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1 A Model with Multiple Dividend Payment

In the model of Du and Zhu (2016), we have assumed that the asset pays a single liquidating
dividend at an exponentially-distributed time. In this section we consider a more general
multi-dividend model. We derive a linear equilibrium and show that our conclusions of
optimal trading frequency in the single-dividend model generalizes to this multi-dividend
model. That is, under scheduled information arrivals, the trading frequency is never higher
than information arrival frequency. But for stochastic information arrivals, the optimal

trading frequency can far exceed the information arrival frequency.

1.1 Model setup

The multi-dividend model is specified as follows.

1. Dividends are paid at times 77,73, 73, . . ., which follow a (homogeneous) Poisson pro-

cess with intensity r > 0. We set Ty = 0.

2. Before the K-th dividend is paid, shocks to dividends come at news times Tko, T'x.1, Tk 2, - - .-

We assume Tk o = Tx—1 and either:

(a) Tk — Ti—1 = kv for a deterministic constant v (scheduled arrivals of news); or

(b) {Tkr—Tk-1}r>11s a Poisson process with intensity u (stochastic arrivals of news).
At time Tko = Tx-1 and immediately after the (K — 1)-th dividend is paid, the
dividend and private values are “renewed:”

DTK,O ~ N(O’ U%)v Wi Tk ™ N(O, 0-121;) (1)

Subsequently at time Tk, k& > 1, the common dividend and the private values are

shocked according to:
‘DTK,k - DTK,kﬂ ~ N(07 UZD)? Wry, — Wk g ™ N(07 0121)) (2)

Trader 7 observes his private values and receives signals 5; on the dividend shocks:

7TK,/€
SivTK,k = DTK,k - DTK,k—l + €, Tr 1> where €T p ™ N(Ov 0-?) (3)
If Tk po is the last news time before the dividend is paid (Tk < Tk and Tk 41 > Tk),

then each trader ¢ receives v; 7, ,, = D, ,, + w;r, ,, per each unit of his asset at time

Tk -



3. Before the K-th dividend is paid, traders trade at time Ty _1, Tx—1+ A, Tr_1+2A, ...
If the K-th dividend is not yet paid at the t-th double auction (Tx > Tx_1 + tA),
then let z; 75, ,++a be trader ¢’s inventory before trading in the ¢-th double auction; his

post-trading inventory is

. *
ZiTie 1 +(t+1)A = Zi T 1 +tA T Ty 7 A (4)

If the t-th double auction is the last one before the K-th dividend is paid (Tx_1+tA <
T < Tx-1+ (t + 1)A), then 2i T = ZiTi—1+(t+1)A-

Here the trading time starts at the dividend time 7 _1, instead of the next integer
multiple of A. This assumption is made for analytical simplicity but is not critical
for our results. Integer trading time can be incorporated by adding a discount factor
e A —HDA=T) i front of E[Vio(ziza + xipa)] in Equation (5).

Traders have discount rate 5 > 0. A time discount is necessary for a model with infinitely
many dividends. Trader i’s conditional utility at time tA is (without loss of generality,
suppose T; > tA):

Vi,tA(Zi,tA) = (5)
oo (' —t+1)A

ElY. / re e (v (ziea + Tpa) + ElVio(zva + 2hpa)]) dr
=t T:(tl—t)A

(t'—t+1)A T ) t'—t+1)A A
— / re”"" / e P dsdr + e "W HDA / e P ds | Z(zipa + 2t pn)?
F=(t—t)A s=(t'—t)A s=(t'—t)A 2 ’

- €(T+5)(tlt)Ax;t'Ap;A> ‘Hi,tA] .

In the first term of the above equation we integrate over the payment time of the next
dividend. If this dividend is paid in the interval [t’A, (¢ +1)A), then trader i has an expected
continuation value of E[V; o(2;va+2] 14)], i.€., he “goes back” to time 0 with initial inventory
Zipa + ;o and renewed realizations of dividend and private values. In the second term we
integrate the discounted expected time during period ¢ when the dividend is yet to be paid.
The third term is the expected payment during period t'.



By simplifying the integrals, we can rewrite the conditional utility as:

‘/i,tA(Zi,tA) = (6)
0o - . r(1 — e~ (r+B)A .
E Z e (r+B8)(t'—t)A ( ( o 6 (Ui,t’A<Zi,t’A —+ xi,t’A) -+ E[%,O(Zi,t’A + xzt’A)])
t'=t
1 — e (rHAA ) i} .
o r+ 3 §<Zi,t’A + xi,t’A)2 — Ty p APy A Hin|.

Note that the term E[V; o(z;¢a + Zira)] in the above expression is the expectation over the
new signals and new dividend, conditional on the inventory z; ya + z;ya. At the moment
that the pending dividend is paid, signals regarding that dividend expire and new signals of

the new dividend are yet to arrive.

