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APPENDIX A. SIMULATIONS

In order to investigate the properties of our estimator and compare to traditional quantile re-

gression, we generate data according to the following model:

Yig = Zig’Y(uig) + 5(u) + :Egﬁ(uig) + 6g(uig) (10)
Tg = TWg + Ng + Vg (11)
gqu) = ung — % (12)

where wy, v4, and z;4 are each distributed exp(0.25* N[0, 1]); u;y and 14 are both distributed UJ0, 1];
and random variables wy, vy, 24, Uig, and 7y are mutually independent. Note that the form
gg(u) = ung — § implies Eleg(u)|wy] = Elung — u/2lwy] = Elung —u/2] = u/2 —u/2 = 0. The
quantile coefficient functions are y(u) = B(u) = v'/? and 6(u) = u/2. The parameter = = 1.

We employ three variants of the data generating process described in (10)—(12). The first case is
exactly as in (10)—(12), with the group-level treatment of interest, x4, being endogenous (correlated
with g4 through 74). We estimate §(u) in this case using the grouped IV quantile estimator as well
as standard quantile regression (which ignores the endogeneity as well as the existence of ¢4). In
the second case x4 is exogenous, where we set x4 = w, in (11). We estimate S(u) again in this
case using the grouped quantile approach as well as standard quantile regression, where the latter
ignores the existence of £4. In the third case x4 is exogenous and no group-level unobservables are
included, where we set x4 = wy and €4, = 0. In this latter case, both grouped quantile regression
and standard quantile regression should be consistent.

We perform these exercises with the number of groups (G) and the number of observations per
group (V) given by (N, G) =(25,25), (200,25), (25,200), (200,200). 1,000 Monte Carlo replications
were used. The results are displayed in Table H. Each panel displays the bias from the procedure
for each decile (u = 0.1, ...,0.9) as well as the average absolute value of that bias, averaged over the
nine deciles.

The top panel of Table H demonstrates that in the endogenous group-level treatment case the
magnitude of the bias is much smaller in our estimator than in standard quantile regression, and the

bias of our estimator disappears as N and G increase, while the bias of quantile regression remains
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constant (0.196 on average). The middle panel considers the case where z, is exogenous but group-
level unobservables are present (or, equivalently, left-hand-side measurement error exists in the
quantile regression). At some quantiles, standard quantile regression has a bias which is smaller in
magnitude than the grouped approach, in particular in the cases where N = 25. However, as N
increases, the magnitude of the bias of the grouped estimator falls close to zero on average while
that of standard quantile regression remains about three times as high at 0.01. Finally, the bottom
panel focuses on the case in which no group-level unobservables exist and hence standard quantile
regression is unbiased. In this case, we find that the bias of standard quantile regression is indeed
lower than that of the grouped quantile approach, but the bias of the grouped quantile method
also diminishes rapidly as N and G grow.

To illustrate the computational burden which our estimator overcomes, we redid the first stage
estimation with (-) and group-level fixed effects—a, from Section 2—estimated jointly in one large
quantile regression rather than estimating group-by-group quantile regression. We performed 100
replications due to the computational burden of the joint estimation. We found that in the (N, G) =
(25,25) case the joint estimation took only slightly longer than than the group-by-group approach;
with (N, G) = (200, 25) the group-by-group approach was ten times faster; with (N, G) = (25, 200)
the group-by-group approach was over forty times as fast; and in the (N, G) = (200, 200) the group-
by-group approach was over 150 times as fast, with estimation on a single replication sample for
the nine deciles taking over three minutes, while the the grouped quantile approach performed the
same exercise in 1.22 seconds.?® This exercise illustrates the benefit of the group-by-group approach
to estimating o, and also illustrates that, in general, standard quantile regression can be very slow
when a large number of explanatory variable is included. The grouped quantile approach can
greatly reduce this computational burden by handling all group-level explanatory variables linearly
in the second stage (implying that the grouped quantile approach can be especially beneficial if the

dimension of x, is large).

APPENDIX B. SUB-GAUSSIAN TAIL BOUND

In this section, we derive the sub-gaussian tail bound for the quantile regression estimator. This
bound plays an important role in deriving the asymptotic distribution of our estimator, which is

given in Theorem 1.

Theorem 3 (Sub-Gaussian Tail Bound for Quantile Estimator). Let Assumptions 1-8 hold. Then
there exist constants ¢, c, C' > 0 that depend only on cyr, cp, Cry, Cy, Cp such that for allg=1,...,G
and z € (0,¢),

i (S“p () — arg ()| > ) < G, (13)
ueU

2With G > 200, the computation time ratio drastically increases further, with standard optimization packages

often failing to converge appropriately.
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Remark 3. The bound provided in Theorem 3 is non-asymptotic. In principle, it is also possible
to calculate the exact constants in the inequality (13). We do not calculate these constants because
they are not needed for our results. Since Gy1(u) is the classical Koenker and Bassett’s (1978)
quantile regression estimator of ag(u), Theorem 3 may also be of independent interest. The theorem
implies that large deviations of the quantile estimator from the true value are extremely unlikely

under our conditions. O

APPENDIX C. UNIFORM CONFIDENCE INTERVALS

In this section, we show how to obtain confidence bands for f(u) that hold uniformly over Y.
Observe that §(u) is a d-vector, that is, S(u) = (B1(u), ..., Ba, (u))’. Without loss of generality, we
focus on (1 (u), the first component of f(u). Let Bl(u), V(u), and V(u) denote the first component
of B(u), the (1,1) component of C(u,u), and the (1,1) component of é(u,u), respectively. Define

T = sup VGV (u) 2 (Br(u) = Bi(w))], (14)
ue

and let ¢1_, denote the (1 — «) quantile of T'. Then uniform confidence bands of level a for S (u)

could be constructed as

(15)

These confidence bands are infeasible, however, because cj_,, is unknown. We suggest estimating
€1— by the multiplier bootstrap method. To describe the method, let €1, ...,eq be an i.i.d. se-
quence of N(0,1) random variables that are independent of the data. Also, let 12)5 1 denote the 1st
component of the vector Swy. Then the multiplier bootstrap statistic is
1 & .
TMB — sup —— Z (6g(d971(u) — xlgﬂ(u))wil)

ue GV (u) g=1
The multiplier bootstrap critical value é;_, is the conditional (1 — «) quantile of TM5 given the
data. Then a feasible version of uniform confidence bands is given by equation (15) with ¢é;_q
replacing c¢1_o. The validity of the method is established in the following theorem using the results
of Chernozhukov, Chetverikov, and Kato (2013).

Theorem 4 (Uniform Confidence Bands via Multiplier Bootstrap). Let Assumptions 1-8 hold. In
addition, suppose that all eigenvalues of J(u,u) are bounded away from zero uniformly over u € U.
Then

P Bi(u) € |Bi(u) —é1-q foralued | =1—a

as G — 00.
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Remark 4. Uniform confidence bands are typically larger than the point-wise confidence bands
based on the result (8). The reason is that uniform confidence bands are constructed so that
the whole function {5(u),u € U} is contained in the bands with approximately 1 — a probability
whereas point-wise bands are constructed so that for any given v € U, S(u) is contained in the
bands with approximately 1 — « probability. Which confidence bands to use depends on the specific

purposes of the researcher. ]

APPENDIX D. JOINT INFERENCE ON GROUP-SPECIFIC EFFECTS

In this section, we are concerned with inference on group-specific effects ag1(u), g =1,...,G,
in the model (2)-(3) defined in Section 2. In particular, we are interested in constructing the
confidence bands [de, Gy 1] for a1 (u) that are adjusted for multiplicity of the effects, that is, we

would like to have the bands satisfying
P(agi(u) € [&271,d271] forallg=1,...,G) > 1—a. (16)

Thus, the confidence bands [&;71, d;l] cover the true group-specific effects a1 forallg=1,...,G
simultaneously with probability approximately 1 — a.

The main challenge here is that we have G parameters ag1(u), g =1,...,G, and only N, obser-
vations to estimate ay; where N, is potentially smaller than G (recall that we impose Assumption
3, according to which G?/3(log Ng)/Ng — 0 as G — 0o where Ng = ming—; g Ng). To decrease
technicalities, in this section we assume that U = {u}, that is, U is a singleton.

It is well-known that as N, — oo, Ngl/2(olg71(u) —ag1(u)) = N(0, 1) where I, is the (1, 1)th ele-

!/
ig
letting ¢1—o be the (1 — a) quantile of |Y'| where Y ~ N(0,1), we obtain

. I, . [T
P <O¢g,1(u) € [agjl(u) — Cl—a Fg’ Gg1(u)+ ci—q Fg ) —1—a as Ny — oc. (17)
g g

In practice, I, is typically unknown, however, and has to be estimated from the data. For example,

ment of the matrix u(1 —u)Jy(u) "1 E,y[2ig2},]J5(u) "L see, for example, Koenker (2005). Therefore,

one can use a method developed in Powell (1984). Letting fg denote a suitable estimator of I, it
is standard to show that (17) continues to hold if we replace I, with fg as long as fg —p 1.

