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Results in this appendix are numbered consistently with those in the main paper. Results that
do not appear in the paper (auxiliary Lemmas or additional theorems omitted from the exposition
in the main paper) are numbered using the convention ‘SectionLetter.Number’ (eg. Theorem E.1).

We recall the following assumptions in several proofs that follow and so find it convenient to

repeat them here.
Assumption 1.

1. F(-) has a differentiable density f(-) with support RT.

2. F has a non-decreasing hazard rate. That is, p(p) = 1p) g non-decreasing in p.

p
2

Assumption 2. J5(x) is a differentiable function of A on R for all x € N.

=

A Proofs for Section 3

Lemma 1. 73(x) is decreasing in x (on N) and non-decreasing in X (on Ry ).

Proof: We find it convenient to prove the following sub-homogeneity property for J3(x) viewed
as function of A: For Ao > A1 >0, J3 (z) < %Jj\‘l (z). To see this, consider a system beginning with
x units of inventory facing arrivals at rate As. Every arrival to the system is marked as either ‘real’
or ‘fictitious’ with probability % and 1— :\\—; respectively, independent of all other arrivals. Consider
using the pricing policy 73 (), and denote by J;;f (z) and Jy () the expected revenues earned
under this policy from sales to arrivals marked as fictitious and real respectively. By construction,
we have J} (z) = J;:j(z:) + J;;(m) and further, Jy"(z) = %J;\“Q (z). But J;;(l’) is the expected
revenue earned under a randomized non-anticipatory policy for a system beginning with z units
of inventory and arrival rate A;, so that J;;(x) < J5,(z). Thus :\\—;JXQ (z) < Jy, (z) which is the
inequality we require.

We now turn to the proof of the Lemma. We have from the HJB equation for the case of a

known arrival rate and x > 0:

o3 (x)

= Sl;pp(p)(PJr Sz —1) = Ji(x))
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Now %(I) is trivially increasing in x. %(I) is non-increasing in A by the inequality we have just
shown (i.e. since J3(7) is a sub-homogenous function of A). Further, observe that sup,, F'(p)(p — ¢)
is decreasing in c. It follows that J}(z) — J5(x — 1) is decreasing in  and non-decreasing in . But,
my(x) — m = Ji(z) — JX(x — 1) and p — 1/p(p) is an increasing function of p by Assumption
A

[l The claim follows. O
Lemma 2. For all x € N, J{(x) is an increasing, concave function of A on R,.

Proof: Consider two systems with A\ < Ay. We will show that %Jj’:(az)h:Al > % 1) | a=rg-
Delaying a proof until later in our argument, we have:

(1) LK@

= B|Tari(en)F (v5(er,) )|
A=A
where Ty, is exponentially distributed with mean 1/a. Now, the instantaneous rate at which a sale
occurs in a system with arrival rate A and x units of inventory on hand is given by AF (7} (z)) =
)\w = aJ(x)p(7}(x)), which is an increasing function of A, since 73 (x) and J5(x) are
increasing functions of A (see Lemma (1)) and p(-) is a non-decreasing function by Assumption
Thus, letting x% be the inventory on hand at time T, in the ith system (for i = 1,2), we must

have that xTa stochastically dominates J:T We consequently have:

d

SAR@)| = E|Tum,@2)F (n3,02)) ]

<E [Ta% (271)F (7@ (CU:/\F;)H
<E [Toﬂril( F (ﬁl(f’f?ri))]

d
= (@)

A=A2

A=A

The first inequality follows from the fact that 73 () is decreasing in z by Lemma [1|and since pF(p)
is decreasing in p for p > p* (the static revenue maximizing price). The second inequality follows
from the fact that 73 (z) is increasing in A by Lemma and since pF(p) is decreasing in p for p > p*.
That pF(p) is decreasing in p for p > p* follows from the fact that %pﬁ(p) = f(p)(1/p(p) — p)
which by Assumption [I]is negative for p > p* and 0 at p = p*.

That J5(z) is increasing in A follows from the positivity of the right hand side in .

We now establish the equality . Consider a system with arrival rate A\. The expected
revenue from this system is equal to the expected revenue from an un-discounted system, where
after a random time T, ~ exp(1/a), no revenues are recorded. This can be seen by simply noting
that the HJB equations for the respective problems are identical and given by
@) 03 (z) = { SUP,>0 A (p)(p + Ji(xz—1) = J(x)) if z > 0

0 otherwise.



