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Two slides on Interior-Point Methods (IPMs)
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Presenter Notes
Presentation Notes
�
Before diving into the main idea, I’ll first use one slide to briefly explain the key concept behind the interior point method. Essentially, the iterates of the interior point method approximately follow a central trajectory toward the optimal solution. In each iteration, the method solves a minimization problem over a rescaled Dikin ellipsoid.
�
The reason for using the Dikin ellipsoid is that every point inside it is feasible, and the ellipsoid is easier to work with than the polyhedron. Additionally, the shape of the ellipsoid approximates the shape of the level set, which simplifies the optimization process.





Central-Path ellipsoids have remarkable properties
-4

Central-path solutions are:

Z, = argmin c'z4p- F(x) Yp, Sp -= argmax b'y — - F*(s)

Y

s.t. Ax=0b, x € K s.t. Aly+s=c, s

Example for LP: F(x) ==Y ;In(x;), 9r =n




(J  Sneak Preview:
Distribution of Speedups of our method tPDHG-AHR
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The rescaled PDHG looks better than IPM because it combines the advantages of IPMs and first-order methods.


Conic Linear Optimization (“CLO” or “CLP”)
-4

CLP lﬁ Staﬁdafd f()rm Decision variables
<pﬁma1> ( du a}) = x € R™ (for primal problem)
- CTX - bTy " y € R™ (for dual problem)
st. Ax=b| st c—A'yek
x e K

CLP saddlepoint formulation

- i i T
min max ¢ x—y Ax+ b y
xelkl vy




Primal-Dual Hybrid Gradient for L.P
-9

4 PDHG A

h Tl (a:k +7A"y* — 'z'c)+

Sk A (zxkﬂ . xk) 1 ob
J

* Only requires matrix-vector multiplications
* “Simple” O(1/t) convergence when T and o satisfy:

1
T-0<
O-max(A)z

* For LP, restarts based on average iterates yield linear
convergence [Applegate, Hinder, Lu, Lubin, 2023]



Challenge II: Loose/unworkable computational guarantees

Original computational guarantees:

Theorem [Applegate, Hinder, Lu, Lubin, 2023] PDHG computes an &-optimal
solution within

0 ((le*ll + 11y 1D - 11A]] - H(K) .1og<||x I+ ly ||>>

iterations.

H(K) is the global Hoffman constant of the matrix K of the KICT system

1

i +
min or. (K
]Q{l,...,2m+n+1} mm( ])

K= H(K) ~




Performance of tPDHG
S e

Iterations Required for
1P relaxations from MIPIL.IB 2017

1010
106 - [:SHG * rPDHG uses more iterations
than IPM
g 10° - makes sense...
©
g 10°- * Some small instances require a
102 | very large number of iterations
: a real challenge for rfPDHG
10

103 104 10°
Number of Nonzeros



A seemingly easy LP instance
-4

For y € (0, g) define: %
min sin(y) x; — cos(y) x5 o
X1,X2
P(y): st sin(y)x +cos(y)x, =1 ’

x120,x220

P(y) 1s always easy for the simplex \
method and interior-point methods

However, when y is small, PDHG requires at least 1,000,000
iterations. What conditions of P(y) make it so hard for PDHG?
8




Goals for improving theory for rtPDHG for LP
- ______________________________________________________________

Challenges:

Current theoretical complexity is loose and can be hard to
compute/validate

We seek iteration bounds that are more natural, tighter, and
easier to analyze

Some seemingly “easy” problems are hard for rfPDHG

We seek to understand what properties of these “easy”
problems make them hard



Computational guarantees

Original computational guarantees:

Theorem [Applegate, Hinder, Lu, Lubin, 2023] PDHG computes an &-optimal
solution within

0 <<||x*|| + 11y 1D - 11A]] - H(K) .1og<||x I+ ly ||>>

iterations.