The drawback of the confidence bands in (17), however, is that they do not take into account
multiplicity of the effects ay1(u), g =1,...,G. This is especially important given that G is large.
To fix this problem, we would like to adjust the constant ¢;_ in (17) so that the events under the
probability sign in (17) hold simultaneously for all g = 1,...,G with probability asymptotically
equal to 1 — a. The theorem below shows that this can be achieved by replacing ¢;_, with ¢}? o
the (1 — «) quantile of maxi<g<q |Yy| where Yi,...,Ys are i.i.d. N(0,1) random variables. To

decrease technicalities, we assume in the theorem that all /,’s are known.

Theorem 5 (Joint Inference on Group-Specific Effects). Let Assumptions 1-8 hold. In addition,
suppose that I, > cpr for all g = 1,...,G and Ng/Ng < Cy where Ng = minj<g<q Ny and
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Ng = maxi<g<g Ny. Let c}L,, be the (1 — ) quantile of maxi<g<c |Yy| where Y1,...,Ye are i.i.d.
N(0,1) random variables. Then

1, 1,
Plagi(u) € |agi(u) — M o[ Lag1(u) + o[ -L]| forallg=1,...,G| > 1-a
’ ’ Ng ’ Ng

as G — 00.

Remark 5. We note that the size of the bands in this theorem, maxj<,<g 2} (I,/N,)"/?, is
shrinking to zero as G gets large. Indeed, under our assumptions, maxi<g<gly; < C for some

constant C, which is independent of G. In addition, ¢} o < (Clog G)l/ 2 for some absolute con-
stant C. Therefore, max;<y<g ¢ (I,/N,)"? < (Clog G/Ng)'/? — 0 by our growth condition in

Assumption 3 (for some possibly different constant C'). O

APPENDIX E. CLUSTERED STANDARD ERRORS

In this section, we consider the model from the main text, which is defined in equations (2)—(3),
but we seek to relax the independence across groups condition appearing in Assumption 1(i). In
particular, in this section we allow for cluster sampling and derive the results that are analogous
to Theorems 1, 2, and 4.

Before presenting these results, we first provide several examples of where this clustering would
be useful, referencing the examples in Section 4, a group is a grade-by-school-by-year cell, and
the researcher may be interested in clustered at the school or school-by-grade level, for example.
In Example 2, a group is a state-by-year combination, and the researcher may be interested in
clustering at the state level. In Example 3, a group is a given MSA, and the researcher may be
interested in clustering at the region level (where a region contains several MSAs). In Example 4, a
group is a market-by-time-period combination, and the researcher may be interested in clustering
at the market level.

We assume that the data consist of M = Mg clusters of groups, and that there exists a cor-
respondence Cq : {1,...,M} = {1,...,G} such that (i) for each m = 1,..., M, Cg(m) denotes
the set of groups corresponding to cluster m, (ii) for m,m’ = 1,..., M with m # m/, the set
Cg(m) N Cg(m') is empty, and (iii) for any ¢ = 1,...,G, there exists m = 1,..., M such that
g € Cg(m). Thus, the correspondence Cg(-) partitions groups into M clusters. Using this nota-

tion, we replace Assumption 1 with the following condition:

A1’ (Design). (i) Observations are independent across clusters m = 1,..., M. (ii) For all g =
1,...,G, the pairs (zig,yig) are i.i.d. across i = 1,..., Ny conditional on (x4, 0y). (iii) For each
m =1,..., M, the number of elements in the set Cg(m) is bounded from above by some constant
C, which is independent of G.

Assumption 1'(i) relaxes Assumption 1(i) from the main text by requiring independence across

clusters instead of independence across groups. Assumption 1’(ii) is the same as Assumption 1(ii).
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Assumption 1/(iii) imposes the condition that the number of groups within each cluster remains
small as the number of groups gets large.

In addition, we replace Assumption 6 with the following condition:

A6 (Noise). (i) For all g=1,...,G, E[sup,cy|eq(u)|*TM] < Cpr. (ii) For some (matriz-valued)
function JES 1 U x U — RIFwxdw

M
1
el Z E Z gq(u1)wy Z egur)wy | | — JOS (ug, up)
1

m= g€Cq(m) 9€Cq(m)

uniformly over ui,us € U. (iii) For all ui,us € U, leg(ug) — eg(ur)| < Crlua — uql.

Assumptions 6'(i) and 6'(iii) are the same as Assumptions 6(i) and 6(iii). Assumption 6(ii) is a
modification of Assumption 6(ii) adjusting the asymptotic covariance function of G~1/2 Zgzl gq(-)wg
to allow for clustering. When Cg(m) contains only one group for each m = 1,..., M, Assumption
6'(ii) reduces to Assumption 6(ii).

Like in the classical cross-section cluster sampling setup, allowing for clustering in our model
does not require adjusting the estimator. Therefore, we study the properties of the estimator B (u)
of parameter f(u), u € U, defined in Section 3. Our first theorem in this section describes the

asymptotic distribution of 5(u).

Theorem 6 (Asymptotic Distribution under Cluster Sampling). Let Assumptions 1', 2-5, ¢, 7,
and 8 hold. Then

VG(B() = B()) = G3(), in £>U)
where GE(+) is a zero-mean Gaussian process with uniformly continuous sample paths and covari-

ance function CO%(uy,uz) = ST (ur,u2)S" where S = (QrwQmt @) ' QrwQul, Quw and Quu

appear in Assumption 2, and Jcs(ul, ug) in Assumption 6.

Next, we discuss how to estimate the covariance function C““(-, -) of the limiting Gaussian process
GE5(.). We suggest estimating CE5(-,) by CE5(-,-) defined for all u;,uy € U as

CY (uy,ug) = ST (uy,u)S’,  where

1 X .

jCS(UhW):@ > (bga(u) =z B(ur))wg > (Gga(ug) — ) Bu))wy |

m=1 \ geCg(m) g€Cq(m)
S = (QewQ31 Q1) 1 QuwQil, Quw = X'W/G, Quw = WW/G. In the theorem below, we show

that écs(ul, ug) is consistent for C¢(uy, ug) uniformly over uy,us € U.

Theorem 7 (Estimating C¢® under Cluster Sampling). Let Assumptions I, 2-5, 6, 7, and 8 hold.
Then [|CES (u1,uz) — CE%(uy,ua)|| = 0,(1) uniformly over uy,us € U.
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Finally, we show how to obtain confidence bands for §(u) that hold uniformly over Y. Observe
that B(u) is a dy-vector, that is, B(u) = (B1(u),...,Bq,(u)). As before, we focus on Si(u), the
first component of 3(u), and we suggest constructing uniform confidence bands via a multiplier
bootstrap method. An important difference from the results with no clustering, however, is that
now we should bootstrap on the cluster level.

Specifically, let f1(u), VE5(u), and V5 (u) denote the 1st component of f(u), the (1,1)st
component of C¢S(u, u), and the (1,1)st component of CE(u, u), respectively. Define

T = sup VG|V (u)~/2(B1(u) = Bi(w))], (18)

ueld
and let ¢;_, denote the (1 — «) quantile of 7. As in the main text, we estimate c;_, by the
multiplier bootstrap method. Let €1, ...,€ep be an i.i.d. sequence of N(0,1) random variables that
are independent of the data. Also, let u}; , denote the 1st component of the vector S’wg. Then the

multiplier bootstrap statistic is

M

1 . 5 .
TMB — sup —— Z €m Z (Gg(u) — m;ﬁ(u))wil
VNGV (u) m=1 \geCa(m)
The multiplier bootstrap critical value ¢;_, is the conditional (1 — a)) quantile of TMB given the

data. Our final theorem in this section explains how to construct uniform confidence bands using

Cl—q-

Theorem 8 (Uniform Confidence Bands via Multiplier Bootstrap under Cluster Sampling). Let
Assumptions 1', 2-5, 6, 7, and 8 hold. In addition, suppose that all eigenvalues of J¢(u,u) are
bounded away from zero uniformly over u € U. Then

P | Bi(u) € |Bi(u) — é1—a forallueld | - 1—«

as G — oo.

APPENDIX F. PROOFS

In this Appendix, we first prove some preliminary lemmas. Then we present the proofs of
Theorems 1-5 stated in the main text and in Appendices B-D. In all proofs, ¢ and C denote
strictly positive generic constants that depend only on cys, ¢y, Cpr, Cr, Cr, whose values can change
at each appearance.