1.2 Derivation of equilibrium strategy

For any K, traders face the same decision problem at time Tx +tA as they do at time tA, so
it is natural that they use a strategy that is independent of Tx. Without loss of generality,
let us focus on K = 0, i.e., before the payment of the first dividend. To reduce algebra
clutter, in this model we assume the total inventory Z = 0 to eliminate constant terms. For
derivatives market, Z = 0 by definition.

Suppose that traders use the linear strategy:

Titn(p) = as;in — bp + dzia, (7)

where s;;a is the total signal as defined in the main text.

Since the continuation value at tA now contains a term E[V; o(2;ra + T3y A)], we will first
calculate its derivative with respect to z; 9. Since E[V; o(2;¢a + 27y A)] is the expectation over
the new signals and dividend, we take the expectation of (6) to pin down this derivative.

Given the simplifying assumption Z = 0, we have E[Dia + w;sa | zio] = 0, E[pfa | zi0] =



0, gim =0, and E[z;4a | 2i0] = (1 + d)*2;0. Therefore,

8E[%0 Zzo . i —(r+8) tAT 1 e (T+B)A)<1 _'_d)tJrlaE[V;’O(Zi’(t""l)A)]
Oz r+ 3 0z (t+1)A
o~ (rHB)A 1 —e (04

(1 + d)tJrl)\Zi’(H_l)A)

Zi,()]

r+ 0
=E i 6*(r+ﬁ)mr(1 —e ") (14 d)ttt OEVio(zsena) Zi0
t=0 r+ 5 0% (t+1)A i
_e—(rp)A
%( +d) Az (8)
11— e AA(1 4 d)2
We conjecture

= hz 9
8zi,0 #i0 ( )

for some constant h. Substituting this expression back to (8), we get

1—e—(r+B)A

h = r+3 (1 + d)2
1 — e (A1 4 d)2

(rh — \), (10)

ie.,

_ (1 —e %) +d)?
G )y P e NG W (11)

Suppose 0 < 1 +d < 1 (which we verify later), then (8) defines a contraction mapping, so
OE[Vi0(2i,0)]
87;1-,0

Suppose tA < 7;. Under the single deviation principal, trader i’s first order condition at
time tA is:

the above solution of is the unique fixed point for Equation (8).

E|(n— 1)b<# kf: e~ TTRARA(] 4 g)* (rvi,(tJrk)A + (rh — N) (2, (40)a + x;(t%)A))
0
— Pia — f: e IR (1 d)k_ldpzkt—l-k)A) — Tiga | Hiza U {Zj;«éisj,tA}] =0, (12)
k=1
where
Zit+h)A T T ema = 0Si(t+k)a = WPprya T (14 d)zi@ima (13)

= (asi (t+k)a — bP(rrya) + (1 + d)(as; (k-1 — bP(4r-1)a)
+ o+ (T4 d) (asirna — bp(ir1ya) + (1 + A) (2540 + Zin),



* _ a -
Pia = — ]Zl SjtA- (14)

Using the notation s;a = >, i<n SitA /n, the first order condition can be rewritten as:

(n —1)b(1 — e~ "tA2)

1 T _’_1—062 a
. as; S; — =3
1—e A1 +d) \r+p AT A botA

J#i
N —(r 1 1+ d)* B
e~ (r+h) kA<1 + d) <—d ( _d) ) (l(Sz’,tA — StA)
rh — \
T ar 1 p) e T Z“A)] ~ Tiga =0, (15)

where we have used the the identity:

e—(r+B)A g 1 — e~ (r+AA
1—(1+d)e A8~ T (1+d)e A

1 + Zef(rJr,B)kA(l + d)kfld -1 +

k=1

(16)

Rearranging the terms gives:

(n —1)b(1 — e~ T+AAY (X — rh)
(1 T A e A AR 1 ) ) Tiga 17)

=(n—1)b(1 — e~ "+AA)

1 r na-—1 N r n—na a
1—e A1 4+d) \r+8 n—1 SitA 7’—|—ﬁ—n—18m bsm
— (A —rhe” (rB)8 (1+d) a(Sitn — Sin)
(T+B)(1—(1+d) —(r+8)A )(1_(1+d) —(r+B8)A ) 1,tA tA
_ A—rh N
(1_6—(T+B)A(1+d)2)(7,+5) i tA | -

On the other hand, our conjectured strategy implies:
Titn = a(Sitn — Sta) + dZisn. (18)

Matching the coefficients of s;;a, 5;1a and z;;a in (17) with those in (18) gives:

r
a = mb, (19)



(n — 1)b(1 — e~ A2 (X = rh)