In particular,

3) Ji@) = E [ / o) () e — 4

Next, we observe that increasing A to A + § is equivalent to decreasing « to O‘(%ﬂs)' That is,

*,Q _ *70‘(%%)
Iirs() = Jy ()

which is immediate from the HJB equation for a known arrival rate. This in turn is equivalent to

increasing T,, on each sample path to T,,(1 + d/A). In particular, we have:

T (w) = B /O s () (s (00) O+ ) exp(—at)dt‘xo — 4

(1) = 5| [ Boate Pl storem (~ag 3t ) o =]

Ta(146/) )
_E / 75w P (o)) Adi |20 =
0

where the second equality follows by noting that the optimal policy for the system with arrival
rate A + ¢ and discount factor « is identical to that for the system with arrival rate A and discount
factor O‘/\%ré which in turn follows from the fact that the HJB equations for the two systems are
identical. The third equality follows as in .
Now 73 () is a differentiable function of A for all z € N. To see this we note that 773 (z) is given
implicitly by
m3(2) = 1/p(r} (@) + J3 (@) — LosoJ3 (& — 1).

Since p — 1/p(p) is increasing on p > 0 with RT in its range (and therefore invertible on R™)
and differentiable in p (all of which follows from Assumptions [I)) and since J5 () was assumed
differentiable in A (Assumption [2)) we may invoke the Inverse Function Theorem to conclude that
7 (z) is a differentiable function of A on R

Let x} denote the inventory on hand at time ¢ in an optimally controlled system with arrival
rate A+ 9. Let us couple the sales processes in the systems with arrival rate A and A+ § as follows:
assume the prevailing prices in the two systems are p and p’ respectively. If AF'(p) < (A + 6)F(p')
then the system with arrival rate A will witness its next sale no sooner than the system with arrival
rate A + &; the next sale to the system with arrival rate A + & will arrive at rate (A + §)F(p’) and
will constitute a sale in the system with arrival rate A\ with probability AF'(p)/(\ + 6)F(p'). The
situation is reversed if (A 4 0)F(p’) < AF(p). By the continuity of 7} in A, we have 27, — 7, in
probability under this coupling. Then, by the Cauchy-Schwarz inequality,

TS50, ) (55, )|~ BT o, F (s ]| < 250p pF () [ Pr(ay, # or, ) BITZ),

where Pr(-) is the joint measure induced by our coupling. Since sup,, pF(p) < 0o by Assumption



we thus have:

E[Tomiys(@r,) F(miys(n,))] — ElTamiys (2, ) F (734527, )] -0
Again, via the continuity of 7} in A, the dominated convergence theorem yields
E[Tam(2r, ) F(n}(21,))] = E[Tam) s (v, ) F (73 5(27,))] =0

by considering the dominating random variable 27}, sup,, pF(p). Together, the preceding two limits
let us conclude that

BT} (27, F(m3(21,))] — ElTam 527, ) F (73 5(27,))]—0
Together with and this yields:
()

d
dAJ’\( )

A=A

To(1+6/3) ) _
:%E% E/O Ty (@) F (T /\+5(xt)))\dt’x0:x

—dp [ /0 " 3 ee) (5 () VAt = x}

_EUOT" () F (1) )\dt‘xg—x]>/6

i (B[R @) (75,,605))] +00)

+E {Taﬂi(CETQ)F <7T§(xTa))}

_ %E UOT 3 ee) (5 () VAt = x}

A=\

We note that -
E [ / m(g;t)ﬁ(m(a:t))xdt‘xo - a:]
0

is differentiable with respect to my(-). This follows from the differentiability of E[exp(—aTt)]
with respect to  when 7 is distributed as an exponential random variable with parameter 7, and
since F' is differentiable by Assumption

Now,

dciE[/O k() F (i () )\dt‘xo_x} A:X

F
_ XZ <ddA N > (dm [/OT m(xt)ﬁ(m(xt))xdt‘mo - x]

=0

A (X)WX(X)>

where we use fact that since 7['; attains maximum revenue for an arrival rate A = A,

dmd(X)E [/OTa WA(fUt)F(m(:L‘t))th’xO - 4 _0

T (X)=m%(X)




With , this yields equality and the proof. O

B Proofs for Section 4

Lemma 3. Forallz€S,a>0

F")p (=)

() £ () < T () < SEE

where p* is the static revenue mazximizing price.

