacturer captures all the expected supply chain

profit.

(iii) If Bs<(r-c)/(r-v) andP_>(c-v)/(r-v), then a quantity premium price schedulech* A, *)

induces the supplier to invest in large capacity, whgtds given above and

A*L — Hl_ﬁL _ ,85
HB  1-5s

manufacturer captures all the expected supply chain profit.

Ec—v) . Furthermore, the channel is completely coordinated and the

Proof:
() Let IN,(K) denote the expected profit obtained by a central decision-maker that invests in a
capacity ofK. Then,

M, (S)=-cS+rS
M, (M) ==cM + Bs[rS+v(M - 9)]+ (1~ Bs)rM
M, (L) =—cL+ Bs[rS+v(L-9)]+ By [TM +v(L -M)]+ B, L

A central decision-maker does not invest in small capadity(W)>1,(S).
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M,(M)>T,(S) = —cM + Bg[rS+V(M - S)]+ (@1~ B)rM > -cS+rS
r-c
N <——
Bs -y
If Bs<(r-c)/(r-v), then a central decision maker investsin either medium or large capacity. For
thisrange of s it investsin medium capacity iff M1,(M)>I1,(L).
n,M)>n (L) = c(L=-M)+(Bs+By)V(L-M)+ B r(L-M)<0
c-V
< ﬁL <—
r-v
(i) Let the manufacturer offer the following quantity premium price schedule, (c,Au,AL). Let
M4K,c,Au,AL) dencte the expected profit obtained by the supplier if it investsin a capacity of K,
for this price schedule.
Mg(S,c,Ay,A ) =-cS+cS=0
Mg(M.Cc.Ay,A)=—cM +B5[cS+V(M = S)]+ (1~ Bs)[cS+(c+4,, )(M -9)]
Mg(L,CAy,A ) =~CL+ Bs[cS+WU(L -]+ B, [cS+(c+Ay, )M =) +V(L-M)]
+B[cs+(c+a,)M =9 +(c+A,, +A)(L-M)]
=(r=v)M =(c-V)B=Bs(r =v)(M =) + B, (r -v)(B-M)
The supplier prefers (or be indifferent to) M to S if Mg(M,c,Au,A)2M S c,AumAL).
Mo(M,cD, A, )2 M(S,CD, A, ) = Ay, = %Ec—v) >0
~Ps
The supplier prefers (or be indifferent to) L to M, if Mg(L,c,Am,AL)2Ms(M,C,AumAL).

MNg(L,c,Ay,A)2Mg(M,c,Ay,A) = Ay +A, z%‘%%e—v)
L

- ALZEH,_BIBL —1_[71; Ec—v)zo

If Be<(r-c)/(r-v), Be<(c-v)/(r-v) and the manufacturer offers a quantity premium price schedule

of (c,Auw*,0), then Mg(S,c,Am,0)=Mg(M,c,Anm,0)>M5(L,c,An,0), and the supplier invests in medium

capacity. A central decision-maker would also invest in medium capacity and thus the channel is
completely coordinated. The manufacturer’s expected profit is given by,
M (M.C.Ay A = Bs(r ~0)S+A- Bo)|(r ~0)S+(r e =& )M - 9)]
= —cM + B5[rS+v(M - )]+ (1- Bs)rM
=M, (M)
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and thus the manufacturer’s expected profit is the same as the total expected supply chain profit
obtained by a central decision-maker. The manufacturer can do no better than this and is thus this

quantity premium price schedule of4g?,0) [or (cAw*)] is optimal for the manufacturer.

(iit) If Bs<(r-c)/(r-v), B.=(c-v)/(r-v) and the manufacturer offers a quantity premium price
schedule ofdAv*,AL*), theng(Sc,Av*, AL %)=M4c,Av*, A *)=Mc,Au*, A%), and the supplier
invests in large capacity. A central decision-maker would also invest in large capacity and thus
the channel is completely coordinated. The manufacturer's expected profit is given by,
My (LG Dy A = Bs(r —0)S+ By | ~0)S+(r —c -8, )M - S)]
+B [ -9S+ (1 —c-8, )M -9 +(r —c-8, ~£)(L-M)]
=(r=-vIM =(c-Vv)B=Bs(r =v)(M =) - (1-B.)(r -v)(L-M)
=My (L)
and thus the manufacturer’s expected profit is the same as the total expected supply chain profit
obtained by a central decision-maker. The manufacturer can do no better than this and is thus this

quantity premium price schedule off*,A *) is optimal for the manufacturer.
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5.2 Appendix 2
This appendix contains proofs of the lemmas from Chapter 3.

Lemma 1:
(i) A lower bound for the minimum shortfall in problem P1 is given by problem P2,

n%u{z¢—pwu§ S o)

1joPF(LY)
subject to
(M O{OL....1}
(L, nL, =0 0Ok#K
K
(iyL, =™
k=1
(i) If either the number of stages K or the number of products | islessthan three, then the
minimum shortfall in problem P1 is equal to the lower bound in (i).

Proof:
(i) Plisgiven by,

|

min{y s}

XS 0=

subject to

1. Z X +s =d, i=1...1 k=1..K
JOIPR(i)

2. Z X < cf ji=1...J, k=1..K
i0Qx()

X,5=0

Let 77 be the dual variables for the Type 1 constraints and ,ukJ be the dua variables for the
Type 2 constraints. Letting |}<j:—,uk,- gives us the following dual problem D1,

Max (5 5 7 -5 5 vic)

1=1

subject to
K
1. Tl i=1,..,
2. sV jOP () i=1...1 k=1,..K
3. =20 , v=0

Let C bethe set of solutionsto D1 that meets the following two conditions,
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(i) =m0 O{01

o . ‘-
(ii)vjk _ A if m, —.1 forsomei 0 Q"(j)
%) otherwise
Each element in C isafeasible solution to D1.
Let E bethe set of feasible solutionsto P2. A feasible solution (M,L;,..,Lx) to P2 hasthe

following objective value,

K k
>d - Z Ci
iom =1 jopR (LK)

There is a one-to-one correspondence between elementsin C and elementsin E; each element
in C has a corresponding element in E with the same objective value and vice versa. To seethis,

consider an element (M,L,,..,Lx) of E. This can be mapped into an element of C asfollows. For

k=1,...Ksetm =10i0L,, 7 =0 0i0L,v =10jOP“(L,) andv =0 OjOP(L,).