M eI Y 1 )
(1= e ™) (na — 1) (n— 1)b(1 — e TR e=(+HA(] 4 ) (X — rh) 50
I e T T R ey g e vy ey e ez oy R GY)
(n—1b(1 —e YN =rh)\ ;  (n—1)b(1 —e "IN —rh)
(1 T AP dR)(r + B) ) N e LY SRR 5 ey S

Solving these equations gives:

1
d= =g (e = D= 092 20002 fina a1 = ey 4e—<r+ﬁ>A) |
(22)
__ (a-1e+p) o
2(n —1)e=+AA(X —rh)
. ((na —1)(1 - ef(rJrﬁ)A) + Qe (rtAA _ \/(na —1)2(1 — e (+8)A)2 4 46(T+B)A> )
Direct computations show that d satisfies:
(1—e 21 +d)?  1+d 24)
1 —e A1 +d)2  na—1 (
Therefore, (10) becomes:
14+d
h = h—\ 25
o+ Y 29
SO \
h = (na—1)(r+8) _ " (26)
1+d
and
A
)\—rhzl_ T (27)
(na—1)(r+8)
Proposition 1. Suppose that na > 2, which is equivalent to
1 n— 20y,
< —. 28
n/2+ o?/o% n o (28)



There exists a perfect Bayesian equilibrium in which at time T + tA, trader ¢ submits the

demand schedule

r (A —rh)(n — 1) )

. — b —/——g, —p— ‘ 2

where

(na — 1)(r 4+ 5)
2(n —1)e=+HA(X —rh)

. ((na — 1)(1 — e_(r""B)A) _I_ 26_(T+B)A — \/(na — 1)2<1 — 6_(T+5)A)2 —l— 46_(T+5)A) s

b=

(30)

1 —\r —\r —(r —(r
d= Qo peyy ((na —1)(1 — e HARY 2= (A _ \/(na —1)2(1 — e~ (r48)A)2 4 e ( +5)A> ,
(31)
-
h = Tants . (32)
1+d
The period-t equilibrium price is
Pin = L Zn: SitA- (33)
(r+pBmn <=

1.3 Optimal trading frequency

Let 27;o be the equilibrium inventory of trader ¢ at time tA. The equilibrium welfare

conditional on the initial inventory is the fixed point W (-) that solves:

W({zio}) =E Z L el Zvi,mzi,(tﬂm + W {2 41)at)

t=0 T B i=1

{2 0}] (34)

We first recall that

t

Zi(+1)A = Z(l +d) " a(sipa — 5va) + (1+d) 2. (35)

t'=0

Because z; ;)5 i squared in (34) and > 77" Efvia2;,)a | {2i0}] depends only on



Sor(zi0)* as Y i zio = 0, we conjecture that

n

W({zio}) = L1 Y (2i0)” + Lo, (36)

i=1

for constants L; and Ls.

Substituting this conjecture into (34) and matching the coefficients, we get:

L, = iﬂe—(r—h@)ﬂ rly (1—|—d) (t+1) A(l—i—d) (t+1) (37)
! — r+p 2
1—e ) (1 + d)? A 1+d A
_ (-1 +d) rLy—2) = T rLi— 2, (38)
e r na—1)(r
(1 — e D21 +d)?)(r + ) 2) | 1)(r+5) 2
ie.,
—\/2
Li=h/2= e : (39)
1+d -r
P 1 — e (rthA riB)A n . u " 9 2(t41) 2
L, =E Z Y r Z VitaZ (111)a T L1 Z((Zi,(t-i-l)A) —(1+4d) (2i0)7) + 1Ly
t=0 i=1 i=1
D) Z na)” — (1+ d)2(t+1)(2zp0)2)> {Zi,o}] ’
(40)
ie.,
r+B | e=1—e Ar - A—rh
Ly = 3 E|Y° i ¢ A > " w42 yya — 5 (27 ryya)? | [{zi0}
=0 i=1 i=1
r+ 2 1+d A —rh — )
+ > (z0)". (41)
B (ha=1)(r+p8) 2 <4
Define
r(na —1) 1<
co= i — — - 42
T =) (n—1) (S’ n;‘%) (42)
Under this definition, we have:
ZZ(t—i—l)A - ZfitA =1+ d)(ZZtA - ZztA)' (43)



Thus,

n

e o i A —1h <
E Z(l —e (+B)A>6 (r+8)tA (Z V; tAZ (1A T o Z( (t+1)A ) )

t=0 i=1 i=1

—(r —(r - e A—rh .
(1 — e +5)A)€ (r+8)tA (Z VitAZi 1A — o Z( ztA) >

i=1 i=1

{z, 0}] (44)

8

{Zl 0}]

H—

- —(r r A—rh e *
Z e R e +6)m7('zi,m - zi,(t+1)A)2
t=

{Zi,o}]