Proof:  Since J5(z) is concave in A by Lemma |2, Jensen’s inequality gives us that J* /b(m) =
JEn (z) > E[Ji(z)] = J(2). Note that J;(z) is bounded above by the value of a system with
customer arrival rate A but without a finite capacity constraint. The optimal policy in such a

system is simply to charge the static revenue maximizing price, p*, garnering a value of %

yielding J5(z) < W. O

Lemma 4. For all z € S, there is a unique p > 0 such that %u(z) = aJ(z).

Proof: Note that Z®PEE) 4o o continuous, monotone decreasing function of p for p > p* under
L g pforp>p
F

Assumption But since w = J*(z), the result is immediate from Lemma in fact

the unique solution to %u(zz) = a.J(z) must be in [p*, 7%(2)]. O

C Proofs for Section 6

Lemma 5. Let 7 : S — Ry be an arbitrary policy and let 7 : S — Ry be defined according to
7' (x,a,b) = w(x,a,b/a). Then, for all z € S, > 0, J"(2) = J™ X (z,a,ab), and, in particular,
J5(2) = J5Y(z,a, ab).

Proof: Let 2 = (2,4, I;) € S be arbitrary. Restricting attention to the pricing policy 7w, we have
that J™ is given by the unique solution to the HJB equation H™J = 0. That is, J™% uniquely
satisfies

(6) F(n(z,a,b)) <Z (m(z,a,b) + J(x —a,a+1,b) — J(z,a,b)) + %J(z, a, b)) —aJ(z,a,b) =0,

for all z € S, , ; and similarly for J ™1 In particular,

F(m(z,a,b)) <Z (m(z,a,b) + J"x —a,a+1,b) — J"%(z,a,b)) + %J“’a(:c, a, b)) —aJ"Y(z,a,b)
=0,

for all z € Sfcaé and

F(r'(x,a,b)) (Z <7T'(m, a,b) + J" Nz —a,a+1,b) — I (z, a, b)) + %J”/’l(x, a, b)> — J™ (2, a,b)

=0



forall zeS...

:r:,a,oal;' _ _
Now, in order to prove our claim it will suffice to show that J(z) defined according to J(z, a,b) =

J “/’1(35, a, ab) satisfies @ But, identifying the change of variables b’ = ab, we have:

_ / ! d /
F(n(z,a,b)) <Z (7r(:v, a,b) + J" YNz —a,a+ 1,ab) — J" 1 (z, q, ab)) + %J“ Lz, a, ab))

= / / d ’
= F(n(z,a,V /a)) (CZ,I (77(3:, a,t /o) + TNz —a,a+1,0) — Tz, a, b’)) + %J” 1z, a, b’))

= / ’ d !
=« <F(7T’(a:, a,b')) <; (W’(x, a, )+ J" Nz —a,a+1,0) — Tz, a, ab)) + @J” 1(z, a, b/))>

This suffices for the proof. |
Lemma 6. Let J € J satisfy J(0,a,b) = 0. Let 7 =inf{t : J(2;) = 0}. Let 20 € S; ;5. Then,
E [/OT eatH”J(zt)dt} = J"(20) — J(20)
Let J : N — R be bounded and satisfy J(0) = 0. Let 7 = inf{t : J(z;) = 0}. Let o € N. Then,
E [/OT eatH;rJ(xt)dt] = JX(zo) — J(z0)
Proof: Define for J € J, and 7 € I,

ATI’,ZJ(Z) — t>loi7t1,n_)0 e @ Ez,Tr[J(:<t))] B ‘](Z) .

Further, define
H™J(z) = F(ﬂ(z))%w(z) + AL J(2)

Lemma [E.5| verifies that this definition is in agreement with our previous definition provided J € J.
Let 7 be a stopping time of the filtration o(2!) (where 2! = {2 : 0 <# < t}). We then have:

E [ /0 ’ e‘atH”J(zt)dt] —E [ /0 "ot <F(7r(zt))zt7r(zt) + AmJ(zt)> dt]

= JW(ZO) + B, [670”&](2’7)] — J(Z())
= J"(20) — J(20)

The second equality follows from the fact that

E [ /0 ' e_o‘tAmZJ(zt)dt} = B [ I(21)] - I (z0)



which is Dynkin’s formula for Markov processes (see II1.10 in Rogers and Williams| (2000))). The
third equality follows by the definition of 7 and the assumption that J(0,a,b) = 0. The proof of
the second assertion is identical. O

Lemma 7. If A < p, J;\r"l () = (A\/p)J;(z) for all x € N.