The objective value this element©fs,

K K K
d - ci=%d - c
gliDL gljmp () : iDzM =1 joPR (LK) :
This is the same as the objective value fojL(,..Lx). Similarly any element oE can be

mapped into an element Bfby setting, to be the set of all produdtsvith 77 =1 k=1,... K.
Note that because of the Type 1 constraints, at mostzbrean equal 1 for eadkl,...J, so that
L. nL, =0 0Ok #k . Again the objective value of this elemen&ois equal to the objective

value of the element @.

Therefore, each feasible solutionR2 corresponds to a feasible solutiorDxb. The objective
value of such a solution gives a lower bound on the optimal valDé&,@nd hence from duality a
lower bound on the minimum shortfall objective valuétdf The optimum value tB2 is the

maximum such lower bound.

(i) From duality, the optimal solution 8l must equal the optimal solution®d. From part (i),

P2 gives the optimal solution 1 subject to,

() =, O{0,1}
. _if 7 =1 forsomei 0Q"(j)
vy = %) otherwise

If the optimal solution t®1 can be shown to satisfy both (i) and (ii), thhgives the optimal
solution toD1 and hence the optimal solutionRa.
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Let (TLv) be afeasible solution to D1 such that some v;*>1¢“ 0 i0Q'(j). The objective function

can increased by decreasing v until v = max {77} without violating any constraint.
i0Q ()

Decreasing v any further violates a Type 2 constraint. Therefore, an optimal solution must

satisfy v{* = max{7;*}. Assume for the moment that the optimal solution to D1isbinary, i.e.
i0Q (1)

satisfies condition (i). Then, condition (i) must hold as vi* = max{7‘*}.
0o ()

All that remains to be shown is that the optimal solution to D1 isbinary. Substitute
y{ =1-v into problem D1. The following problem D2 is obtained.

K | K Jk K Jx

Max 'd. + kek — c~
{;Zl P g, gllzzly, i ;le,
subject to

K
1. m<l i=1,...,

=1
2. m+y <l jOP() i=1..0 k=1..K
3 yi <1 j=1....0, k=1...K
4, =0

If yjk is negative, then the Type 2 constraints in which it appears are satisfied with strict

inequality because from the Type 1 congtraints 77 <1. Set yjk to zero. This solution remains

feasible. The objective functionis strictly increased. Therefore D2 can be restricted to
y = 0O without any affect on the optimal solution. The upper bound constraints on the y variables

(Type 3) can beignored as the non-negativity of the = variables along with the Type 2
constraints ensure that the y upper bounds are not exceeded. Therefore D2 can be solved by the

following problem D3,
K Jk

Max {3 5 md +5 5 yici =5 5

™y k=11=1 k=17)=1 k=1)=1

subject to
K
1. <1 i=1...1
2. mf+yi<l jOPG) i=1..1 k=1...K
3. >0, y=0

Let A bethe constraint matrix of the linear program D3. A isthe clique matrix of the

undirected graph G, in which the Ttand y variables are nodes. Figure 1 shows an example of the

graph G.
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STAGE 1

Nodes: 7Ti-1 ., Nodes: yljzl,...,ll
STAGE 2

Nodes: 7fi-1 .| Nodes: yzjzl,...,lz
STAGE K

Nodes: 7=, | Nodes: ij:l,...JK

Note: The (7,7¢;) arcs are only shown for i=1

Figurel
The Constraint Matrix A isthe Clique Matrix of the above Graph, G

A 1 variableis anode for product i at stage k and a yjk variableis anode for the j™ plant of
stagek. Anarcjoins 77 to yjk 0jOPX(i), i.e. the product nodei at stage k to al plants that can

process product i at stage k. For each product i, thereisan arc (77, 1) from node 77 to 71

k'>k, k=1,...K. In other words ther variables for produdthave arcs to all othet variables
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for product i. Note that | use the convention that (77, 77') arcs always have the smaller k value
asthefirst node of thearc. There are no arcsjoining the = variables of two different products.
The 71 k=1,...K for each produdtform a clique as does eagtf to y! arc.

If the number of stagds§ is less than three, théhis a bipartite graph. To see this, group all
i and y? nodes in Set 1. Group aif* and y; nodes in Set 2. The only arcsGrare those
joining a node in Set 1 to a node in Set 2. GAis bipatrtite, it is a perfect graph (Nemhauser and
Wolsley, 1988).

If the number of productsis less than three, then the graph G is again perfect. The proof of

for this case is a little more involved and is most easily understood by referring to Figure 1.

= Consider a cycle with norf, 7)) type arcs and nort; , 7z, ) type arcs. This cycle must
contain only ¢z°, yjk) type arcs for a single stage Such a cycle must have an even
number of arcs as each stéigesubgraph is a bipartite.

= There is no cycle with exactly oner(, 77') type arc and nozt} , 7z, ) type arcs as such a
cycle would leave the set af nodes for stagk and never return. Likewise there is no
cycle with exactly onef; , 7z ) type arc and nost , 7z ) type arcs.