Key questions:
* What conditions of the problem actually drive the performance of
PDHG? Sublevel-set Geometry

* C(Can we improve these condition numbers and so improve
computational performance in theory/practice?
Yes, we will improve the geometry using Hessian rescaling



Condition numbers related to

Level-set Geometry
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此处8分钟比较合适


-Reformulation of Standard Form CLP
-

CLP in standard form

(Primal) Assumptions (similar as in IPMs)
min ¢' 1. Strict feasibility of P and D
st Ar —=b (though not necessary in context of
computation
r e K P )
2. Rows of A are linearly independent
(Dual) " yand S correspond one-to-one
max b'y 3. Objective vector ¢ € Null(4)
s.t. Aly+s=c "Ac=0
seK”

" not essential, but keeps things

simpler
p 12



The feasible region in the space of (x, S)
-4

min ¢' z max b'y
s.t. Az =0b| s.t. Aly+s=c
_—Z G\l(: /SEK*

\

4

(x, S) lies in the cone K X K

For example, th

e nonnegative

orthant for LLP

Az =b,Jyst. Aly+s=c
(x, s) lies in an affine subspace




Primal-Dual Sublevel Sets
S N

(x, S) 1s feasible

* The duality gap is 3 ll%a?lr flbn(::Itlon gc)f g&

- 'l;ge %1@2211 (S:E)’lu?(

+S8S=c

bn set is W = Etg%@ﬁt{mal (x,5)

* The ¢ptimal soluti

duality gap is at most O /

Note: =

15 the poiog Alin-thg fgure) < &

14
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then the goal of LP is to minimize the duality gap within the feasible set. Suppose that the duality gap being 0 is the dashed brown line and then optimal solution is the point A. 

In this context, the primal-dual level set is then the part of the feasible set but with the duality gap small. We say the delta-level set is the part with the duality gap smaller than delta. 

The point A, or the optimal solutions W star is then exactly equal to 0-level set. 


Three Geometric Condition Numbers
1

1. Dgs -- the diameter of

2. Ts -- conic radius of

3. dg -- Haussdorf distance between and

15



D 5: Diameter of §-sublevel set Wy
-9

Ds=_max |[w—w||
w,weWs

(Dg is smaller when 0 is small )

W*

16




I 5: “Conic Radius” of Wy
-9

rs. = max r
r=0, wWeWg

st. B,(r)cK xX"*

T's 1s the radius of the maximum ball inscribed in
K X K™ and centered at a point in Wy

17




dg: Hausdorff distance from Ws to W*
49

dy == max Dist(w, W*)
WwEeEWs

dg is small when 0 is small

W*

18




Convergence Guarantee for tPDHG

19



Worst-case complexity of PDHG
N

To get some intuition first, let’s assume for the moment that the

instance has unique optimum. Then:

Theorem [Xiong and F 2024]: Suppose w* is unique. PDHG computes

an &-optimal solution within

[  Ds (1
Olk-lim —-In|—
0—0 rs E
iterations. Y. \_\
Matrix condition number of A: “Sublevel-set geometry”

K = O-max(A)/O-mln(A)



.. Dg .
Local Geometry of and gln% r—6 in the case of LP
-0 7§

When w”* is unique and § is sufficiently small, W is a slice of a pointed cone at w*.
q y 8 p

rs /
Dg N
()
% * * Dé‘

w w w
Very small 1 Intermediate g Intermediate 1

Intermediate D g Intermediate D g Very large D g
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Worst-case complexity of PDHG (under unique optima)
N

Matrix condition number of A: k = o,x(4) /0.5, (4)

Theorem [Xiong and F 2024]: Suppose w™ is unique. PDHG computes
an &-optimal solution within

1 m —
5 -0 Tg
iterations.

Matrix condltlon number T.ocal geometﬂc condition

* 'This iteration bound 1s “superior” to the Hoffman constant

+ For LP, this bound is 0 (n?3 - In (%)) with high probability

[Xiong, 2024]
* Tor LP, this bound has a closed-form expression [Xiong, 2024]



Another example
_

D51 )
- —= is very large/bad
rs, (due to the small 14, )

smaller/better


Presenter Notes
Presentation Notes
The second quantity is called the conical radius, which is the radius of the largest ball that can be inscribed in the cone, with its center in the sublevel set. In the case of an LP, this is essentially finding the point with the minimum component in the sublevel set maximized, and this minimum component corresponds to the conical radius, denoted as r_{\delta}.


... D : .
Is lim = the only geometric condition?
5§-0 T

Suppose we want an £-optimal solution:

W*

Intuition: The very-local bad geometry should not have a
significant impact when the iterates of the algorithm have not
yet reached the local neighborhood.


Presenter Notes
Presentation Notes
The second quantity is called the conical radius, which is the radius of the largest ball that can be inscribed in the cone, with its center in the sublevel set. In the case of an LP, this is essentially finding the point with the minimum component in the sublevel set maximized, and this minimum component corresponds to the conical radius, denoted as r_{\delta}.