Proof: Letting 7 = inf{t : ny = 2o} as usual, we have

B [ /O "ot J;;(xt)dt] "y [ /0 " eotq — A/u)aj;;(mt)dt]
< B [ /0 " emot(1 - )\/M)aJZ(a:O)dt]

< (1= A/p)d (o)

where the inequality follows from the fact that J/j(:n) is decreasing in x and since A < p here. So,
from Lemma [0, we immediately have:

Jy(wo) = JT" (w0) < (1= A/ )T (o)
which is the result. u
Lemma 8. If A\ > p, Jf\rnl (z) > J;(x) for all x € N.
Proof: Here,
-E { /0 ' e HT" T (x(1)dt| <0
so the result follows immediately from Lemma [6] O
Corollary 1. For all z € S, and exponential reservation price distributions with parameter r:

1 Tab(2)
1+ log k(a) = m*(z) —

For all z € S, and logit reservation price distributions with parameter r:

1.27 < Tab(2) <1
1.27 +logk(a) = w*(z) —

Proof: The decay balancing equation for exponential reservation prices yields:

de(z) . be*qaj(z)

7*(z)  rlog be%}‘*(z)

rlog

ra
IOg be—1J(2)

1o rar(a)

& be—1J(2)




where the first inequality follows from Theorem 1 and the second inequality follows from the fact
that by Lemma [3| J(z) < ¢r. That map(2) < 7*(2) is immediate from the decay balance equation
and the fact that J (z) > J*(z). The proof of the bound for logit reservation prices is identical; we
employ the fact that for logit reservation prices, F(p*)p* = e~ 1?7r, so that j(z) < %re*0'27. O

Lemma 9. For all z € S, and reservation price distributions satisfying Assumptions 1 and 2,
J(2) > J*(2)
Proof: Define the operator:

(HUbJ)(z) = F(rgp(2)) <Z (77*(2’) + J(Z) — J(Z)) + c(lil)J(Z)> — e_lJ(z).

Analogous to the proof of Theorem one may verify that J" is the unique bounded solution to
(H"J)(z) =0 for all z € S, . ; satisfying J"?(0,a,b) = 0. Identically to the proof of Lemma|§|7 we
can then show for J € J satisfying J(0,a,b) =0, and 2z € S;  ; that

(7) E [ /0 ’ e“tH“bJ(zt)dt} = J"(29) — J(20)

Now, observe that for = > 0,

(H™J*)(2)
= F(mgp(2)) (Z (71'*(2) + J* () — J*(z)) + CZ)J*(z)) — e_lj*(z)
> F(r*(2)) <Z (7" (2) + J*(2') — J*(2)) + Z)J*(z)) —e 1 J*(2)
=0
where for the inequality, we use the fact that
R(2) 4 () = T 4 T (2) = 1l (2)) 2 0

and that mqp(2) < 7*(2) from Corollary (1l The equality is simply the HJB equation. We conse-

quently have
HubJ*(z) >0 VzeS

%,d,b

so that applied to J* immediately gives:
JW(z,a,b) > J*(x,a,b)

a

Lemma 10. Let 7 : S — Ry be an arbitrary policy and let 7' : S — R be defined according to
7'(z) = (1/r)w(z). Then, for all z € S, > 0,7 > 0, J""(2) = rJ™*Y(2) and, in particular,
JHT(2) = rJo0Ll(2).



Proof: Consider the following coupling of the r system starting at state z = (z,a,b), and of the 1
system starting at state z. The first system is controlled by the price function 7(-) while the second
is controlled by the price function 7/(-) = (1/7)m(-). Consider the evolution of both systems under
a sample path with arrivals at {¢;} and a corresponding binary valued sequence {v} indicating
whether or not the consumer chose to make a purchase. Let E[-] be a joint expectation over
{ti,Yr; k < x} assuming {tx} are the points of a Poisson(\) process where A\ ~ I'(a,b), and ¢ is a
Bernoulli random variable with parameter exp(—n(t, )/r) = exp(—n'(t,)). We then have:

T (2) = B

> wm(ty) eXP(Oé(tk))]
k=1

=rFE

> (8 eXP(—Oé(tk))]

k=1
= g7l (2)

The result follows. O

Lemma 11. For all z € S,
J*(Z|7') < e—e*lT (e—(n*_ﬂdb) |:7T* + J*(l‘ _ 1761 + ngb)] + (1 _ 6_(7r*_7rdb))<]*(fl),a + 1,bgb)>

where ™ = 7 (z,a,b’) and wqy, = wap(z, a, bIP).