= Consider a cycle exactly onarf , 77,*) type arc and exactly onerf? , 77.2) type arc,

where the subscript on the stdggenotes the producto which it refers. We must have
ki=k, andk;'=k;’ as otherwise the “cycle” would leave the setrohodes for stagk; and
never return. Clearly this would not be a cycle. Any cycle in wkiek, andk;'=k’

must have an even number of arcs.
Therefore, any cycle that contains no more than agie; ) type arc and no more than one
(7rs 1) type arcs must have an even number of arcs. So any odd length cycle must contain at
least two (7, 77¢) type arcs foi=1 or 2. Consider a cycle containing at least twb, (7 type
arcs. The only clique of grag that contains 7, 77') arcs is the cliquésn, 777,..., 1} . This
clique contains all suchv*, 77) arcs and therefore contains another arc of the cycle. Therefore

from Theorem 5.17 of Nemhauser and Wolsley (1988), the @dplperfect.

So if either the number of produé&sor number of stagdsds less than three, thé&his a
perfect graph. Therefore the polyhedron defineB®YAx<1) is integral. The optimal solution
to D3 is thus integral. In fact it is binary, because of the right hand side values. This in turn

implies that the optimal solution @1 is binary.
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Lemma 2:
(i) For any subset of products, M, define the problem P3(M) as

K
. k
Mint> ¢

JOPFLY)
subject to
()L, nL, =0 [Okzk

(ii)LKJLk =M
k=1

If for every possible M, there exists an optimal solution to P3(M) with only one non-empty L*,

then a stage-spanning bottleneck can never occur in this case.

(i) If A, 2

T :
C ,where A, = Min { } cf}andTC,,, = Max {TC,} ,thenastage-
2 ket 10PR) KK
spanning bottleneck can never occur. Note that A, is the minimum total capacity available to
any product at any stage and TCo iS the maximum total stage capacity across all stages.

Pr oof:

(i) Let d={d,,...,d} be any demand realization. Lt be the optimal M set for proble2
given this demand realizati@h If for every possible subset of produdis,there exists an
optimal solution tdP3(M) with only one non-emptl,*, then for the optimal sel* there exists
an optimal solution t&3(M*) with only one non-emptl*. P3(M) is the internal minimization
in P2 and therefore iP3(M*) has only one non-empty*, thenP2 has only one non-empty*.
By definition a stage-spanning bottleneck does not occur for this demand realtafidms is

true for any demand realization and so a stage-spanning bottleneck can never occur.

(i) For any subset of productd, let A(M) be the set of stages with non-embpg¥, whereL,*
are the minimizing sets iR3(M), subject to there being at least two non-entpty Then
A(M)[]=2.

K

k
; |2 0+ Ann 2 2A,
=1 0P (L)

KOA(M)  KOA(M)
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K
Construct aset of Ly, k=1,..K, asfollows. Set L|* = JL, and Li* =0, k=2,...K. The
k=1

objective value of this new set bf is bounded above BYC, the maximum total capacity of
any stage. A3C,»<2Anin, then the new set has an objective valudB{iM) at least as small as
the originalL* set, and from part (i) a stage-spanning bottlenecks never oCEOAE2A .

Note that if one defines asrstage-spanning bottleneck as one in which there are eiactly
non-emptyL*, then one can adapt the above proof directly to show that such a bottleneck can

never occur ifTCuSNARN.

Lemma 3:

If a supply chain igl,i-type, then (i) a stage-spanning bottleneck can never occur if the total
number of productd, is less than or equal Bg,,,. Furthermore, if at each stage each individual
product is connected to the same total capacity, then (ii) a stage-spanning bottleneck can never
occur if the total number of productsjs less than or equal todg2{,+1)

Proof:
(i) Let WK(L,) be the total capacity available to a sulhgeif product at stage As each stage
has ag-type configuration withge=grmn, thenW(Ly)=0 iff L={ 0} and
WK(L)=min{ TCy, (L +gmin-1)Ci} iff Liz{ 0}, where as defined earlidiCy is the total capacity of
the stage an@,=TC//I. AsTC,is the minimum total stage capacity;,=TC, andC,2Cn,
thereforeW(Ly)=min{ TCuin, (Ll +Gmin-1)Cmin} iff Liz{0}. For any subset of products, let
A(M) be the set of stages with non-embpi¥; whereL* are the minimizing sets iR3(M),
subject to there being at least two non-enity Then N(M)[22. For this set df,*'s, the
objective value foP3(M) is given by,
21 jDPZ(L;T > km%\!:/k(L;) + kul%yyk(L’[() > » M*)min{TCmin,(L];‘ + Gpin —1ktmin}
(L3.1)
As thelL* are non-empty for akzOA(M), then L*|=1 for allkOA(M). Therefore,
K
> 2 ck 2 km% [r)lin{TCmin +9isCrin}
>2minfTC_ .9...C...}
> min{TC,;,29,::.Curin}
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Without loss of generality, assume the first stage has the minimum total stage capacity.
K
Construct anew set of Ly k=1,...K, as follows. Set{* =| JL, and Li*' =0, k=2,...,K. The
k=1
objective value of this new set bfis bounded above ByCn, the total capacity of stage 1. If
TChin<20minCrin, OF alternatively}<2gyin asTCin=ICmin, then the new set has an objective value
for P3(M) at least as small as the origihgt set. Therefore for every possilg there exists an
optimal solution td?3(M) with only one non-emptl,*. Following Lemma 2(a), a stage-
spanning bottlenecks can never occug#g,,.
Note that if one defines dd-stage-spanning bottleneck as one in which there are ekactly
non-emptyL*, then one can adapt the above proof directly to show that such a bottleneck can

never occur if<Ngin.

(i) If Le* and Ly * are non-empty with Ly *={i}, i.e. it contains exactly one product, set
Lk'neW:Lk'* OLe* and Ly new:{ D} . Then,

cl < 3 i+ > ci = 3 i+ > c!