- o Creguad — Th &
D (1—e %) (+5)m7 > )

t=0 i=1

A—rh 1+d
—(r+B)AY —(r+Bpa N — Th
Z 2 na—1 Z< ”A)

=0 =1

{2, 0}]

. O}] —rh nloz +_d1 Z (zi,0)2> |

where the first equality follows from Lemma 1 of Du and Zhu (2016), and the second equality
follows from Lemma 2 of Du and Zhu (2016) and from

& l-« . A—rh = l-a A—rh .
Z (ozsi,m + D Z 5j,tA> Zith — T( ztA)2 = Z (asi,tA + 1 Z Sjta — T%,m) ZitA

Lt J#i i=1 i
—\n“
1= ]:1
Therefore,
L = T‘-‘rﬁ —(’I"-i—ﬁ)tA E e 2 45
? 23 ( no — 1) tz: ; [(25a)7]; (45)

and (using Equation (27))

W({z10}) = g () (46)

1+d i=1

A (28) 1+d Y\ « —(rB)AN — (r+B)A
+1— (1+d)r S na—1 tz ZE Zun)

(na—=1)(r+p)

1.3.1 Scheduled arrivals of information

Suppose that new information arrives at time 0, , 27, .... For simplicity of notation, we use

the shorthand W for E[W ({z;0})]. We also write W(A) to emphasize the dependence of W

10



on A.

Proposition 2. For any integer | > 1, we have W (/1) < W (7). If the traders are ex-ante
symmetric, i.e., z;o = 0 for every trader i, then as n — oo, the optimal [* — 1, where [*

mazximizes W (lvy) over integer | > 1.

Proof. Let A =/l where [ > 1 is an integer. We have:

n 2
ZE zk'y k—i—l Z]E 10 k+1 ZE r na_l) 2 (Si,g—%ZS]’7o>

(I+d)r 2 r*(na —1
= (k+1) (1_(n04—1)(7"+5)> ;E )\Z(n——1< ZS]O)
_ (1+d)r ? 2
:(k—l—l) (1— (na—l)(r—i—ﬁ)) o, (47)

where in the second line we have used Equation (27), and in the last line we define o2 as in

the main text.
We can then simplify (46) to

W({z10}) = g () ()

Ay (Atdr AR A
+25<1 (”a—l)(TJrﬁ))( noz—1>Z ’ TRk + 1)o?

=0

Since 1 + d is decreasing in A, it is easy to see that

1

(na=1)(r+p5)
1+d

-Tr

is decreasing in A, and that

@‘0wg;2:50(“‘;ii>

is increasing in A. Therefore, W ({z;0}) above is increasing in A = ~/[ for positive integer [.

Now suppose A =Iv, [ > 1. We have

B (1+d)r 2 9
ZIE #a)% = (H+1) (1 (m_l)(wﬁ)) o2, (49)

11



The above expression is same as Equation (50) below, for the case when news come at
Poisson times, by setting [ = uA. The proof of the second part of this proposition follows
from the proof of Proposition 3 below.

O

1.3.2 Stochastic arrivals of information

Suppose that new information arrives according to a Poisson process with intensity u > 0.

Proposition 3. Suppose traders are ex-ante symmetric: z;o = 0 for every trader i.

1. The optimal A* is strictly decreasing in the intensity p from oo (as u — 0) to 0 (as
[ —> 00).

2. As n — oo, the optimal A* — 0.

Proof. Similar to (47), we have here:

(1+d)r ? 2
Z]E #0)% = (tAp+1) (1 " 04—1)(7’—1—5)) o2, (50)

We can then simplify (46) to

W({z10}) = g — > (0)*

1+d =1
A (1+d)r 1+d )\ « _
Ay _ o= THBAY .~ (rHBIA (1 A 1y 4 1) o2,
*25( (na—l)(r+ﬁ))( na—1>tz L
—\/2 - )
T (G >_(zi0)
1+d =1

A (1+d)r 1+d Ape= A4
35 (G m) (U aeey) (Femms +1) 2 6

The first term vanishes since by assumption z; o = 0 for every 7.

We first observe that for the ex-ante symmetric case optimizing W over A is equivalent

to optimizing W over A, where:

. 1+d (I+d)r Ape A4
=] 1— 1 1— | —_—— 4+ 1. 2
w og< na—1)+ og( (na—l)(T+5)>+ Og(l—e—(”ﬁm—i_ (52)

12



For Part 1 of the proposition, we calculate:

2 | ( A'ue—(r—i—ﬁ)A
0g

505 8 \ T emma + 1) <0, (53)

which implies that A* must decrease with p. As u — 0, A* — oo because 1 + d decreases
with A. As pu — oo, A* — 0 because % decreases with A.
Part 2 of the proposition follows from the fact that (1 + d)/(na — 1) — 0 as n — oo.

]
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