Proof: Since 7*(-) > map(-), and further since map(-) is decreasing in b [} we must have that
m; > map; on t < 7. Thus, by our coupling we must have that nj < ngb ont < 7;ni=1with
probability e~ (" ~7an) and nt = 0 with the remaining probability. Moreover, conditioned on 7 and
nk, A is distributed as a Gamma random variable with shape parameter a + 1 and scale parameter
pb.

We thus have
J*(z|T)

-F [ / e T () NF(r* (2))dt |7, 28 = z]
t=0

— e T (T —Tap) o* 4 e (T man) [/oo
t

=T

e*e”tﬂ*(z;)ﬁ(n*(zz‘))dt(r, =z —1z=2

+ (1 —e TR {/ e_eiltw*(zf))\F(w*(zZ‘))dt T, Th =T,25 = z]
t=1

!This follows easily from the fact that for any positive constant k, X/k is distributed as a Gamma random variable
with parameters (a, bk) if X is distributed as a Gamma random variable with parameters (a, b).



But by our observation on the posterior statistics of A given 7 and nZ,

T,.Q?:—.’L'—I,ZS—Z]

E [ /jo e Mt (PNF(r (o)) dt

< sup E [/ e_eiltm)\F(wt)dt
t

=T

T rr=x—1,25 = z}
= e_e_lTJ*(x —1,a+1,b%)

and similarly

E [ /t B e T () AF (1% (27))dt

T, Xy =T, 2 :z]

o0
< sup E [/ efe_ltm)\F(ﬂt)dt T, XE = T,25 = z}
1
=e ¢ "J(z,a+1,b%)
This yields the result. u
Lemma 12. Forxz > 1,a > 1,b >0, J*(z,a,b) < 2.05J*(x — 1, a,b).

Proof: We establish this result for the case where o = e~!. This is without loss since by Lemma
we know that for allz > 1,a > 1,0 > 0, J*%*(z,a,b) < 2.05J%%(x—1,a,b) < J*’efl(x,a,ab/e_l) <
2.05J%¢ " (z — 1,a,ab/e™Y).

Let 71 = inf{t : n*(t) = x — 1}, and define

J*;Tl (Z) — Ez’ﬂ_*

Now,
(8) JH(2) = J*(2) + E [e—e*lﬂ J(La+a—1, bﬁ)}

We will show that E |e=¢ ™ J*(1,a + 2 — 1, bﬁ)} < 1.05J*(x—1,a,b). Since we know by definition
that J*(z — 1,a,b) > J*™(z), the result will then follow immediately from (8.
To show E [efe_lﬁJ*(l,a—i—m - 1,bn)] < 1.05J*(x — 1,a,b), we will first establish a lower
bound on
m™(2,a+x—2,b;)/J (L,a+x—1,by).

Leta+z—2=k,a+x—1=k. Certainly, ¥ < 2k since a > 1. Now,

7(2,k,b) =1 +logk/b—log J*(2,k,b) > 1+ logk/b—log J; ,,(2)

and J*(1,k",b) < J*(1,2k,b) < J;k/b(l) so that
(2, k, b) - 1+ logk/b—log J,:/b(Q)
J*(1,K',b) — J;‘k/b(l)

10



But,

1+ logy — log J;;(2) 1+ logy — log W (ye" @)

inf = inf > 0.96
v (0,00) J3,(1) v (0,00) W (2y)
recalling the expression for J(x) from Section 3.1.
so that .
™(2,a+x—2,b) > 0.96
J(l,a+x—1,byy) =
It follows that
J*(x—1,a,b) > J"(2)
> E[e*“flﬁﬂ*(Q, a+x—2,b.)]
>0.96 Ele™® "J*(1,a+z — 1,by,)]
Substituting in , we have the result. O

A Remark on the Proof of Lemma 12.