... D : ..
Is lim =2 the only geometric condition?
5075

We need a third geometric measure to define “being close to W*”

dy == max Dist(w, W*)

WEW5

Hausdorff distance from Ws to W*



Presenter Notes
Presentation Notes
The second quantity is called the conical radius, which is the radius of the largest ball that can be inscribed in the cone, with its center in the sublevel set. In the case of an LP, this is essentially finding the point with the minimum component in the sublevel set maximized, and this minimum component corresponds to the conical radius, denoted as r_{\delta}.


Our General Conic Optimization Computational Guarantee

Theorem [Xiong and I 2024|: The number of PDHG iterations
required to compute an E-optimal

- ma In | — " (1 + Dist(0, W™))

solution 1s upper bounded by:

rs &E

for each 6 > 0.




Our General Conic Optimization Computational Guarantee
N S
Theorem [Xiong and F 2024|: The number of PDHG iterations

/ * Linear convergence part * Sublinear convergence part

* Note that Ds/15 might/not ¢ Note d? is small when 8 is
be large when 0 is small small

The tightest bound is given by

the Ts that minimizes the D : Diameter of Wy
bound © T's: Conic radius of Wy
d}: Hausdotff distance between
Wg and W™
K = Ur;ax(A)/O-r;in(A)




Using theory to develop practical
computational speed-ups of PDHG

28



Brief idea
1

Central Path Point

Run
PDHG

29




Central-Path solutions are good interior-points
-4

Let F(+) be a logarithmically homogeneous self-concordant barrier
for K with complexity value U

Central-path solutions are:

T, = arg min c'x+p- F(x) Yu, Sy 1= arg H;%X b'y — p- F*(s)
s.t. Ax =0, € K s.t. Aly+s=c, s
Example for LP: F(x) = —Yi-;In(x;), 9 =n

At W = (X, S,), the local-norm ball nicely approximates the shape

of sublevel sets:

30




Transformation based on a central-path solution

-
LetH = pu- VZF(xM), then for
&:= 9 - u we have:

* D5 < 29p - Opn(H)™V/?
* 15 2 Omax(H) 7Y/
 di <29p 0, (H)™1/2

min

After a rescaling transformation (turns the local-norm ball into a Euclidean

norm ball) we have:

. DSSZ\/ﬂ_F'\/E

. d(I—; is small if & is small

*  “Very nice theory” 31



Proposed strategy
-9

Suppose we do the following:

1. rescaling transformation using a central-path solution with duality gap &
2. row transformation to try to decrease closer to k = 1

Then the number of PDHG iterations required to compute an €-optimal
solution of the original CLP problem is upper bounded by:

o (o0 (1) + 2))

Ds
* We have replaced - by Uf
)

* The smaller 9 is, the faster the convergence

* Of course we will need to “pay” to compute the point on the central

path... .



Summary
1

Central Path Point

Run
PDHG

33




rPDHG-AHR (“Adaptive Hessian Rescaling”™)

and
Computational Experiments

34



Proof of concept

PDHG-EasyColumn
Column rescaling to normalize Ly, column norms

Column rescaling using central-path solution with KIKT error (.1
PDHG-Central §=0.01

Column rescaling using central-path solution with KIKCT error (.01
Note: we pre-multiply A by (AAT)~1/2

to yield k = 1 for all rescalings

PDHG iterations needed to compute a solution with KKT error 107

108

107 E
106 E

10° E

Iteration

104 E

103 E

Instance Index Instance Index Instance Index

222 1P relaxation instances from the MIPI.IB 2017 dataset


Presenter Notes
Presentation Notes
We also conducted a distribution analysis of the number of iterations required for 222 LP relaxation instances from the MIPLAB dataset. The results clearly show that the variance in the number of iterations decreased significantly, and many instances required fewer than 500 iterations—though this is not fully displayed here. Overall, the performance is outstanding.



Main Strategy, continued

Main strategy: use a “CG-IPM” to compute a low-

accuracy central-path solution to obtain a good
rescaling, and then use PDHG

- We use a first-order method to compute the Newton steps
of a “central path” solution

we use a conjugate-gradient-method-based IPM (CG-IPM)

otherwise, implementation exactly follows Nocedal and Wright Numerical

Optimization (2000)
but we solve the normal equations using conjugate gradient method

- We employ only diagonal row rescaling to try to improve K

Column rescaling uses the central-path Hessian of wj,; followed by

PDLP’s rescaling (Ruiz rescaling and Pock-Chambolle rescaling), which
we call the “Wy,-rescaled problem”

38



Using Adaptive Hessian Rescaling

Motivating concepts of Adaptive Hessian Rescaling:

* Adaptively balance the cost of computing the rescaling (CG-IPM)
with the savings from running PDHG on the rescaled instance

* Try to identify a “good-enough” rescaling as early as possible and

use the good-enough rescaling




.