JOPE (L) J0P (L) JOPY (i) JOP (L) joP (L)
where the equality occurs because at each stage each individual product is connected to the same
total capacity. So, anew set of Ly can be constructed with an optimal value to P3(M) at least as
small asthe original optimum. Thisistrue for any |L*|=1. Therefore any optimal set for P2 with

new;

N>1 non-empty L* can be transformed into anew optimal set with N-1 non-empty L,"“"if some
|L*|=1. Repeat this process until al non-empty L * have [L* [22. So, |L¢* |22 for any stage-
spanning bottleneck. Substituting thisinto (L3.1) yields alower bound of 2(gmint1)Crin. The rest
of proof follows as above.

Note that if one defines an N-stage-spanning bottleneck as one in which there are exactly N
non-empty L*, then one can adapt the above proof directly to show that such a bottleneck can

never occur if ISN(gmint1).
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Lemma 4:
If asupply chainis agmn-type and has the following properties,

(i) each stage has atotal capacity of at least the total expected demand

(i1) the demands for the | products are independent and identically distributed N(u,0)
then the probability of any particular LB stage-spanning bottleneck is bounded above by

-
R

From Section 3.3.1.1, an upper bound on the probability of (M,L4,...,Lk) being a stage-

Qs(l,Gmin), Where,

Q(I vgmin) = CD
Pr oof:

spanning bottleneck is given by,
Qs(MLy,... Ly) = [1' CD(Zl)]CD(Zz)
where

chj(n _'% Hi TCphin — Z ZC;(H _A% Hi

=L jop*n (1
J (L) and22=
%7 %7
i i

and thelN stages with non-empty, are denoted blg, ... ky

From Lemma 5 below, as each stage in the supply chaindieslae greater than or equal to

Omin, then
QsML,....L) = [1' CD(Zl)]CD(Zz)S [1' ¢(y1)q)(Y2): Qs (XN, 1, 9min)

where,

Corin (X + N(g i = ;’M

2°

Cmin (I -x—=N gmm - ;':ul

%°

andx is the number of products M, i.e.x=|M| andC,,, is equal torC.,/I, whereTC,, is the

Y1 =

Yo =

minimum total stage capacity.
As the product demands are iid, then,
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y, = Cmin(X+ N(gmin _1))_ XU — N(gmin _1X:min + X(Cmin —,U)
! ox ox

— Cmin (I ~ X~ N(gmin _1)k_(| —X),U — (I _X)(Cmin —,U) - N(gmin _1xmin

V2= g./(l —x) g+/(l —=X)

Qs(X,N,1,0min)=[1-P(y1)] P(Y,) provides an upper bound on Qs(M,Ly,...,Lk), which itself is an

upper bound on the probability thd,(,,...,Lx) is a stage-spanning bottleneck. Note that this
upper bound does not depend on the adfusét and_, subsets, only on the number of products,
X, in M and the number of non-empty subsetsN. As such it is valid for anyM,L;,...,Lx) for
which M|=x and for which there afd non-emptyL subsets.

By maximizingQs(x,N,I,gmin) over all possible for which there can bl non-emptyL
subsets, the dependenceXy{x,N,l,gmn) onx can be removed, to gies(N,l,gnmin), @an upper
bound on the probability of occurrence of any particular stage-spanning bottlenebkneith
emptyL, subsets (in a supply chain that processes | products and thaj-kakia ofg.;,). From
Lemma 6 belowy, the number of products M, must be less than or equal d(gmin-1)-1, if M

is to be a stage-spanning bottleneck Wthon-emptyL, subsets. Therefore,

QS(NvIvgmin)— N(lax_ {QS(X N I gmln)} {[1 (D(yl)q)(yZ)}
Imin=D-L <I- N(gmn !

If the minimum total stage capacity equals the expected total demand,.thequals the
mean product demand, p, and the maximum occurs at x*=1/2, assuming thdf2>N(gyir-1)+1. In

this case,

= HN - %DH—N - H El—N( 1)52
Qs(NJgpy) = d-® (O Omin Omin ~ L
B e

(L4.1)

Note that af25(x,N,l,gmin) is decreasing in &, (L4.1) provides an upper bound on
Qgs(N,1,gmin) for any G,=u (i.e. any supply chain in which the minimum total stage capacity is
greater than or equal to the total expected demand).

Qs(N,1,gmin) is decreasing i, i.e. Qg(2,1,0min)>Qs(N,1,0min) ON>2. By definition a stage-
spanning bottleneck must have at least two non-elmysybsets, that N>2. Therefore,
Qs(2,1,0min) gives and upper bound on the probability of occurrence of any particular stage-
spanning bottleneck, regardless of the number of non-dmptybsets. So, setting

Qs(1,0min)=Qs(2,1,gmin) proves the lemma.
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Note, if oneisinterested in the probability of occurrence of an N-stage-spanning bottleneck,

then Qs(N,1,gmin) provides an upper bound on this probability.

Lemma5:
If each stage in the supply chain has a g-value greater than or equal to gyin, then

QsM,Ly,... Le) = [1' (D(zl)]qb(zz)s [1' q)(y1)¢(y2): Qs(XN,1,9mn)

where,

Cmin(X+ N gmm - %/’4

Cmin(I X= Ngmln_ ;M

2°

and x isthe number of productsin M, i.e. x=|M|. C,isequal to TC,/I, where TC, iS the

Yo, =

minimum total stage capacity.