The infimum in Lemma [12]is computed as follows. We first observe that

1+ logy — log W (ye"V®)) S 1+ logy — log 2W (y)
W (2y) - W(2y)

Some simple algebra establishes that

1 +logy —log2W(y) 1—log2+ W(y) S 1 —log2+ W(y) 51
W(2y) W(2y) - 2W (y) B

for y < 0.1 using the fact that W (-) is concave increasing and W (0.1) < 0.092. In addition, using
the fact that W (z)/W (2z) is increasing in = and by evaluating W (2 x 10%)/W (4 x 108) > 0.961,

we can conclude that
1—1log2+ W(y) < 1—1log2+ W(y)

W (2y) — 1.041W(y)

> 0.961

_ W (y)
for y > 2 x 108. It is then straightforward to numerically minimize Ltlogy ;;%2%(3/6 “) over the

compact interval [0.1,2 x 10%] to any finite precision since it is Lipschitz over that interval.

D Auxiliary Results for Section 6

In what follows we derive an approximation bound for decay balancing prices when reservation
prices satisfy the following assumption in addition to Assumption

Assumption 3.

1. % s a differentiable, convex function of p with support R .
2. There exists a unique static revenue mazximizing price p* > 0 with d%% > 1/F(p*)p*2.
p=p~

11



Corollary D.1. For all z € S, and reservation price distributions satisfying Assumptions[1] and[3

Tap(2)
m*(2)

1

r(a)

<

<1

F(p*)p*p(r*(2)) _ F(p*)p*a

TGy - Tema = Let

Proof: Recall that the decay balance equation implies that

. Fprwa o ‘o -
7= T e Lemmalmphes that »* > 7 > 1.

Define a function g : [p*, 7*(2)] — [1,r*] according to g(p) = %. Observe that g(p*) =
1,9(7*(z)) = r* and further by Assumptions |1] and |3} g(-) is an increasing convex function of p

n [p*, 7*(z)] with range [1,7*]. It follows that the inverse function g~! is a concave increasing

function on [1,r*] with range [p*, 7*(2)].

1 -1

Now we have that 79°(z) = g7 () = p* + dbL(r —1) and by the concavity of g~*, we have

*

G
“1(7)—g~! * ~ * T (2 *
T(2) = gL () < g7U(F) + DD (g iy = pr oy TG (),

r—

Consequently,

de(z) > p*+ %(f — 1)
7T*<z) - p*+ Tdb (2)—p* e — 1)
1

( @@‘p—p*)
p* + (w(@)F = 1)/ (F(p)p* g 42

‘pp)

where the second inequality follows from Theorem 1. The third inequality follows from the fact
that by Assumption — =L > g/ (p)|pep = F(p )p*(z)l‘;(p)

7ap(2)—p

from part 2 of Assumption F(p* )p*j; l/j“((p)) ’p e 2 > 1/p*. That de(( )) < 1 is immediate from the

fact that J*(z) < J(2). O
Armed with this result, we can derive a performance bound analogous to Theorem 2, but for

|p - The final inequality follows

general reservation price distributions:

Theorem D.1. For all z € S, and reservation price distributions satisfying Assumptions[1] and[3},

1 J7db (z)
k(a) = J*(z)

<1

E Existence and Uniqueness of solutions to the HJB equation

Our analysis thus far has been predicated on using the HJB equation to characterize the optimal
value function J*. This section makes this argument rigorous for the case of a Gamma prior (which
is the focus of our analysis). In particular, we establish the following theorems for this special case:

Theorem E.1. The value function J* is the unique solution in J to HJ = 0.

12



Theorem E.2. A policy m € 11 is optimal if and only if H™J* = 0.

Our proofs to both Theorems [E:I] and [E:2] will rely on showing the existence of a bounded
solution to the HJB Equation (HJ)(z) = 0 for z € §; ;3. We restrict attention to exponential
reservation prices (which are the primary focus of our analysis). All of the arguments that follow
are easily extended to the case of general reservation prices satisfying Assumption [I], but doing so

is notationally quite cumbersome.

E.1 Existence of Solutions to the HJB Equation

We will demonstrate the existence of a solution to the HJB Equation wherein price is restricted to
some bounded interval. We will later show that the solution obtained is in fact a solution to the
original HJB Equation. Throughout, this section, we will let r denote the mean of the reservation
price.