We will use the following notation in addition to that appearing in the main text. Let
Au) = (a11(w), ..., ag1(u)),
Blu) = (X" P X) (X' Py A(u)), (19)

Jg(u) = E, [Zlgzigfg(zllgag(u))}-
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For n,a € R% and u € U, consider the function e R?% x R — R defined by

frow(z,y) = (') - (Hy < 2o} —u). (20)

Let F = {fyau: 7, o € R%;u € U}; that is, F is the class of functions f, 44 as 1, a vary over R%
and u varies over Y. For o € R% and u € U, let the function hau : R?% x R — R% be defined by

hOé,’u(za y) = Z(l{y < Z/Oé} - U),

and let hy o, denote kth component of hg,. Let Hy = {hpou @ @ € Ry € U}. Note that
Hi C F forall k=1,...,d,.

We will also use the following notation from the empirical process literature,

NQ
L ST (Figr ig) — Eolf (2190 wig))

@)= 7%
9 i=1

for f € F,H, or Hy, k=1,...,d,.

Preliminary Lemmas. In all lemmas, we implicitly impose Assumptions 1-8.

Lemma 1. As G — oo,

G

A 1

wa = 5 Z$gw; —p wav (21)
g=1

o 1 G

wa = 5 ngw; _>p wa (22)
g=1

where Q. and Quw appear in Assumption 2.

Proof. We only prove (21). The proof of (22) is similar. To prove (21), observe that G~! 2521 Elzgwy] —
Qzw by Assumption 2. Therefore, it suffices to prove that

G
1
el Z (zqw) — Elzgw]) — 0. (23)
g=1

In turn, (23) follows from Assumptions 2(iv) and 4(i) and Chebyshev’s inequality. Hence, (21)

follows. This completes the proof of the lemma. ]

Lemma 2. As G — o,
1 G
G Z eg(ur)eg(ua)wgwy —p J(ur, uz)
=1

uniformly over ui,us € U.
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Proof. Observe that we cannot apply a uniform law of large numbers with bracketing directly
because the data are not necessarily i.i.d. across g. Therefore, we provide a complete proof.

Since

G
1
el Z E [5g(u1)5g(u2)w9w;] — J(u1,u2)
g=1
uniformly over uj,us € U by Assumption 6(ii), it suffices to prove that

G
Z eg(u1)eg(ug)wg kwg) — E [gg(ur)eg(ug)wg kwg,]) —p 0 (24)

uniformly over uy,uo € U for all k,l =1,...,dy.

To this end, fix uj,us € U and k,l = 1...,d,. We first show (24) for these values of uj, ug,
k, and I. Note that we cannot use Chebyshev’s inequality here because E[(g4(u1)eq(uz)wg fwg)?]
is not necessarily finite. Instead, we use a more delicate method as presented in Theorem 2.1.7 of
Tao (2012). Let 6 = cpr/4. Then by Hélder’s inequality,

1/2
Blleg (1) (u2)wy gy [ 7] < (Blleg(un)eg (ua) 2] - Elluwg gy, [22]) .

In turn,

Elley (u1)eg(uz) ) < E [sup|a (u >\4+45] < Cun
cu

Blfwgwya22) < B |fug|[*4] < Cu
by Assumptions 6(i) and 2(iv). Hence,
Eleg(un)eg(uz)wg pwga| ] < Car,
and so denoting Xy = g4(u1)eg(u2)wg pwg; — Eleg(ur)eq(u2)wg pwg, ], we obtain
E[|lX,|'""] < C. (25)

With this notation, (24) is equivalent to G~1 ZgG:1 Xy —p 0.
Now for N > 0 to be chosen later, denote X, <n = X,-1{|Xy| < N} and X,y = Xy - 1{| X,y >
N}. Then by Fubini’s theorem and Markov’s inequality,

|E[Xg >Nl < Bl Xy >Nl = /OOO P([Xg| - {1 Xy| > N} > t)dt

N o0
:/ P(|X,| >N)dt—|—/ P(|X,| > t)dt
0

|X |1+5 E|X ‘1+6
=N TN T
E[|X,|""] | E[X, |1+5]

<CN?

No T 5ne
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where in the last inequality we used (25). Hence, by Markov’s inequality, for any € > 0,

1 G 1 G C
P(‘G;Xg,>1\7’ >5) < (C:C;;E[|XQ7>NH < m’

and since |E[X, <n]| = |E[Xy>n]| < CN—9,

P(‘é zG:Xg,SN‘ > e+ CN—‘S) < P(‘é ZG:(Xg,gN - E[Xg,gN])‘ > 8)
g=1 g=1
G
<521G Z [XQ ]_5];7;

g=1
Thus, setting N = G/3, we obtain G~1 2921 Xy —p 0, which is equivalent to (24) for given uy,
us, k, and .
Next, to show that (24) holds uniformly over uy,us € U, for 6 > 0, let Us be a finite subset of U
such that for any u € U, there exists u' € Us satisfying |eq(u) —4(u’)| < §. Existence of such a set
Ujs follows from Assumption 6(iii). Then

Sup G > (eg(un)eg(uz)wy jwgy — Eleg(ur)eg(uz)wg kwg,)) ‘
w1, uz €U g—1
G
> ulr,zlzaé{ué q Z:: gg(u1)eg(ug)wy gwy — Eleg(ur)eg(uz)wy kwg,]) ’

(SUP leg(w)] - lwgrwga| + E [sug leg(u)] - ’wg,kwg,l@> =o0p(1) + - Op(1)
NS
by the result above and Chebyshev’s inequality. Since ¢ is arbitrary, this completes the proof. [
Lemma 3. As G — oo,
G

1

— weea(-) = GO(), in £°°(U

VG 2 toes) = B0, in £20)

where G is a zero-mean Gaussian process with uniformly continuous sample paths and covariance

function J(uy,u2) for all ui,us appearing in Assumption 6.

Proof. For any finite set U’ C U, it follows from Assumption 6(ii), Lindeberg’s Central Limit
Theorem, and the Cramér-Wold device (see, for example, Theorems 11.2.5 and 11.2.3 in Lehmann
and Romano (2005)) that

1 G

where (N (u))yey is a zero-mean Gaussian vector with covariance function J(uy, ug) for all uy, ug €

U'. Therefore, to prove the asserted claim, we can apply Theorem 14. In particular, it suffices to
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verify conditions (i)-(iii) of Theorem 14 with Z,(u) = G~"/?w, 1e4(u), g =1,...,G and u € U, for
all k =1,...,dy. In the verification, we will use the Gaussian-dominated semi-metric p : U x U —
R, defined by p(ui,u2) = Clug — u1| for sufficiently large constant C' > 0; see discussion in front
of Theorem 14 for the definition of Gaussian-dominated semi-metrics.

Condition (i) of Theorem 14 holds because for any n > 0 and § = 1 + ¢51/2,

< G
1
E|sup |Zg(u '1{SupZ u >nH§ E{Supg w) [, 1+
> sup 12,0)] 1 {sup |2, 0) g 22 [oup el s

a 1/2
1 2426 12426
S PG ng (E [325 ()2 |- B [Jugsl*2] ) >0

by Holder’s inequality and Assumptions 2(iv) and 6(i).
Condition (ii) of Theorem 14 holds because for any w1, us € U,
G

G
S E[(Z(w) - Z)] = = 3 Bl(wgrcy(ua) — wypeg(un))?
g=1 ¢ g=1

G
C
=G ;E[ww% — '] < Clug —w[* < p?(u1, up)

by Assumptions 2(iv) and 6(iii) since the constant C' in the definition of p(u1,u2) is large enough.

Finally, condition (iii) of Theorem 14 holds because by Markov’s inequality for any ¢ > 0,

G
supztgp<( sup | Zy(ug) — Zg(u1)] >t>
p

>0 .3 u1,uz)<2e
1 G
<G Y E| sup |wgrgg(uz) —wgre(ur)?| <C sup  Jug —wy|? < €
g—1 p(u1,u2)<2e p(u1,u2)<2e

by Assumptions 2(iv) and 6(iii) since the constant C' in the definition of p(ui,us2) is large enough.

The asserted claim follows from an application of Theorem 14. O

Lemma 4. There exist constants ¢,C > 0 such that (i) for allw € U and g = 1,...,G, all
eigenvalues of Jg(u) are bounded from below by c, and (ii) for all ui,us € U and g = 1...,G,

175 (u2) = T (un) || < Clug —ual.

Proof. For any u € U and o € R% with [|af = 1,
o Jy(u)a > Cfa’Eg[zlgzig]oz > crem (26)

where the first inequality follows from Assumption 7(ii) and the second from Assumption 4(ii).
This gives the first asserted claim.
To prove the second claim, observe that

[[Jg(uz) — Jg(u1)]|
(crem)?

1757 (u2) = T3 )| < 15 (un) 15 (ua) g () = Jg(un)]| <
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where the second inequality follows from (26). Hence, it suffices to show that ||J;(u2) — Jg(u1)| <
Clug — uq| for some C' > 0. To this end, note that
|1 gg(u2) — 21904 (ur)| < |lz1glllag(uz) — ag(ur)|| < CuCrlug — i

where the second inequality follows from Assumptions 4(i) and 5.