Proof:

Let WX(L,) bethetotal capacity available to anon-empty subset, Ly, of products at stage k. As
each stage k has a g-type configuration with ge=gmin, then from equation (11)
WKL)=min{ TCy, (JLi[+Grmin-1)Cid . AS TCrin i the minimum total stage capacity, TC,=TCpin and
Ci>Chrin, therefore WL, )=min{ TCuin, (|Li*+Grmin-1)Crin} . From Lemma 6 below, the number of
productsin M, must be less than I-N(gmin-1), if M isto be a stage-spanning bottleneck with N
non-empty L, subsets. For each non-empty subset Ly, n=1,... N, LLul<M|<I-N(grin-1).
Thereforel|+gmin-1<l and (Lu|+t0min-1) Crin<TCriin, SO Min{TCy, (|L|+9min-1)Ci}=(| Lin|+Orin-
1)Crin. Therefore W{(Lin)2(|Lin|+Gmin-1)Cuin for n=1,...N. So,

impz(: )" = ZWK" (L) Zi [(Lkn‘ * Oriin _1kmin]: QM | + N(gmin _1)kmin

Let M|=x. Therefore

N
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TCmin—Z ; )"‘Z”' TCo cm.n(x+N(gm.n—1))-i%ﬂi

iOM

<
;ai zgi
i oM

Cmin(l -x=N gmm - %/4

as TCin=ICpin. Now,
Qs(ML,... L) =[1-0(z )lo(z, ) < [i- o (y, )]y, ) = 25 (XN, 1 i)

asyi<z, ¥».=z, and d(2) isincreasing in z.

Lemma 6:
If asupply chainis gmin-type, then a stage-spanning bottleneck with N non-empty L,* and

[M* [=1-N(gmin-1) can never occur.

Proof:

Let (M*,L.*,...,Lc*) be an LB stage-spanning bottleneck witmon-emptyL,* and M*|>1-
N(h-1). LetW(L) be the total capacity available to a suthsetf product at stage As each
stagek has ag-type configuration withggmin, thenW(L,)=0 iff L={0} and
WKL)=min{ TCy, (L|+gmin-1)Ci} iff L{ 0}, where as defined earlidiCy is the total capacity of
the stage an@,=TC,/I. AsTC,is the minimum total stage capacity;,=TCin, andC,=Cpyin,
thereforeW(L)=min{ TCuin, (Ll +Gmin-1)Cmin} iff L&{O}. Let A(M*) be the set of stages with
non-emptyL*. The objective value faP3(M?*) is,

2 W (L )+ wk (L )
ZIDF' (Lk) ‘ z

kD/\(M ) KOA(M ")
Z mln{TCmmquk‘-}'gmm 1k:m|n}
KOA(M")
> mlnETCm,n, NLK‘ *+ Opmin ‘1)3min]%
kD/\(M B =

= mln{TCmm,ql\/l ‘+ N (9 —1))3mm}
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Without loss of generality, assume the first stage has the minimum total stage capacity.

K
Construct anew set of Ly, k=1,..K, asfollows. Set Li* =| JL and Li** =0, k=2,...K. The

k=1
objective value of this new set bfis bounded above ByC,n, the total capacity of stage 1. If
TChin<(IM*|+N(gmin-1))Crin, then the new set has an objective valud’B{M) at least as small as
the originalL* set. Therefore for every possilg there exists an optimal solutionR8(M)
with only one non-empti,*. Following the addendum to Lemma 2(i) regardivkgtage-
spanning bottlenecks, TCi<(|M*|+N(gmin-1))Crin, then a stage-spanning bottlenecks \Wth
non-emptyL* can never occurTC;,=IC» and therefore a stage-spanning bottlenecksMith

non-emptyL* can never occur il<|M*|+N(gmin-1).

Lemma7:

For a two-stage 4-product supply chain with each stage having 4 plants anth==2tgbeain
configuration, and all plant capacities being eque), (i the product demands are My, 0),
then the probability that the stand alone shortfalls for the two stages are the same is greater than

or equal to,

1- o ol PG o W soly Eo P el

Proof:
Let SF denote the random variable for the shortfall for sta¢e1,2. For a given demand
realizationd,,...,d;, letm* be the maximizing set for,

d - Zc,.k}

ithmy joP*(my)
subjecttom O {1,...,I}

max{
M

and letsf, be the optimal value for stagek=1,2 (i.e. the shortfall for this realization). Let the

indicator function;, be such thait,,=0 if m*=m, andl =1 if m*zm,. Ascli=c?, j=1,....J,

sfi#sf, only if m*#£my*. Therefore PE-23-,]<P[l,=1]. Because the demand distribution is

continuous the probability thtd,*#M,* and S-,=SF, is zero. Therefore in this case,

P[SF#S-,]=[l1,=1]. Note that the upper bound in the lemma is still valid §2S-,]<P[l,=1].
The only possible chains for a 4-product 4-plant stage are {1,2,3,4}, {1,2,4,3} and {1,3,2,4}.

Let stage 1 have a {1,2,3,4} chain and stage 2 have a {1,2,4,3} chain. For any demand
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realization, the possible m;* setsare{0} {1} {2} {3} {4} {1,2} {2,3}, {34} {4,1} {1,2,3,4} and
the possible m* setsare {0} {1} {2} {3} {4} {1.2},{2,4} {34} {1,3} {1,2,3,4}. Theeventsin

which 11,=1 (my*£m,*) can be partitioned into the following mutually exclusive (and exhaustive)

events:

Event 1. m*={0} nm*#{ 0}

Event 2: m*2{ 0} nm*={ 0}

Event 3: m*={1,2,3,4} nmy*#£{ 0} nmy*#{ 1,2,3,4}

Event 4: me2{ 0} nm*#{1,2,3,4} nm,*={1,2,3,4}

Event 5: my*={i} nmy*£{i} nmy*#£{1,2,3,4} nmy* {0} i=1,2,34
Event 6: (m*={1,2,34y0my*={0})nmy*={i} i=1,2,3,4

Event 7: (@) m*={1,2} n(my* 0{ 1,3} 0{ 3,4} 0{ 2,4})

(b) m*={2,3} n(my* 0{ 1,3} 0{ 3,4} 0{ 2,4} 0{ 1,2})
(c) m*={3,4} n(my* { 1,3} 0{ 2,41 {1,2})
(d) m*={4,1} n(my*0{ 1,3} 0{ 3,4} 0{ 2,4} 0{ 1,2})

I now devel op upper-bounds for the probability of each event.