Define B = r +
bounded by B, and define the Dynamic programming operator

acx

S

(1 + e !(a+7) + 671f+5j)). Let IIp be the set of admissible price functions

(HPJ)(2) = sup (H"J)(z)

TFEHB

We will first illustrate the existence of a bounded solution to the HJB Equation:

(9) (HPJ)(z) =0
for z € S; ;5

For some arbitrary N > b we first obtain a solution on the compact set SN = {(a: a, b) eS:
z+a=%+a;b<b< N} with the boundary conditions J(z,a, N) = 0 and J(O a,b) =

Lemma E.1. @ has a unique bounded solution on S;;Vaé satisfying J(x,a, N) =0 and J(0,a,b) =
0. B

The proof is analogous to that of Theorem VII.T3 in Bremaud (1981); upon setting J(0,a,b) =
0, @D can be interpreted as an initial value problem of the form J = f(J,b) with J(N) =0, in the
space R?™! equipped with the max-norm.
The following two Lemma’s construct a solution to @[) on S, .7 using solutions constructed on
N
S&:,a,l}'
Lemma E.2. Let JV be the unique solution to (9) on S{\[ iy with J(z,a, N) =0 and J(0,a,b) = 0.
Moreover, let JN' be the unique solution to @ on SN for some N' > N with J(xz,a, N') =0 and

b
J(0,a,b) = 0. Then, for (z,a,b) € Séva 5

a+

|IN (2, a,b) — IV (2, a,0)| < r exp(—a(N — b))

—1/= ~
Moreover, JN (z,a,b) < %

13



Proof: Define 7y = inf{t : n, = z} Ainf{t : by = N}. Similarly, define 7y:. Let 7%V (),
defined on Séval; be the greedy price with respect to JV. Finally, define the ‘revenue’ function

*, N ate_“?N/Tﬂ'*’N . . .
Ty = We then have, via an application of Lemma

N
JN(m’ @, b) = EZJT*’N |:/ eat,r_:,th:| + Ezﬂr*vN [eiaTN JN('TTN’CLTN’ bTN)]
0

TN N
=E, zoN {/ ey dt]
0

Note that this immediately yields:

re~(a+ 1)

JN(x,a,b) < J*(x,a,b) < J;/b(a:) < "

Now, for an arbitrary = € II®, and the corresponding revenue function r, we have (again, via
Lemma@

, TN/ ’
JN(z,a,b) > E. . [/0 e_atrtdt] +E,x [e_O‘TN’ JN (:L‘TN,,aTN,,bTN,)]

TN/
=FE. [/ eatrtdt]
0

In particular, using the price function m = 7% for b < N and 0 otherwise, yields,
N’ ™ _at, %N _ JN
(10) JV (2,a,0) > B, pen e Yrpndt| = JV (z,a,b)
0
The same argument, applied to JV, with the price function 7*%', yields
TN N’
E, {/0 e Oy dt] < JN(z,a,b)

Finally, noting that on {7n+ > 7n}, T°v > N — b, we have

TN/ , ~
E, o [/ ety dt] <rZ —g ° exp(—a(N —b))
TN

Adding the two preceding inequalities, yields

JN'(z,a,b) _Ta—ig—x exp(—a(N — b)) < JV(z,a,b).

Since JN' (z,a,b) > JN(x,a,b) by (10), the result follows.

This yields as a corollary the following result:

N

Lemma E.3. limy .o JV exists on S; ;;, is bounded, and solves system @

Proof: From Lemma we have limpy_,o JN(:c, a,b) exists and is bounded for all (z,a,b) € S.

14



We posit that this limit is a solution to system @ First note that by the continuity of

fw.a, 70) = int Pl (@,a) = Tp+ 3 (e = La+1) = J(z,0)]
in J, we have:

li Nob) = lim JY

i f(z,a,J7,b) = f(x,a, Jim JN,b)

— 00

for each x,a,b. It remains for us to show that

N N
lim lim J¥(z,a,b+6) — JV(x,a,b)
6—0 N—oo 1)

exists and equals limpy_.o, dJV (z, a, b)/db. Note however by the Mean Value Theorem that
IN(x,a,b+06) — JN(x,a,b)/6 = dJN (2,a,b)/db+ Ry

where

Ry| < sup  dJN(z,a,y)/dyly—y — inf dIN(z,a,y)/dyl,—y

b E[b,b+0] v e[b,b+9)
= sup f(z,a, JN(a:, a,b'),t')— inf f(z,a, JN(:c, a,b'),v)
b E[b,b+d] v €[b,b+9)]

But JY(z,a,b) converges uniformly to its limit on [b,b + §] by Lemma and f is uniformly
continuous on [b, b+ J] being a continuous function restricted to a compact set, so that

limsup |[Ry| < sup  f(z,a,J"(x,a,V),0)— inf f(x,a,J*(z,a,b),b)
N b e[b,bt-6] b e[b,b+-6]

Finally, by the continuity of J* in b,
lim limsup |[Ry| =0
6—0 N

Similarly,

lim lim inf =
lim lim in |[Ry| =0

This completes the proof. O
The previous Lemma constructs a bounded solution to @ We now show that this solution is
in fact a solution to the original HJB Equation (H.J)(z) =0 for z € S ;.