Thus, if [up — u1] < ¢y /(CmCL), then 2] 04(u2) € By(u1, cy), and so
1Tg(u2) = Jg(u) || < || Eglz1g21, - | fo(21g0(u2)) — fo(#10q(un)) ]|
< CrOuCiluz — w1 Eyle1g Al < CrCoCrluz — i

where the second inequality follows from Assumption 7(i) and the derivation above, and the third
from Assumption 4(i). On the other hand, if |ug — u1| > ¢f/(CyCrL), then

[ Jg(u2) — Jg(ur)|| < [[Jg(un)ll + [[Jg(u2)|| < QCf”Eg[Zlgzig]H
< 20403 < ¢;'CrCCLlug — i
where the first inequality follows from the triangle inequality, the second from Assumption 7(ii),

and the third from Assumption 4(i). This gives the second asserted claim and completes the proof

of the lemma. n

Lemma 5. There exist constants ¢,C > 0 such that for allg=1,...,G,

1Eg[ha.u(z1g, y19)] = Jg(u)(a — ag(u))l| < Clla — ag(w)|f?, (27)
Egl(a — ag(u)) hau(z1g, y19)] > clla = ag(u)]*. (28)

for allu € U and o € RY satisfying |l — ay(u)| < c.

Proof. Second-order Taylor expansion around «ag4(u) and the law of iterated expectation give

Eylhau(z1g,y19)] = Eylz14(H{y1y < Ziga} —u)| = Eg[zlg<Fg(ziga) —u)]
= Eg[zlg(Fg(zigag(U)) —u)] + Jg(u)(a — ag(u)) + ru(u),

where 7, (u) is the remainder and Fy(-) is the conditional distribution function of y14 given (214, 24, ag).
The first claim of the lemma follows from FEjy[z14(Fy(21,04(u)) — u)] = 0, which holds because
2140¢(u) is the uth quantile of the conditional distribution of y14, and from |[ry, (u)|| < Clla—ag(u) 1|2
for some C' > 0, which holds by Assumptions 4(i) and 7(i).

To prove the second claim, note that if ||a—ay (u)]| is sufficiently small, then ||(a—ay(u)) rp(w)|| <
I?

c|la — ag4(u)||* for an arbitrarily small constant ¢ > 0. On the other hand,

(@ = ag(w)' Jg(u)(a — ag(u) = clla — ag(u)||?
by Lemma 4. Combining these inequalities gives the second claim. O

Lemma 6. The function class F, defined in the beginning of this section, is a VC subgraph class

of functions. Moreover, for all k =1,....d,, Hy is a VC subgraph class of functions as well.
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Proof. A similar proof can be found in Belloni, Chernozhukov, and Hansen (2006). We present the
proof here for the sake of completeness. Consider the class of sets {z € R%=*! : a'2 < 0} with a
varying over R%+1 It is well known that this is a VC subgraph class of sets; see, for example,
exercise 14 of chapter 2.6 in Van der Vaart and Wellner (1996). Further, note that

{(z9.0)  frau(zy) >t ={y < Za}n{e'n>t/(1-u)})
U{y > 2aln{zn<—t/u}).

The second result follows from the fact that Hk c F. O

Lemma 7. For any ¢ > 1, there exists a constant C > 0 such that for allg=1,...,G,

E, [supmg( o >||@] <c
ueU

Proof. Observe that

d
EQ SU-ZI/){ HGg(hozg(u) :| < CZ |:Sup ‘G hk Jag( u),u)’@] < C Z
IS k—1

sup |GY(f)| ] :
FeEH

Further, all functions in Hy, are bounded by some constant C' > 0 by Assumption 4(i) and the set
of functions Hy is a VC subgraph class by Lemma 6. Therefore, combining Theorems 9 and 11
gives Eg[supseqy, [GY(f)]] < C,; and so Theorem 13 shows that

Ey | sup |G7(f)[*

fEH

<C.

The asserted claim follows. OJ

Lemma 8. There exist constants ¢,C > 0 such that for allg=1,...,G,

Eg sup ||Gg(hag(u2),u2) - Gg(haq(u1 )H4 < Ce

u2€U:|ug—u |<e

for alle € (0,¢) and uy € U.

Proof. Fix some u; € U. Observe that

Eq sup (16 (hay(uz)uz) — G (P (g u) I

u2€U:Jug—u1|<e

d.
< CZE Sup |Gg(hk,a9(u2),ug) - Gg(hk,ag(u1),u1)‘4] :
=1 u2€U:Jug—u1|<e

Consider the function F : R% x R — R given by

F(z,y) =C ({ly — Zag(ur)| < Ce} +¢)
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for some sufficiently large C' > 0. By Assumptions 4(i) and 5, |2, (ag(u2) — ag(u1))| < Cluz —uy
for some C' > 0. Therefore, for all ug € U satisfying |us — ui| < e,

‘hk,ag(uz),ug (Zig7yig) - hk,ag(ul),ul (Zigvyig)| < F(Zigvyig)

by Assumption 4(i). Note that E,[F?(zig,yig)] < Ce for some C' > 0 by Assumption 7(ii) if € < 1.
Also, for M = maxi<i<n, F(zig,Yig), we have E[M?] < CNye. Further, by Lemma 6, Hy is a
VC subgraph class of functions, so that the function class Hj, = {Pkerg (ua) e — Py (ur)ur = U2 €
[up —€,u1 + €]} is a VC type class by Theorem 9. So, applying Theorem 11 with F' as an envelope
yields

Eg Sup |Gg(hk;,ag(u2),u2) - Gg(hk,ag(u1),u1)| < C\/E,
u2 €U:|ug—u1|<e
and so Theorem 13 shows that
Eg sup ‘Gg<hk,o¢g(u2),u2) - Gg(hk,ag(ul),u1)’4 < CE,
ug €U |uz—u1|<e
since
Eg max sup ‘Ngl/Z(hk,ag (u2),u2 (Zi_(]’ yig) - hk,ag(ul),ul (Zig’ yzg)) ’4
1<i<Nyg ug €U:Jug—u1|<e
< N1 E h Cwu) — h 4
-9 12%}1%9 7 uzeu:fligul\ﬁﬁ |( R (2197 ylg) bl (Zlg’ ylg))‘ ]
< N;lEg[F4(Zij,yig)] < Ce.
The asserted claim follows. ]

Lemma 9. There exist constants ¢,C > 0 such that for allg=1,...,G,

Eg sup sup HGg(hoz,u) - Gg(hag(u),u)||2

< C’(elog(l/e) + Ng_1 logZ(l/e))
for all € € (0,¢).

Proof. Observe that

Eg |sup sup 1G? (hau) = G (R (uy,u) I (29)
el a€R=  a—ag (u)||<e
d
< CZ Eg sup sup |Gg(hk,o¢,u) - Gg(hk,ag(u),u)|2] . (30)
k=1 uCU aeR%=:|la—ag(u)|<e

Consider the function class
Hie = {hau — Py (uyu U € Usa € R%; [la — ag(u)|| < €}

By Lemma 6 and Theorem 9, F is a VC type class, and so Theorem 10 implies that H, C F—F

is also a VC type class. In addition, all functions from H;, are bounded in absolute value by some
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constant C' > 0 by Assumption 4(i). Moreover, for any f € Hi, Eylf(2ig,yig)?] < Ce if € < 1.
Thus, applying Theorem 11 with the function class Hy, yields

By

sup sup |GY (hie,am) — Gg(hk@g(u)’u)\] <C <\/elog(1/e) + N£1/2 log(l/e)) ,

uEU aeR4z:||a—ag(u)||<e

and so Theorem 13 gives

Eg sup sup ‘Gg(hk,a,u) - Gg(hlc,ozg(u),u)‘2

uEU aeR4z:||a—ag(u)||<e

< C(e log(1/€) + N, log2(1/6)>.

The asserted claim follows. OJ

Lemma 10. Uniformly over u € U,
1 G
7 2y (WG (b )y = Op(1).
g=1

Proof. To prove this lemma, we use Theorem 14 with the semi-metric p(u1,us) = Clug — uy|"/*
defined for all u;,us € U and some sufficiently large constant C' > 0. Clearly, p is Gaussian-
dominated; see discussion before Theorem 14 for the definition. Define vy(u) = J 1(u)Gg(h%(u)7u)
and

Zg,k,m(u) = Ug,k(“)'wg,m/\/é

where vy 1, (u) and wg,, denote kth and mth components of vy(u) and wy, respectively. Then the

asserted claim is equivalent to the statement that
Z Zg k,m(u) = Op(1) uniformly over u € U (31)

for all k and m. To prove (31), observe first that by Assumptions 1(i) and 2(iii), zero-mean processes

Zg k,m(-) are independent across g. Also, for any a > 0,

G
ZE [sup | Zg km (w)] - 1 {sup | Z g m (w)| > aH
1 uel

9= ueU

G

<a! ZE [Sup Z2 m(u) -1 {SUP | Zg k,m (u)] > a}]
=1 ueU ucl

1 G
S

Further, pick some 0 < ¢ < 2. The expression under the sum in (32) is bounded from above by

sup(vg & (u)wgm)? - 1 {Sup 0.k (W) Wy m| > \FGaH : (32)

uel ueU

Lemma 4 by

c

a7 BB 167 e, ) P01y 24+
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2-¢
C 1(2+¢) T4 L C
(E [21615 1GY Py (uy,u)ll 2% ]) (B [[lwg]*]) = < oz 0

— aPG¥/2
uniformly over g = 1,...,G where the second line follows from Hélder’s inequality, Assumption

2(iv), and Lemma 7. This gives condition (i) of Theorem 14.

