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Projective Transformations for Interior Point Methods, Part I:

Basic Theory and Linear Programming

Abstract

The purpose of this two-paper study is to broaden the scope of projective
-methods in mathematical programming, both in terms of theory and algorithms.
We start by generalizing the concept of the analytic center of a polyhedral system to
the w-center of a polyhedral system, which stands for weighted center, where there
are positive weights on the logarithmic barrier function for each inequality constraint

defining a polyhedron X . We prove basic results regarding contained and
containing ellipsoids centered at the w-center of the system X . We next shift our
attention to projective transformations for transforming the polyhedron X to
another polyhedron Z that turns the current point x into the w-center of the new

polyhedron Z . We work throughout with a polyhedron X that contains both
inequality and equality constraints of arbitrary format. We exhibit an elementary

projective transformation that transforms the current point X to the w-center of Z.

This theory is then applied to two different problems: solving a linear program
(of arbitrary form) and finding the w-center of a polyhedral system. Both problems
are instances of a canonical optimization problem involving a weighted logarithmic
barrier function. To solve a linear program, we minimize a weighted potential
function, and proceed as in other projective transformation algorithms for linear
programming. The advantages of our method are twofold. First, the algorithm is
completely general regarding the format of the linear program, and so naturally
accommodates equality and inequality constraints, upper and lower bounds, etc.
Second, it works with a weighted potential function, that intrinsically rescales the
problem in favor of the constraints with the largest weights. Thus, if the user has any
prior judgements regarding the likelihood of particular constraints being active in the
optimal solution, this judgement can be easily and systematically incorporated into
the formulation of the potential function, and hence into the algorithm itself. The
algorithm and analysis for the problem of solving the w-center of a polyhedral system
is presented in Part II of this study.

Keywords: analytic center, w-center, projective transformation, linear
program, ellipsoid, barrier penalty method.






1. Introduction

The purpose of this two-paper study is to broaden the scope of projective
methods in mathematical programming, both in terms of theory and algorithms. We
start by generalizing the concept of the analytic center of a polyhedral system to the
w-center of a polyhedral system, which stands for weighted center, where there are
positive weights on the logarithmic barrier function for each inequality constraint
defining a polyhedron X . We prove basic results regarding contained and
containing ellipsoids centered at the w-center of the system X . We next shift our
attention to projective transformations for transforming the polyhedron X to
another polyhedron Z that turns the current point x into the w-center of the new
polyhedron Z . We work throughout with a polyhedron X that contains both
inequality and equality constraints of arbitrary format. We exhibit an elementary

projective transformation that transforms the current point x to the w-center of Z .

This theory is then applied to two different problems: solving a linear program
(of arbitrary form) and finding the w-center of a polyhedral system. Both problems
are instances of a canonical optimization problem involving a weighted logarithmic
barrier function. To solve a linear program, we minimize a weighted potential
function, and proceed as in other projective transformation algorithms for linear
programming. The advantages of our method are twofold. First, the algorithm is
completely general regarding the format of the linear program, and so naturally
accommodates equality and inequality constraints, upper and lower bounds, etc.
Second, it works with a weighted potential function, that intrinsically rescales the
problem in favor of the constraints with the largest weights. Thus, if the user has any

prior judgements regarding the likelihood of particular constraints being active in the



optimal solution, this judgement can be easily and systematically incorporated into

the formulation of the potential function, and hence into the algorithm itself.