Event 1: my*={0}, m*2{}
my*={0} implies:
d -2c<0 i=1234
d, +d,,-3c<0 i=1234

d, +d,+d;+d, -4c<0
wherei+1=1if i =4. Therefore, the only possible m* (Z{}) setsare{1,3} or {2,4}. For
my*={ [0} and my*={1,3}, the following four conditions are necessary (but not sufficient),
(i)d; —2c<0 i=1234
(i) d; +d,,;, —3c<0 i=1,234
(iii)d, +d; -3c>0
(iv)d, +d, +d;+d, -4c<0
(it1) and (iv) imply that the following is a necessary condition for my*={ ]} and my*={1,3},
d,+d;>3c and d,+d, <cC

Asthe demands are iid N(u,0), the probability of this event is given by,
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Ei
J2o 20

and thisis an upper-bound on P[my*={ 0} and my*={1,3}]. Asabove, it can also be shown to be
an upper-bound on Plm*={ 0} and my*={2,4}]. Therefore,

P[Event1] < 2¢E25_ %EDE" E

Event 2: my*2{0}nmy*={[1}

Using the same derivation as for Event 1, but adapting for Event 2, the same upper-bound as 1

can be developed. Therefore,
1 —3C
tevna) s 0= G- Bu
20

Event 3: m*={1,2,3,4}nmy>* {0} nmy*#{1,2,3,4}
my*={1,2,3,4} implies:
d, +d,+d;+d, -4C>0
d, +d,+d;+d, -4C>d, -2c i=1234
d, +d, +d;+d, -4C >d, +d,,;, —3c i=1234

Therefore, the only possible m* sets ({0} ,#{1,2,3,4}) or are{1,3} or {2,4}.
For m*={1,2,3,4} and my*={1,3}, the following two conditions are necessary (but not
sufficient),
(i)d, +d;-3c>0
(i)d, +d; -3c=d, +d, +d; +d,-4c 0 d, +d, -c<0

Asthe demands are iid N(u,0), the probability of this event is given by,

i Pt

and thisis an upper-bound on P[my*={1,2,3,4} and my*={1,3}]. Asabove, it can also be shown

to be an upper-bound on P[m*={1,2,3,4} and my*={2,4}]. Therefore,

P[Event 3] < 2¢E2i/‘_ %EDEF E
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Event 4 m*£{0}nm*#£{1,2,3,4} nm,*={1,2,3,4}
Using the same derivation as for Event 3, but adapting for Event 4, the same upper-bound as 1
can be developed. Therefore,

P[Event 4] < 2 @255_03(: EDEC _231 E

Event 5: my*={i}nm*Z{i}nm,*#£{1,2,3, 4 nmy*2{} i=1,2,3,4
my*={1} implies
d,—-2c=0
d -2c<d, -2c i=234
d, +d,, -3c<d; -2c i=1,2,34

d,+d,+d;+d, -4c<d, -2c
Canceling terms, then
(i)d,—2c=0
(i) d; =d, i=234
(ii)@d,-c<0 (b)d, +d; -d, -c<0 (c)d; +d, -d, —c<0 (d)d, —-c<0
(iv)d, +d;+d, —2c<0
Therefore, the only possible my* set (#{1},{1,2,3,4} {0}) is{1,3}. my* cannot be ={j}, j#1,
from (ii). my* cannot be {2,4} from (iv). For my*={1} and my*={1,3}, the following conditions
are necessary (but not sufficient),

(v)d, -2c=0
(vi)d, +d;-3c=d, +d, +d;+d,-4c 0 d, +d, —-c<0
(vii)d; +d; -3c=>d, —2c d;-c=0

Asthe demands are iid N(u,0), the probability of this event is given by,
— 2 — 2 —
i a— HDEC H M= CH
0o o o 20 0o 0O
and thisis an upper-bound on P[m*={1} and my*#{1} ,{1,2,3,4},{0})]. The same upper-bound
can be developed for P[my*={i} and my*#{i},{1,2,3,4} ,{0})],i=2,3,4. Therefore,

P[Event5]s4¢Ef’_2°HDE°_2” H=CH
g o [0 20 o Qd
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Event 6: (m*={1,2,3,40m*={0}) nmy*={i} i=1,234
Using the same derivation as for Event 3, but adapting for Event 4, the same upper-bound as 1
can be developed. Therefore,

P[Evente]s4q>E'”_2CHDE°_2” HH=CH
O o O 20 0o 0O

Event 7: (&) m*={1,2}n(m,*{1,3}1{3,4}0{2,4})
(b) m*={2,3}n (my* 0{1,3}0{3,4}0{2,4}0{2,1})
(c) m*={3,4}n (mx* 0{1,3}0{2,4}0{2,1})
(d) m*={4,1}n (m*{1,3}0{3,4}0{2,4}0{2,1})
(a8 m*={1,2} implies

d, —2c<d, +d,-3c i =234

d, +d,+dy;+d,-4c<d, +d,-3c
Therefore my*#{3,4}. Only need to consider my*={1,3} or {2,4}.

my*={1,2} my*={1,3}:
Canceling terms in the above eguations, then
(i)d, +d,-3c=0
(i)®d,-c=0 (b) d,-c=20 (c) d, +d, -d;-c=20 (c) d, +d, -d, -c=0
(iiy(®d,-d;=20 (b) d, +d,-d;-d, =0 (¢)d,-d, =0
(iv)d;+d, -c<0

But, my*={1,3} implies
(v)d, +d, +dy;+d, -4c<d;+d;-3c0 d, +d,-c<0
Using (iv) and (v), then d, +d; +2d, —2c< 0. From (ii)(a) d,=c. Therefore,
(viyc+d, +2d, -2c<00 dy+2d, —c<0.
(i) and (vi) are thus necessary conditions for my*={1,2} and m*={1,3}. Asthedemandsareiid