Next, we verify condition (ii) of Theorem 14. For any ui,us € U,

1 2 1/2
ZE gkm UQ) ngm ul Z 4 / ’ (E[(Ug,k(UZ) - Ug,k(ul))4]) / :
Further, using an elementary inequality (a + b)* < C(a* + b*) for all a,b € RP gives
Ey[(vg(u2) = vg(w1))"] < CE[l| T (ua)[|* - 1G? (hewg (un) s = Parg () un) ']
+ CE[||1 T, (u2) = Iy (@) |- 1G9 (hawy gy )]
< CEQ[HGg(h g(u2),uz — hag(ul),u1>H4]

+ CE[[IG Py (ur) )] - [z = wa |

where the second inequality follows from Lemma 4. In addition,
[HG ( og(uz),uz — hozg(u1)7u1)H4] < C|u2 - ul’ and Eg[HGg(hag(ul),ul)”4] <C (33)

where the first inequality follows from Lemma 8 and the second is easy to check directly. Therefore,
Ey[(vg e (uz) — vg(w))*] < Clug — uil,

and so

ZE [(Zgon(W2) = Zg o (u1))?] < Clug —w|? < p? (w1, ua)

by Assumption 2(iv) since the constant C' in the definition of p(u1,us9) is sufficiently large. This
gives condition (ii) of Theorem 14.

Finally, to verify condition (iii) of Theorem 14 observe that for any ¢ > 0 and uy € U,

supzt P ( sup | Zgkm(u2) = Zgm(ur)| > ’5)

t>0 ug €U:p(u1,u2)<e

G
<) E

sup | Zg,,m (u2) — Zg,k,m(ul)|2]
u2€U:p(u1,uz)<e

g=1
1 G

=52 F sup  [ogk(u2) = vgp(ur)|Pwy,, | < €
G g=1 us €U:p(ug,uz)<e

where the second line follows from Markov’s inequality, and the last inequality follows by selecting

sufficiently large constant C' in the definition of p and using the same argument as that in verification
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of condition (ii) since the first inequality in (33) used in the verification of condition (ii) can be

replaced by

Ey

sup HG ( og(ug)uz — hég(ul),u1)||4] < 064

u2€U:p(u,uz)<e

for arbitrarily small ¢ > 0 by selecting the constant C' in the definition of p(u1,u2) large enough

and using Lemma 8. Therefore, for any ¢ > 0 and v € U,

t>0 ut,u2€U:p(ur,u)<e,p(ug,u)<e

supZt P ( sup | Zg km (u2) — Zg jm (u1)| > t>

< 25upZt P ( sup | Zg kom (1) — Zg o (u)| > t/g) < e,

t>0 g—1 w1 €U:p(u1,u)<e

and condition (iii) of Theorem 14 holds. The claim of the lemma now follows by applying Theorem
14. 0

Proofs of Theorems.

Proof of Theorem, 1. The proof consists of two steps. First, we show that vG(3(u) — B(u)) = op(1)
uniformly over u € U where 3(u) is defined in (19). Second, we show that VG(3(-) — B(-)) = G(-)
in £°°(U). Combining these steps gives the result.

Step 1. Denote Qgy = X'W/G and Quw = W'W/G. Then
~ ~ A A A -1 . A ~
VG(B() = Bw) = (QuuQub Qi) QruQuty (W/(A(w) — A)/VG).
By Lemma 1, X'W/G =), Qg and W'W/G =, Quw where matrices Qzy and Q. have singular
values bounded in absolute values from above and away from zero by Assumption 2(ii), and so
N A A ~ -1 . ~
S = (Q$’UJQ;011UQ;1U) waQ;q}u —p (wawaQ‘{pw) waQ b= = 5. (34)

Therefore, to prove the first step, it suffices to show that

1 & ,
S(u) = Ve ;(%(U) — ag(u))wy = 0p(1)

uniformly over u € U. To this end, write S(u) = Si(u) + S2(u) where
1 G
S1 (u) =T = J_l(u)Gg(hag(u),u)w;/ V Nga

VG &

G
So(u) Tz_:( +\/> u) — ag(u )))w;/m
a Ny —

Since Ng = ming—1 . — 00 by Assumption 3, Lemma 10 implies that S (u) = 0p(1) uniformly

over u € U.
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K, =Cy/Nytlog N, (35)

for sufficiently large constant C' > 0 so that Theorem 3 implies that

P <sup g (u) — ag(w)| > Kg) <CN,>.

ueU

Consider Sa(u). Let

Let Dg be the event that

sup |Gy (u) — ag(u)|| < Ky,  forallg=1,...G,
ueU

and let D be the event that Dy does not hold. By the union bound, P(D§) < CGN,?. By
Assumption 3, CGN, 3 — 0. Therefore,

Sa(u) = S2(u){De} + S2(u){ DG} = S2(u)1{Det + 0p(1)
uniformly over u € U. Further, || Sa(u)||1{Dg} < CZle(rl,g + 1o +134)/\/GNg where

71,9 = Sup sup HJ Gg<h ) - Gg(hag(u),u)”' ng”a
u€U aeR%¥z:||a—ay (u)H<Kg
= sup J Zhozg (u),u Zlg’ylg) ng”¢
ueU g i—1
rg=swp  sup By [N @hauzigsuig) — (o = ag()] | gl

u€U aeR4z:||ja—agy(u)||<Ky

We bound the three terms r1 4, 72 4, and 73 4 in turn. By Lemma 4 and Holder’s inequality,

1/2
sup sup HGg(ha,u) ocg(u H ])

ueU aeR¥%:||a—ag(u)||<Ky4
1/2
log N, (log N,)3/4
<C 9 log N, =-——
( N, g) N,/

where the second line follows from the definition of K, Assumption 2(iv), and Lemma 9. Further,

Efri) < (ElJuw,|?) " (E

using Lemma 4 again gives

L

C
sup J hcv (u Zigs Yi < CSUp ha u),u Zz y Yi <
el ( \/Ng ZZ; g(u),u ( g g) e g Zz; g(u) g g) \/E

by the optimality of &4(u) and since y;4 has a continuous conditional distribution. Hence, E[ry 4] <

C/\/Ny. Finally, by Lemmas 4 and 5,
Clog N,
VNg '

Elrsg] < Cy/NJK; <

Hence, by Assumption 3,

_ OVGos Nt
= N3/4 - )

E |sup | S>(u)|1{Dc}
ueU G
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implying that vG(3(u) — B(u)) = 0p(1) uniformly over u € U and completing the first step.

Step 2. To prove that vG(3(-) — B(-)) = G(-) in £°(U), observe that
~ o1 <&
VG(B() - B() =5- 7e ;%%C)
As explained in Step 1, S —p 5. Also, by Lemma 3,
1 G
—= > wyeg(-) = GO(), in kX (U)
VG o

where GY is a zero-mean Gaussian process with uniformly continuous sample paths and covariance

function J(uq1,uz). Therefore, by Slutsky’s theorem,
VG(B() = B() = (), in>U) (36)

where G is a zero-mean Gaussian process with uniformly continuous sample paths and covari-
ance function C(u1,u2) = SJ(u1,u2)S’. Combining (36) with Step 1 gives the asserted claim and
completes the proof of the theorem. O

Proof of Theorem 2. Equation (34) in the proof of Theorem 1 gives S —p 5. Therefore, it suffices to
prove that ||.J (u1, u2) — J(u1,u2)|| = 0,(1) uniformly over uy,us € U. Note that oy 1(u) — zyB(u) =

£g(u). Hence,

g1 () — 2 B(u) = (Gg(u) — g (u) — 2y (Bu) = B(u)) + &g (u)

= eg(ur)eg(ua)wgwly —p J(ur, up)
g=1

uniformly over uj,us € U by Lemma 2. In addition, it was demonstrated in the proof of Theorem
1 that

P < max_sup ||ag(u) — ag(u)| > Kg> < CGNg*3 =o(1)
9=1,....G ycuy

by Assumption 3 where K, = C'(Ng_1 log Ng)1/2 for sufficiently large constant C'. Thus, setting
Kg = maxy—1,. g K4, we obtain