In Part II of this study, the basic theory of Part I is applied to the problem of
finding the w-center of a polyhedral system X . We present a projective
transformation algorithm, analagous but more general than Karmarkar's algorithm,
for finding the w-center of X . The algorithm exhibits superlinear convergence. At
each iteration, the algorithm either improves the objective function (the weighted
logarithmic barrier function) by a fixed amount or at a linear rate of improvement.
This linear rate of improvement increases to unity, and so the algorithm is
superlinearly convergent. At each iteration, the algorithm either detects
unboundedness, or updates an upper bound on the optimal objective value of the
weighted logarithmic barrier function. The direction chosen at each iteration is shown
to be positively proportional to the projected Newton direction. This has two
consequences. On the theoretical side, this broadens a result of Lagarias regarding the
connection between projective transformation methods and Newton's method. In
terms of algorithms it means that our algorithm specializes to Vaidya's algorithm if it
is used with a line search, and so we see that Vaidya's algorithm is superlinearly
convergent as well. Finally, we show how to use the algorithm to construct well-
scaled containing and contained ellipsoids centered at near-optimal solutions to the
w-center problem. After a fixed number of iterations, the current iterate of the
algorithm can be used as an approximate w-center, and one can easily construct
well-scaled containing and contained ellipsoids centered at the current iterate, whose

scale factor is of the same order as for the w-center itself.



The W-Center of a Polyhedral System

In [ 13 ], Karmarkar simultaneously introduced ideas regarding the center of a
polyhedral system, a projective transformation that centers a given point, and a
linear programming algorithm that uses this methodology to decrease a potential
function involving an objective function component and a centering component.
Karmarkar's ideas have since been /generalized along a number of lines, both
theoretical and computational. Herein, we expand on Karmarkar's methodology in
at least two ways. First, we analyze the w-center of a polyhedral system
X = {x € R | Ax<b,Mx= g} , defined as the the solution x to the following
optimization problem:

m

maximize 2 w; In s,
i=1

P .

w*

s.t. Ax+s =b
s> 0

Mx =¢g.

Note that P, is a generalization of the analytic center problem first

analyzed by Sonnevend [ 20 ], [ 21 ]. Also note the P, is defined for the most

general polyhedral representation, namely inequality as well as equality

constraints of arbitrary form. In P, ,theweights w; can be arbitrary positive

m
scalars, and for convenience they are normalized so that z w; =1

i=1

Let w =min {w;} . The main result for the w-center problem is thatif ~x is the
) !

w-center, then there exist well-scaled containing and contained ellipsoids at  x as

follows. Let X = {x e R" | Ax<b Mx= g} . Then there exist ellipsoids  Ejy,



and Egyp centeredat x ,forwhich Ey € X c Eqgyp ,and (Ejpy- x) =
(w/(1- W)(Egup— Xx),ie., theinner ellipse is a scaled copy of the outer ellipse,
with scaling factor w/(1- w) . When all weights are identical, w=(1/m)e
and w=1 /m, and the scaling factor is w/(1- w) = 1/(m-1) . Essentially, the

scaling factor ~ w/(1- w) is (almost exactly) proportional to the smallest

(normalized) weight w;,

Projective W-Centering for Problems in Arbitrary Form

Numerous researchers have extended Karmarkar's projective transformation
methodology, and and this study broadens this methodology as well. Gay [ 9 ] has
shown how to apply Karmarkar's algorithm to problems in standard form, and how
to process inequality constraints by implicitly converting them to standard form.
Later, Gay [ 10 ] shows how to process problems in standard form with upper and
lower bounds, as does Rinaldi [ 18 ]. Bayer and Lagarias [ 4 ] have added to the
theorectical foundations for linear programming by showing that for inequality
constrained problems, there exists a class of projective transformations for centering
a polyhedron about a given interior point x . However, their result is not
constructive. Anstreicher [ 2 ] has shown a different methodology for processing
problems in standard form, and in [ 7 ] the author gives a simple projective
transformation that constructively demonstrates the result of Bayer and Lagarias.
Even though linear programs in any one form (e.g., standard primal form) can be
either linearly or projectively transformed into another form, such transformations
can be computationally bothersome and awkward, and lack aesthetic appeal.
Herein, we work thoughout with the most general polyhedral system, namely

X = {x e R" | Ax<b,Mx= g} . It obviously contains all of the above as special

cases, without transformations, addition or elimination of variables, etc. In sections



III and IV of this paper, we present an elementary projective transformation that
projectively transforms a general polyhedral system