Computational Experiments with
-3

We compare:

: PDHG with Adaptive central-path Hessian Rescaling (using
CG-IPM for the central-path computations)
: use heuristic Ruiz rescaling on A, followed by Pock-
Chambolle rescaling, (This is the same as the rescaling used in PDLP,)
3. IPM:ahome-grown standard primal-dual predictor-corrector interior point
method, straight from Nocedal and Wright Numerical Optimization (20006).

We performed tests on all the LP relaxations from MIPLIB 2017
dataset that are:
* large enough (m X n > 10°)

* but not too large for the IPM (number of non-zeros < 10°)
* 'This yielded 413 instances in total


Presenter Notes
Presentation Notes
This approach is called PDHG-AHR for Adaptive Hessian Rescaling. It’s important to note that this rescaling involves no matrix factorization or dense transformations. We compared it with the default rescaling used in PDLP—the one employed in commercial solvers—as well as with an interior point method we implemented ourselves. We tested them on LP relaxations from the MIPLAB dataset.



.

Computational Comparison: and
-4
Speedup Ratio:
. Fraction solved
Matrix—vector products by
Matrix—vector products PDHG-AHR
10°
ke S N
© 10 :
S 102 - -» Fracion ™ g g770, 179
o S g o yitvo @™ ” solved by
D 107 oo ipRgeE S e PDHG
o ¢ > S 0 0
n 10-2 SN . A NS A (RulZPC) N 7.5% 3.1%
104 10° 10° 107 108 10°
Matrix-vector products of rPDHG (RuizPC)
* In general, the harder the problem is for , the larger

the speedups from using

solves about 95.2% of problems and is more reliable
than (solves about 89.4% of problems) 41
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Presentation Notes
When comparing our method with PDHG’s rescaling, we see that for problems that are more difficult for PDHG, our method provides significant advantages. This makes sense because if the original problem has good geometry, there’s no need for improvement. But when the geometry is poor, rescaling is essential. Overall, our method solved more problems with greater reliability.
�
When comparing our method with PDHG rescaling, we observed that for problems more challenging for both PDHG and PDLP, our method offers significant advantages. However, it’s not always the best, which makes sense—if the original problem already has good geometry, there’s no need for improvement. But when the geometry is poor, rescaling becomes very effective. Overall, our method solved more problems and did so with greater reliability.



.

Computational Comparison: and IPM
S e
Speedup Ratio: Fraction solved
Runtime TPM by
Rt PDHG—-AHR
untime
S N
o 102 5 o1 o —
I 5.’55‘ :w S 8 .
E 100 -—é‘ﬁt————f—lfﬁg‘:’{,‘;ﬁb— oo 8§ | Fraction S 93.0% 1.5%
3 | o S e solved
élo_z 1% : AR bY 0 )
0 Lot L IPM N 22%  3.4%

1071 10° 101 102 103 104
Runtime of IPM

* Generally speaking, the harder the problem is for IPM, the
larger the speedups from using

is also (slightly) more reliable than IPM
42
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We also compared our method with the interior point method. Keep in mind, these problems are not truly large-scale, so they still fit within the capabilities of the interior point method. While our method didn’t always outperform the interior point method—understandable given that interior point methods have been developed over the past 40 years—we did observe that the harder the problem is for the interior point method, the more significant the speedup achieved by our first-order method. In fact, our method proved slightly more reliable than the interior point method.



Recap, Takeaways, and Remarks
-4

Recap and takeaways:
* The convergence rate of PDHG on CLP is related to the geometry of
primal-dual sublevel sets measured with Dg , 75, dg

* Rescaling using a central-path solution can improve the geometry of the
primal-dual sublevel sets

* Our strategy: uses a “CG-IPM” to compute a low-
accuracy central-path solution to obtain a good rescaling, and then use
PDHG

* FOMs can compete and outperform IPMs

Remarks:
* Our results relied only on PDHG’s average iterate convergence and
non-expansiveness properties. Similar results might also hold for other

FOMs, 1in particular ADMM, EGM, ...
43



Thank youl
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