N(u,0), the probability of this event is given by,

T P
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Thisis an upper-bound on the probability that m*={1,2} my*={1,3}. It can also be shown to be
an upper-bound on m*={1,2} my*={2,4}. Therefore,

P[Event 7(a)] < 20H~— 3” EDEZ E

Events 7(b),(c) and (d) have similar upper bounds. Therefore,
P[Event 7] < 8bE~— 3” EDEZ E

The probability of 1,,=1 (my*#m,*) isthe sum of the probability of the above events. Therefore,

Pll,]< iP[Event n. So

B R R
As, PISF#S,]<P]11,=1],
P, ¢SF]<8¢B25_3C%DE° i/_i“%waﬂ“ Zcﬂbg E'“ CH

and so,

i e R o e R T B

This proof can be repeated for the other possible chain pairings.
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5.3 Appendix 3

This appendix contains proofs of the lemmas from Chapter 4 and an algorithm for generating
the set of possible stage subsets over which the maximization in Lemma 1 is evaluated (c.f.
Lemma 3).

Lemma 1:

(i) A lower bound on the minimum total shortfall in problem P3 is given by

max { df—;ck}

ATLK) ™ o

(i) If the path-stage matrix B istotally unimodular, then the minimum total shortfall in problem
P3 equals the lower bound in (i).

Pr oof:

Problem P3 is given by the linear program,

f
Mln{zlsff}
subject to
Ly, +sf, =2d, fOF
2. Yy, <c, k=1..K
fO0PK)
3.y,sf =0

Let 77 be the dual variable for the Type 1 constraints and 14 be the dual variable for the Type 2
constraints. Letting u=-14 gives us the following dual formulation (D3),

Max {%:n'fdf _gvkck}

v

subject to

1 T, <1 fOF

2. T, < YV, fOF
KOQTf)

3. =20 , v=0

Remember that P(A\) isthe set of flow paths that are processed by at least one stage kCIA and
Q(f) isthe set of stages that process flow path f.
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Let problem D4 be the same as D3 but with the additional constraint that the solution be
binary. For afeasible solution (=, v), let A be the subset of stagesk=1,... K for whichvy, =1.

This solution can be optimal only if, =1 Of00P(A) and 7, =0 Of0OP(A), where the second
condition is required for feasibility. To see this, consider a soluti@@to which 7., =0 for
some flow patdJP(A). This solution can be improved upon by setting=1. Thisis a

feasible solution with an increased objective function. Each of the possible optimal solutions is
therefore completely specified by the subsetThe objective value for such a solution is given
by,

d -Sc
f k
f0P(4) kDZA

Any subsef\ of stages 1,..K is a possible candidate for optimality and therefore the

optimum objective value tb4 is given by

max { df—;ck}

ATLK) (o

As all solutions td4 are feasible fob3, the optimal objective fdp4 is a lower bound on the
optimal objective value tB3. From duality the minimum shortfall f&3 is equal to the optimal

objective value t®3.

(if) The constraint matrixA, for D3 is given by,

0
S

whereB is the path-stage matrix. The path-stage matrix is the matrix in which there is a row for
each flow path, a column for each stage klapd if KJQ(f) andby=0 if KLQ(f). In other words,
element{k) is 1 if flow pathf requires stagk and 0 otherwise.

A is totally unimodular (TU) iB is TU. This follows from the fact that total unimodularity is
preserved under the following operations (Schrijver, 1987)

(a) multiplying a column by -1

(b) adding a row or column with at most one nonzero, being +/-1.
If Bis TU then-BisTU using (a). Then [l -B] isTU using (b) and A isTU using (b) again.

So, if the path-stage matrix B is TU, then the constraint matrix A for D3 is TU and therefore
optimal solution to D3isintegral. The Type 1 constraints ensurethat 7, <1f OF . No optimal

solution can have any v, >1 asthe objective function can be decreased by settingsuchav, =1
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while still maintaining feasibility. The optimal solution to D3 is therefore binary and thus from

part (i), the optimal objective value for D3 and P3 is given by,
max { % d; - g Cy}
A

A{L..K) )

Lemma 2:
The path-stage matrices for the Alcalde Job Shop and for Work Center A are both totally
unimodular (TU).

Proof:
The path-stage matrix for the Alcalde job shop Bacade iS given by,

1011 o

0

9r0100D

g 311000
Alca]de%.ll()lm
b 112 0 o

0 O
010 of

Total unimodularity is preserved under addition of a column with at most one nonzero, being
+/-1 (Schrijver, 1987). Therefore Bacage is TU if the following submatrix S of Bacade IS TU.

10

O
5
10
10
14

]
15

SisTU if each collection of columns of S can be split into two parts so that the sum of the

wn

I
BOSHORHOR
P P R P OO

columnsin one part minus the sum of columns in the other part is a vector with entries only 0, +1,
and —1 (Schrijver, 1987).

Clearly any collection of two columns 8fcan be split into two such parts as each column
contains only 0’'s or +1's. It only remains to show that a collection of all three columns can be
split in this manner. Assign the first and second column to one part and the third column to the
other part. The sum of columns in the first part is a vector with entries only +1 and +2. The sum

of columns in the second part is a vector with every entry equal to +1. Therefore the sum of
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columnsin one part minus the sum of columns in the other part is a vector with entries only 0, +1,
and -1.Sis TUand thuBBacade IS TU.