1< K2 &
EZII,Q(UI)ILQ(W)wgw; = ?Gz”ngQ*‘Op(l)
g=1 g

=1

< Op(K2) + 0p(1) = 0p(1)
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uniformly over uj,us € U by Assumption 2(iv) and Chebyshev’s inequality. Further,

G G
1 Kq
Iel Z Il,g(ul)gg(UZ)wgw; < o Z |eg(u2)] ngHQ + op(1)
g=1

< — ZSUP leg(u ‘ngH +0p(1) = 0,(1)

71'U«

uniformly over uq,us € U by same argument as that used in the proof of Lemma 2 since Hélder’s

inequality implies that

B [sup @ llnt?] < (2 [ ] ) (et <

by Assumptions 2(iv) and 6(i). Similarly,

Io(u1) Iz g (uz)wgwg || <

G
Z IngQSupllﬁ (w) = Bw)||* = 0p(1),

Ql~
Ma
Q\Q

Q
Il
—

Ql-
Ma

cZ .
I g(u1)eg (uz)wywy || < G > legug)|llwll? sup [8(u) = B(u)|| = 0p(1)
g=1 “

Q
Il
—_

uniformly over uj,us € U by Assumption 4(i). Finally,

G

1 C’KG
=3 g g (g < Z gl sp 1) = )] + 05(1) = 0y(1)
g=1
uniformly over uq,us € Y. Combining these inequalities gives the asserted claim. O

Proof of Theorem 3. Recall the definition of the function f, o, in (20). Since z — py(z) = (u —
I{z < 0})z is convex, for z > 0, ||&q(u) — ag(u)|| < x for all u € U if

Ny

f f o x igs Yig)/INg > 0. 37
ireluneRdlzn”nH 1Zf77 g(u)+zn,u (Zg yg)/ ( )

Now, since fy.a,u = 7'ha,u, Lemma 5 implies that

inf inf 2 > cx
€U peRdz1jy]=1 [fn,ag w)+axn, u( ig» ylg)]

if the constant ¢ in the statement of the theorem is sufficiently small. Therefore, it follows that
(37) holds if

Ng
inf inf N, > —
113612,[ neRdlzI;l”n”:l ; (fﬁvag +2?77 u(zzgv ylg) [fn,ag +zn u(zzgv yzg)]) / g = cx,
which in turn follows if
inf inf GI(fnau) = —cxr/Ny. (38)

u€U n,a€R?z;In||=1
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Note that for any n € R% satisfying ||n]| = 1, | f.aul < 2[|2ig]| < C for some C' > 0 by Assumption
4(i). In addition, it follows from Lemma 6 and Theorem 9 that the conditions of Theorem 12 hold
for the function class {fyau € F:u€lU;n, o € R%: ||n|| = 1}. Therefore, Theorem 12 shows that
(38) holds with probability not smaller than

1 — Cexp(—ca®Ny)
for some ¢,C > 0. The asserted claim follows. ]

Proof of Theorem 4. Observe that the statement

P i)+ éra

for some ©u € U

Bi(u) ¢ | Br(u) — é1-a

is equivalent to the statement that 17" > ¢;_. Therefore, it suffices to prove that
P(T > ¢1-q) — . (39)

To prove (39), recall the process G(-) = (Gi(u),...,Ggy,(u))" appearing in Theorem 1. Define a

Gaussian process G(-) on U with values in R by

G(u) = V(u) Y2Gy(u), ueld

where V(u) = Cy 1(u,u), the (1,1)st component of C(u,u) = SJ(u,u)S’. It follows from conditions
of the theorem that V(u) is bounded away from zero uniformly over u € U. Therefore, since G(-)
has uniformly continuous sample paths, the process @() also has uniformly continuous sample

paths. The covariance function of the process G(-) is

Clur, uz) = V(ur) " V2C1 1 (ur, u2)V (uz) 712,

Further, for G > 1, define processes G¢(-) and Gg(-) on U with values in R by

G
Galn) = — " (gl () — )i, ) . ue
GV(U) g=1

Gg(u) = uel

\/7 26969 gl’

S and w; 1 are the 1st component of the vectors Sw, and S’wg, respectively, and V(u) =

g,1
Ci1(u,u).

Observe that é_, is the (1 — ) conditional quantile of sup,c;, |Ge(u)| given the data. Also,
for 8 € (0,1) and V~C U, let C%,v be the fth quantile of sup,cy |@(u)|, and let cgy ¢ be the Sth
quantile of sup,cy |Gg(u)| given the data.

where w
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Now, since the process G(-) has uniformly continuous sample paths, it follows that SUPycys IG(u)| <
00, and so Theorem 2.1 of Chernozhukov, Chetverikov, and Kato (2014b) implies that sup,,<;, IG(v)|

has continuous distribution. Therefore, for any § > 0, there exists 17 > 0 such that

P <sup G (u)| > c(l)—a—n,u - 77> <a+9,
ucl

P (Sup IG(u)| > c?_awu + 17> >a—0.
uel

In addition, Theorem 1 combined with the continuous mapping theorem implies T' = sup, </ |G (u)],

and so
P(T > C?—a—n,u —n) <a+d+o(1),
P(T>c iyt >a—5+o0(1).
Hence, to prove (39), it suffices to show that for any n > 0,
P o pu—n<bia<d_qiutn) =1 (40)

To prove (40), fix some n > 0. Since @() has uniformly continuous sample paths, there exists a
finite U(n,1) C U such that

c?*&*ﬁ,u —n=< C(l)—a—n/2,u(n,1) B 77/27 (41)
0
C?—oz—‘rnu +n =z Cl—atn/2U(n,1) + 77/2' (42)

Further, let Ag be the event that G—* Z ( ) < C for some sufficiently large C' > 0. Note
that P(Ag) — 1 as G — oo. Also, on Ag, for any uj,us € U,

G
Ee[(\/la;?q(&g(uz) o)) ] = Gzem o(11)* (W) < Cluz — wa

by Assumption 6(iii) where E[-] denotes expectation with respect to the distribution of €1, ..., €eq
(and keeping everything else fixed). Therefore, combining Borell’s inequality (see Proposition of
Van der Vaart and Wellner (1996)) and Corollary 2.2.8 of Van der Vaart and Wellner (1996) show
that one can find finite U(n,2) C U such that on Ag,

Cl—atn/2U(n2),G T 1/3 = Ci_agn/zuc +1/4, (43)

Clea—n/2u(n,2),G — 1/3 < Cl_a—y/3u,c — 1/4 (44)
Now, observe that whenever the inequalities (41) - (44) are satisfied, the same inequalities are also
satisfied with U(n, 1) and U(n, 2) replaced by U(n) = U(n,1) UU(n,2).

Next, conditional on the data, (@G(u))ueu(n) is a zero-mean Gaussian vector with covariance

function

5@(11,1, UQ) 1/2< Ul 59 UZ 951)2)V(U2)_1/2.

IIMQ
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By Lemma 2, Ce(u1,us) —p C(uy, ug) uniformly over ui,us € U(n) where C(uy, us) is the covari-

ance function of a zero-mean Gaussian vector (G(u))y,ey(n)- Hence, by Lemma 3.1 of Chernozhukov,
Chetverikov, and Kato (2013),

P(C(l)faJrT]/?,U(r]) +1/2> G—avnpumc T1/3) = 1

P(C(l)—a—n/Q,U(n) —n/2 < e1_anpum,c —n/3) = 1.

Combining this with inequalities (41) - (44) where we replace U(n,1) and U(n,2) by U(n) gives

P(c[l)foHrn,M +n> Cl—a+n/3U,G + 77/4) — 17
P(C(l)—oc—n,l/{ —n< Cl—a—n/B,Z/{,G’ - 77/4) — 1.

To complete the proof, it suffices to show that
P(Cl—a—n/ii,lxl,G - 77/4 <¢1-a < Cl—a+n/3U + 77/4) — 1. (45)
To prove (45), observe that

1 & . ) e
sup @;eg%(ﬁ(u)—ﬁ(u))w;l < sup | Bu) — B(w)] - @gwsx —p 0

uel

since sup,,cy, ||3(u) — B(w)|| —=p 0 by Theorem 1 and ||G—1/2 Z;;:l egwglxgH = Op(1) by Assump-
tions 2(iv) and 4(i). Also,

G
1 . g
sup | —— E €g(Gg1(u) — ag1(u))w, | =p0
ueU | V g=1 e ! 9!

by the same argument as that used in Step 1 of the proof of Theorem 1. Therefore, since e4(u) =
ag1(u) — xyB(u), sup,ey [V (u) — V(u)] =p 0 by Theorem 2, V(u) is bounded away from zero
uniformly over u € U, and S —p S as in the proof of Theorem 1, we obtain

sup |Ga(u) = Ca(w)l] =5 0.
Since é;_q is the (1 — «) conditional quantile of sup,,c;, |G (u)| given the data and cgu,c is the fth
conditional quantile of sup,c;, |G(u)| given the data, (45) follows. This completes the proof of the

theorem. O
Proof of Theorem 5. We split the proof into two steps.