Lemma E.4. Let J be a bounded solution to (©). Then, J is a solution to (HJ)(z) = 0 for
A S:E ab

Proof: We show the claim by demonstrating that the greedy price (in 1) with respect to J is
in fact attained in [0, B). We begin by proving a bound on such a greedy price. Let 7° € TIZ be

~ —wb/'r‘ b
the greedy price with respect to J, and 7 = inf{t : Ny = x¢}. Letting 7, = %, we have, via

15



Lemma [0}

j(Z) e EZ b |:/ e—atftdt:| + Ez’ﬂ—b [e_aTj(ZT):|
0
-
= I, b |:/ €at7:tdt:|
’ 0
< J(2)
< re_l(d:i- z)
ab
Now let J? be the solution to @D when the discount factor is (148 /b). Let 7°° be the corresponding
—Wb’(s/'r b,s ~
greedy price and ff = atetbitﬂt. We then have from Lemma [6{and using the fact that J(x,a,b+

8) = Jo(z, a,b),

7_5
J(x,a,b+0) = E, s [/ e_o‘(H‘s/b)thdt]
0

> F. [/T ea(1+6/b)t7;tdt:|
0

It follows that

j(Z) o j(f]f, a, b 4 5) S EZer |:/ (efoét _ ea(1+6/b)t)ftdt:|
0

- b
so that p 1 )

~ rae (a+x

)2 Ty e
Putting the two bounds together yields
- ~ bd - Ya+z “a+ 1
(11) Je-tlat1,b)—Jz)+ 2Ly > _re@td) re(atd)
db ab abo

n
p= (r—j(ac—l,a—i—l,b)—i—j(z) — bdj(z))

which by is in [0, B), so that we have that .J is, in fact, a solution to (H.J)(z) = 0 for z € S, ;.
O

E.2 Proofs for Theorems E.1 and E.2
Lemma E.5. For J € J, and w € 11, let

Ar o J(2) = i e B, A[J (j(t))] —J(z)
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We have:

Proof: Asin Theorem T1 in Section VII.2 of Bremaud| (1981), one may show for J € 7, and an
arbitrary zo € S; - 7,

t
Te) =)+ [ [ E () 4 T~ L+ 10 — ()| e s
0 LGs dbs bs

t
+/ [J(zs- —1,a- +1,b,-) — J(25-)] (ANs — %e—ps/rds)
0

S

It is not hard to show that that Ny — ‘g—:e_ps/r is a zero-mean o(z°, p®) martingale, so that we may

conclude
e_o‘tE[J(zt)] — J(20) =

“lbs d s
e—atE |:/ |:ade<Zs) —+ J(ms — 1, Qg =+ 1, bs) — J(Zs):| Ze_pS/T’dS:| + (e_at _ 1)J(ZO)
0 s S s

Dividing by ¢ and taking a limit as t—0 yields, via bounded convergence, the result. a

Lemma E.6. (Verification Lemma) If there exists a solution, JeJ to
(HJ)(z) =0

for all z € S;i,a,fﬂ we have:

1. J() = J*()
2. Let () be the greedy policy with respect to J. Then 7*(-) is an optimal policy.

Proof:
Let m € II be arbitrary. By Lemma [6]

J™(20) — J(z0) =F [ /O " O T J(2)ds

<0

(12)

with equality for 7*(-), since H™ J(2) = (HJ)(2) =0 for all z € S, ;. ]
Now we have shown the existence of a bounded solution, J to (HJ)(z) = 0 on S, . ; in the
previous section, so that the first conclusion of the Verification Lemma gives

Theorem D.1. The value function J* is the unique solution in J to HJ = 0.
The second conclusion and in the Verification Lemma give

Theorem D.2. A policy m € 11 is optimal if and only if H™J* = 0.
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