The path-stage matrix for Work CenteBf\ca is given by,

O ABCDETFGI KL N PO
EBP 0100000000015
OABP [1 1 0 0 00 00O OO0 0 10
SABFPllOOOlOOOOOlE
BACP 101000000001%
ACFP|1 0 1 0 0 1 00 O 0 O 1f
BZ%ADFPlOOlOlOOOOOlE
“ADADGP|1 0 0 1 0 0 1 0 0 0 0 1O
SADIP 10 01000100 0 1f
ADKP|{1 0 0 1 0 0 0 0 1 0 0 1O
E,ADLPlOOlOOOOOlOlE
SADNP100100000011%
OADP [1 0 0 1 0 0 0 0 0 0 O 1f
HAEP |1 0 0 0 1 0 0 0 0 0 0 1

where | have added the stages and flowpaths for clarity. As discussed in Section 4.3.1., stages
andN refer to the aggregated stag@sndNO. Column vectors are denoted by the associated
stage letter, e.gA or P.

Total unimodularity is preserved under both column permutation and the addition of a column
with at most one nonzero, being +/-1 (Schrijver, 1987). Ther&gtgis TU if the following
submatrixS of Byca is TU.
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wn
I
B e+ i = o I U IS AR
P P PP PFPPPPPPPPO|>
O 0O 0000 O0OkRrR kR O OO
O OO0 000000 O0 R R PRI
O OO OO0 OO OoOFr Pr oo ol
~
O

where the columns G-N have been removed and the column order has been rearranged. The

matrix S has the following two properties.

[1] Any collection of columns from { P,A,F} can be split into two parts so that the sum of
columnsin thefirst part minus the sum of columns in the second part is a vector with entries
only O or +1. To seethis P-A, P-F and P+F-A are al vectors with entries only O or +1.

[2] Thesum of any collection of columns from {B,C,D} isavector containing only O or +1

entries.

From [1] and [2], any collection of columns of S can be split into two parts so that the sum of
the columnsin one part minus the sum of columnsin the other part is a vector with entries only O,
+1, and —1. Thereforgis TU (Schrijver, 1987) and thigca is TU.

Lemma 3:
Any subsef\ that can be partitioned into two disjoint subggtsand/A, such that
P(Am)UP(A), can be omitted from the set of subsets over which the maximum in Lemma 1 is

evaluated.
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Proof:
If A can be partitioned into two digoint subsets A, and A, such that P(A,) OP(A), then
P(N\)=P(A\y). Thisimplies

Ydi=%¢, = >d,->c ->c < >d,->c

fOP(A) KTt fOPCy) KT kT, f0PT4 kT,

and therefore A cannot be the optimum in the above maximization.

Algorithm for generating the set L of possible stage combinationsin the maximization of
Lemma 1.

The set of stage combinations (or subsets) over which the maximum in Lemma 1 is evaluated
does not contain every single possible combination of stages. Lemma 3 states that some stage
combinations (or subsets) can be removed. An equivalent statement to Lemma 3 is given by,

If P(N.) LP(A), then A=A, can be omitted from the set of subsets over which the

maximumin Lemma 1 is eval uated.

Denote the set of possible subsets by the set L. By using this version of Lemma3, itis
possible to compare two subsets to see whether the union of the two subsets can is contained in L.
Remember a subset A corresponds to a combination of stages and P(A\) corresponds to the set of
flow paths processed by any stagein A.

This comparison can be done using matrix algebraasfollows. Let P(A,,) be specified by a

row vector
R™ =[]

where the element r{"=1if fO P(A\,) and equals O otherwisefor f = 1,...F. In other words, if a
flow path is processed by some stagénthen the corresponding flow path entry equals one.
Let R" be the flow path row vector féx,. LetR"™ =R"-R™. If R"™ =0, i.e. each element
is non-negative, then RE)OP(A,). Likewise if R™™" =0, then P(\,)OP(\,). An algorithm for
comparing two subsets to see if the union of the subsets can be one of the subsets in L can be
specified as follows.
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ALGORITHM: COMPARE(R",R™)

R"™ =R" —=R"
R™ =ZR™ —R"
IFR™ >0

RETURN FALSE
ELSEIF R™ 20

RETURN FALSE
ELSE

RETURN TRUE
END

The COMPARE(R",R™) agorithm determines whether the union of two subsetsis contained
intheset L. However, we still need to generate the set L. The agorithm for doing thisiscalled
GENERATE L.

This agorithm works as follows. The set L starts as an empty set. All subsets containing only
one stage are then added to L. Next, the possible subsets containing two stages are added to L.

Then the possible subsets with three stages are added, then four stages, etc. up until K stages. At
this stage all possible subsets have been evaluated. If aset with j-1 stages, say /\j.4, isnotinL,
then no set that contains A\.; will bein L. Therefore, when evaluating the subsets containing
stages, one only needs to consider the subsets that are formed by the union of asingle stageand a
subset containing j-1 stagesthat isaready in L.

The algorithm is an iterative algorithm. Each iteration corresponds to the evaluation of the
subsets containing j stages. At the start of the iteration, the subsetsin L that contain j-1 stages
will have been identified. Each of thegel” subsets will have a row vector corresponding to the
flow paths processed by any stage in this subset (See above). These row vectors will form the

matrix M. The number g1 subsets will be specified by ™. Then™ row vector of

M "t will be identified by[M ,-_1]” .In the algorithm, the stage subset corresponding to"thew
vector of M '™ will be identified bystage_subset[M j‘1]n. In general, for any sét R{ A} is the

row vector corresponding to the flow path subséi)P(
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ALGORITHM: GENERATE L

Initialization: Adding the single stage subsetsto L
L=EMPTY SET
FORk=1TOK

INCLUDE{k} inL

ATTACH row vector R{k} to bottom of matrix M *
END k LOOP

Iteration: Generating the subsets with j stages that are in L, j=2,...,K
FORj=2TOK
FORKk=1TOK
FORN=1TO N'*
COMPARE(R{K},[M "] )
IF RETURN = TRUE
{newset={k} Of stage_subs@\‘/l J"1]n }
INCLUDE {newse}t in L

ATTACH row vector R{ newse} to bottom of matrix M *
END n LOOP
END k LOOP
END j LOOP

END
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