Step 1. Here we wish to show that for sufficiently large C' > 0,

_ ) C(log N(;)3/4
1
P (11%% 75 )6 (g uy.0) + v/ Nylg = )| > ) 7 (46)

Set Ky = C'(Ng_1 log Ng)1/2 for sufficiently large C' > 0 so that Theorem 3 implies that

P (llag(u) — ag(u)]| > K,) < ON, .
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Let Dg be the event that
lag(u) — ag(u)|| < K4, forallg=1,...,G,

and let D¢ be the event that Dg does not hold. By the union bound, P(Dg) < CGN,? — 0.
Now, on the event Dg,

HJ Gg ag(u u —l— v/ N, g)H <rig+regtTrig
where
g = sup 17, () (G (haw) — G (hay(u),u))
OfGR"lZ¢H0ﬁ<lg(u)||<Kg
2,9 = Z hag Zzgayzg) )
g =1
3.9 = sup 1Eg[/Ng(Jy (W hau(2ig, Yig) — (o — ag(w)))]]-

a€R%:la—ag(u)||[<K,

By Lemma 4 and optimality of &g (u),

29 < Zha (w)u(Zig, Yig) || < ¢
’ ﬁ ‘ VN,

=1

Also, by Lemmas 4 and 5,
Clog N,
r3g < Cy/N,K2 < —2=12.
Vg

Finally, by Lemma 4 and Talagrand’s inequality (see, for example, Theorem B.1 in Chernozhukov,
Chetverikov, and Kato (2014Db)),

C'log®* N,

rig < Csup sup 1G9 (has) = G (s, )| < CV/Eylog G = %

Ny

o €R: a—arg (u) | <K, /

with probability at least 1 — G~2. Combining these bounds gives (46) and completes this step.

Step 2. Here we complete the proof. For g =1,...,G and i = 1,..., Ng, define ig as follows.
If i > Ny, set q;g = 0. If i < Ny, set

Qig = (NG/Ng)l/QIg_l/ing(l{yig < zz/'gag(u)} —u)

where z;; denotes the first component of the vector J° 1(u)zig. By Step 1 and assumptions that
I, > ey and Ng/Ng < Cyy, it follows that

M
P (s, N/ laga (1) — xga ] < 1,

< P | max

, g
1<g<G \/N—GZng oldigl)| < 1o+ N
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In turn, since under our assumptions |g;y| < C, by Corollary 2.1 in Chernozhukov, Chetverikov,
and Kato (2014d), the probability in (47) is bounded from above by

Ny

) N C(log®* Ng) - (log!/? G)
Ny

C'log®* N,
P<11<nga<XG|Y;]|§cJIVIa+M +o0(1)

§P<max Y, <, +o(l)=1-—a+o(1)

1<g<@

where in the second line we used Theorem 3 in Chernozhukov, Chetverikov, and Kato (2014c).
Thus,

P < max 1/ Ng/Iylbg1(u) — agi(u)| < c{\{a> <1l-—a+o(l). (48)
1<g<G

Similar arguments also give

P < max \/Ng/I46g1(u) — agi(u)| < c{\/la> >1—a—o(1). (49)

1<g<G

Rearranging the terms under the probability signs in (48) and (49) completes the proof of the

theorem. O

APPENDIX G. PROOFS OF THEOREMS 6-8

The proofs are analogous to those of Theorems 1, 2, and 4. Therefore, we only discuss important
differences. First, the constants ¢,C' > 0 in the proofs now depend on cys, ¢y, Chr, Cp, Cp, and C.
Second, among Lemmas 1 - 10, Lemmas 4 - 9 deal with within group variation, and so apply under
our conditions without changes. The statement of Lemma 1 holds without changes but in the proof,

Chebyshev’s inequality applies on cluster level, that is, for k =1,...,dy and [ =1,...,d,,

¢ 2
E[( Z (Tg,kWg,1 — E[%,k%,z])) }

g€Cq(m)

G

E [(é D (g wg — E[xgﬁ’f“’g’l])ﬂ -

g9=1

Q-

3
I

INA
Qo

E[ Z ($9:kw97l_E[xg,kwg,l])2]

g€Cq(m)

R}

(e 1M

El(zgrwgs — E[xg,kwg,lDQ] —0

Q
Il
—

where in the second line we used Assumption 1’(iii) that the number of groups in each cluster is
bounded from above by C.
Lemma 2 should be replaced with the statement that G — oo,

é% ( > €g(ul)w9>( > Eg(ul)wlg> —p JO% (u1, us) (50)

m=1  geCg(m) geCq(m)
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uniformly over uy,us € U. To prove this statement, observe that by Assumption 6’(ii),

éiEK Z sg(ul)w9)< Z 59(“1)“’;)} — J9% (1, up)
m=1

g€Cq(m) g€Cq(m)
uniformly over uy,us € U. Further, for 6 = cpr/4 and k, 1 =1,...,dy,
1446
[ SRETCE] G DRETIHE |
g€Cq(m) 9€Cq(m)
<CE[ Y leglun)wguey (u)ug ]
9,9'€Cq(m)
<CE[ > (leglun)wg s + g (w)wy )] < C,
9,9'€Cq(m)

where the last inequality can be proven by the same argument as that used in the proof of Lemma
2. From this point, the proof of (50) is analogous to the proof used in Lemma 2.

The statement of Lemma 3 holds with J(ui,us) replaced by J9%(ui,us). To prove the new
statement, first observe that for any finite U/’ C U,

<\1FG !]Z: wggg(“))ueu, = (N(uw))uew

where (N(u))yey is a zero-mean Gaussian vector with covariance function JO5(uq,us) for all
uy,us € U'. The rest of the proof follows from Theorem 14 by the same arguments as those used
in Lemma 3 and those explained above where we replace Z,(u) = G~ /?w, pe,(u) by Zpy(u) =
G~1/2 decc(m) wg keg(u), and we replace sums over g = 1,...,G by sums over m = 1,..., M
where appropriate.

The statement of Lemma 10 holds without changes but in the proof, we replace Z,(u) =
Vg k(W wy 1 /VG by Zmgi(u) = 2 geCer(m) vy.k(u)wy,/VG and we replace sums over g = 1,...,G
by sums over m =1, ..., M where appropriate, and employ the arguments explained above.

With the new versions of Lemmas 1 - 10, the proof of Theorem 6 is the same as the proof of
Theorem 1. The proof of Theorem 7 is analogous to that of Theorem 2 where, using the same

notation as that in the proof of Theorem 2, we employ the bound

[53( 5 notmm)( X notw)]

m=1  geCg(m) g€Cq(m)
1 M 2 G
< a Z Z ||Il,g(ul)ll,g’(U2)wgw,g|| JZ ||wg|| +op(1) = op(1),
m=1g,9'eCq(m) =1

and we bound all other terms in the proof similarly. The proof of Theorem 8 is analogous to that
of Theorem 4.
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APPENDIX H. ToOLS

In Appendix F, we used several results from the empirical process theory. For ease of reference,
we describe these results in this section.

Let (T,p) be a semi-metric space. For ¢ > 0, an e-net of (T,p) is a subset T, of T such
that for every ¢t € T, there exists a point ¢t. € T. with p(t,t.) < e. The e-covering number
N(e, T, p) of T is the infimum of the cardinality of e-nets of T, that is, N (e, T, p) = inf{Card(T) :
T. is an € net of T'}.

Let F be a class of measurable functions defined on some measurable space (S5,S). For any
probability measure @ on (5,S) and p > 1, let L,(Q) denote the space of functions f on S with
the norm | fllo, = ([ |f(s)[PdQ(s))}/P < co. The function class F is called VC-subgraph class if
the collection of all subgraphs of the functions in F forms a VC-class of sets; see Section 2.6.2 of
Van der Vaart and Wellner (1996) for the definitions. In addition, we say that the function class
F is VC type class of functions with an envelope F' : S — Ry and constants A > e, and v > 1 if

all functions in F are bounded in absolute value by F' and the following condition holds:
SgpN(EIIFHQz,}? Ly(Q)) < (Afe)"

for all € € (0,1) where the supremum is taken over all finitely discrete probability measures @) on
(S,S).
Finally, let X;,..., X, be an i.i.d. sequence of random variables taking values in (5,S) with a

common distribution P. Define the empirical process:
T
Culf) =z 2 (£(X0) = ELF(X)), feF.
The following theorems are used in Appendix F:
Theorem 9. There exists a universal constant K such that for any VC subgraph class F of func-

tions with an envelope F', anyp > 1, and 0 < e < 1,

)T(V(f)l)

sup NI Fllg 7. Ly(Q) < KV(F) 160" ( 3
Q

where V(F) is a finite constant that depends only on the function class F (and called VC dimension
of the class F). Thus, any VC-subgraph class of functions F is also a VC type class of functions

with some constants A > e and v > 1 depending only on F.
Proof. See Lemma 19.15 in Van der Vaart (1998). O

Theorem 10. Let Fi,...,Fr be classes of measurable functions S — R to which measurable

envelopes Fi, ..., F}, are attached, respectively, and let ¢ : R¥ — R be a map that is Lipschitz in the
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sense that

(o f(s) —dogl(s |2<ZL2 )Ifi(s) = g5 (s) P,
7j=1
forevery f = (f1,..., fx), 9= (91,---,9x) € F1x...Fr = F and every s € S, where Ly, ..., Ly are
non-negative measurable functions on S. Consider the class of functions ¢(F) = {po f: f € F}.

Denote (Zle L?Ff)l/z by L - F. Then we have

k
SgPN(EHL Fllg.2, ¢(F) H N(el|FjllQ, .2, Fj, L2(Qj))
for every 0 < e < 1.

Proof. See Lemma A.6 in Chernozhukov, Chetverikov, and Kato (2014a). O

Theorem 11. Let F be a VC type class of functions with an envelope F and constants A > e and
v > 1. Denote 02 = SUpfer E[f(X1)?] and M = maxi<i<n F(X;). Then

<1 g (AL (A1)

for some absolute constant K where | M|y = (E[M?])Y/2.

E | sup |Gn(f)]

ferF

Proof. See Corollary 5.1 of Chernozhukov, Chetverikov, and Kato (2014a). O

Theorem 12. Let F be a class of functions f : X — [0,1] that satisfies

K V
sup N(g,C, L2(Q)) < <€) , for every 0 <e < K
Q

where supremum is taken over all probability measures Q. Then for every t > 0,

Dt v —2t2
p <J§1€12|Gn(f)| >t> < (\/V) e

for a constant D that depends on K only.
Proof. See Theorem 2.14.9 in Van der Vaart and Wellner (1996). O

Theorem 13. Let X1,..., X, be independent, zero-mean stochastic processes indexed by an arbi-
trary index set T' with joint probability measure P. Then

Jisutl,,, < i (s ils,)

for any p > 1 where S, = X1 + -+ + Xy, [|Snl| = supser |Sn(t)], | Xi|| = supser | Xi(t)|, and K is

a universal constant.

e
1<z<n

Proof. See Proposition A.1.6 in Van der Vaart and Wellner (1996). O
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Finally, we provide a reference for Central Limit Theorem with bracketing by Gaussian hypothe-
ses, which we use several times in Section F. A semi-metric p : F x F — Ry is called Gaussian if
it can be defined as
1/2

p(f.9) = (EI(G(f) - G(9))°])
where G is a tight, zero-mean, Gaussian random element in [*°(F). A semi-metric p is called

Gaussian-dominated if it is bounded from above by Gaussian metric. In particular, it is known

that any semi-metric p satisfying

/ V1og N(e, F, p)de < oo
0

is Gaussian-dominated; see discussion on page 212 in Van der Vaart and Wellner (1996).

Theorem 14 (Bracketing by Gaussian Hypotheses). For each n, let Zp1, ..., Zpm, be independent
stochastic processes indexed by an arbitrary index set F. Suppose that there exists a Gaussian-

dominated semi-metric p on F such that

Mn
(1) ZE W Znill7 - Y| Znill 7 > n}] — 0, for every n > 0,
i=1

@) S E[(Zulh) — Zui(0)?] < 02(f.9), for every f.g.
=1

mMn
(13i) supthP sup | Zni(f) — Zni(g)| >t | < €2,
t>0 .= f,.9€B(e)

for every p-ball B(e) C F of radius less than ¢ and for every n. Then the sequence Y "\ (Zn; —

E[Z,i]) is asymptotically tight in I°°(F). It converges in distribution provided it converges marginally.

Proof. See Theorem 2.11.11 in Van der Vaart and Wellner (1996). O
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TABLE A1l. Bias of Grouped IV Quantile Regression vs. Standard Quantile Regression

(N,G) = (25, 25) (N,G) = (200, 25) (N,G) = (25,200) (N,G) = (200, 200)
1. Mean Bias for Endogenous Group-level Treatment

Quantile  True Grouped Grouped Grouped Grouped

(u) Coeff. | Q. Reg. IV Q. Reg. | Q. Reg. IV Q. Reg. [ Q. Reg. IV Q. Reg. | Q. Reg. IV Q. Reg.
0.1 0.316 0.042 -0.055 0.040 -0.007 0.038 0.018 0.039 -0.005
0.2 0.447 0.076 0.015 0.078 -0.003 0.077 0.008 0.077 0.000
0.3 0.548 0.116 -0.024 0.116 -0.044 0.117 0.005 0.116 -0.003
0.4 0.632 0.155 -0.128 0.154 -0.031 0.154 0.007 0.155 -0.002
0.5 0.707 0.194 -0.182 0.193 -0.023 0.192 0.010 0.194 -0.006
0.6 0.775 0.236 -0.192 0.233 -0.039 0.228 0.003 0.232 -0.006
0.7 0.837 0.273 -0.161 0.270 -0.067 0.267 -0.002 0.270 -0.004
0.8 0.894 0.312 -0.106 0.311 -0.056 0.306 -0.010 0.309 -0.003
0.9 0.949 0.365 -0.106 0.361 -0.060 0.360 -0.013 0.362 -0.001
Avg. abs. bias 0.197 0.108 0.195 0.037 0.193 0.008 0.195 0.003

1I. Mean Bias for Exogenous Group-level Treatment

Quantile  True Grouped Grouped Grouped Grouped

(u) Coeff. | Q. Reg. IV Q. Reg. | Q. Reg. IV Q. Reg. | Q. Reg. IV Q. Reg. | Q. Reg. IV Q. Reg.
0.1 0.316 0.005 0.010 -0.004 -0.016 0.002 -0.011 0.001 -0.006
0.2 0.447 0.005 0.027 0.001 -0.010 0.002 -0.018 0.003 -0.008
0.3 0.548 0.006 -0.006 0.006 -0.012 0.003 -0.017 0.005 -0.005
0.4 0.632 0.011 -0.021 0.007 -0.010 0.005 -0.017 0.007 0.002
0.5 0.707 0.008 -0.039 0.008 -0.002 0.007 -0.020 0.009 0.003
0.6 0.775 0.004 -0.021 0.009 -0.004 0.009 -0.015 0.011 0.002
0.7 0.837 0.006 -0.011 0.007 -0.003 0.009 -0.014 0.011 0.000
0.8 0.894 | -0.010 -0.007 -0.011 -0.001 -0.011 -0.008 -0.011 0.000
0.9 0.949 | -0.031 0.008 -0.038 0.003 -0.028 -0.009 -0.031 -0.001
Avg. abs. bias 0.010 0.017 0.010 0.007 0.009 0.014 0.010 0.003

III. Mean Bias for Exzogenous Group-level Treatment and No Group-level Unobservables

Quantile  True Grouped Grouped Grouped Grouped

(u) Coeff. | Q. Reg. IV Q. Reg. | Q. Reg. TV Q. Reg. [ Q. Reg. IV Q. Reg. | Q. Reg. IV Q. Reg.
0.1 0.316 0.002 0.019 0.001 -0.006 0.000 -0.009 0.000 -0.004
0.2 0.447 0.008 0.009 0.003 -0.002 0.000 -0.008 -0.001 -0.007
0.3 0.548 0.005 -0.023 0.004 0.000 0.001 -0.010 -0.001 -0.007
0.4 0.632 0.007 -0.015 0.004 -0.003 0.002 -0.001 0.000 -0.005
0.5 0.707 0.005 -0.027 0.000 -0.003 0.001 -0.002 0.000 -0.004
0.6 0.775 0.004 -0.037 0.001 -0.011 0.000 -0.002 0.000 -0.002
0.7 0.837 0.003 -0.027 0.000 -0.005 0.000 -0.002 0.000 0.000
0.8 0.894 0.000 -0.022 0.000 -0.003 0.001 0.000 0.000 0.002
0.9 0.949 | -0.003 -0.023 0.000 -0.003 -0.001 -0.005 0.000 0.001
Avg. abs. bias 0.004 0.023 0.002 0.004 0.001 0.004 0.000 0.004

Notes: Table shows mean bias for estimation of 8(u) from 1,000 Monte Carlo simulations using standard quantile
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regression (Q. Reg.) and our estimator (Grouped IV Q. Reg.) for cases where (N, G) = (25,25), (200,25), (25,200),
(200,200). Panel I displays results when the group-level treatment is endogenous, panel II displays results when the
group-level treatment is independent of group-level unobservables, and panel 111 displays results when there are no
group-level unobservables. Each panel displays results for quantiles v € {0.1,...,0.9} as well as the average absolute
value of the bias, averaged over the nine deciles.