X={xeR" | Ax<b,Mx=g) toanequivalentsystem

Z={zeR" | Ax<b,Mx= g) , and that results in a given point x (in the relative
interior of X ) being the w-center of the polyhedral system Z . The approach taken is
“based on classical polarity theory for convex sets, see Rockafellar [ 19 ] and Griinbaum

[121

A Canonical Optimization Problem

The results on the w-center problem are applied to the following canonical

optimization problem:

m
. . . . _ T
Pyp: m;nxuzuze Fq’p(x) = In(g-p™x) - 1-21 w; In (b; - Aix)
s.t. Ax + s =b
s >0
Mx = g
P'x <q

where X = {x € R" | Ax<b, Mx= g} is given. Note that problem Pap has two

important special cases: linear programming and the w-center problem itself. If

p = cis the objective function of a linear program maximization problem defined on
K= {x € R" | Ax<b, Mx= g} ,and if q is an appropriate upper bound on the
optimal objective function value, then Pq,p is just the problem of minimizing
Karmarkar's potential function (generalized to nonuniform weights w; on the

constraints). If p=0and q=1, then Pq,p is just the w-center problem P, . In



section V of this paper, we present a local improvement algorithm, completely

analagous and a generalization of Karmarkar's algorithm, for solving Pq p

A General Linear Programming Algorithm

In Section VI of this paper, the previous results are specialized to linear

programming. Herein, we solve the problem

LP: maximize clx
s.t. Ax<b
Mx =g

by means of weighted potential functions of the form
m
InU -c™) = ¥ w;lIn(b; - Ax)
i=1
where U is a current upper bound on the optimal objective value, and the weights
w; are prespecified. The methodology for updating U is an extension of Todd and
Burrell [22 ]. It is shown that the number of iterations of the algorithm is

O((1/w )L ), where L is the size of the instance of the linear program, and

w=min {w;} . Thusif w=(1/m) e, the worst-case bound is O(mL), completely
i

analagous to other primal projective transformation algorithms for linear

programming.

The main contributions of this algorithm are twofold. First, it is completely
general and can readily be implemented for problems in arbitrary form, without the

addition or elimination of variables, constraints, etc. Second, it is general in terms

of the weights w, . These weights can be chosen beforehand to reflect a user's prior



judgement regarding the relative likelihood that a given constraint will be active (or
lie near) the optimal solution set. The ability to choose values of weights
beforehand has a negative and a positive consequence. On the negative side, the
worst case bound on the number of iterations is increased by choosing widely
varying weights, which will force 1/w >> m. On the positive side, the weights
are a means to systematically and permanently rescale the problem so that
constraints of relative prior-judged importance are accorded that importance. This
permanent rescaling can be seen best as follows: in the absence of equality
constraints, the direction at a give iteration of the algorithm is computed using the
matrix Q= AT E-lw g'lA , Where —S_'l is the diagonal matrix of inverses of the
slack variables s =b-A x for the current point x ,and W is the diagnonal

matrix with diagonal entries wy,..., wy, . The weights therefore scale the
contribution of the matrix AiTAi/ §i2 to the matrix Q, wehre A, is the ith row of
A. This is directly analagous to rescaling the problem in an affine scaling algorithm,
see[6],[3],[25]. Karmarkar's algorithm and other algorithms based on centers
implicitly assign equal weight and likelihood to any constraint being active in the

optimal solution. The methodology developed herein is designed to add flexibility

in this assignment.

An Algorithm for the W-Center Problem

Part II of this study [ 8 ] applies the methodology and theory regarding the w-

center, projecting to the w-center, and the local improvement algorithm for the

canonical optimization problem P , to an algorithm to solve the w-center

q.p
problem P, . Other algorithms for this problem have been developed by Censor

and Lent [ 5] and by Vaidya [ 23 ]. We present a projective transformation algorithm

for finding the w-center that uses the exact methodology used for problem Pq p and



for linear programming. The algorithm can be run with either a fixed steplength (in

the projective space) or with a line search.

This algorithm produces upper bounds on the optimal objective value at each
iteration, and these bounds are used to prove that the algorithm is superlinearly
convergent. We also show that the direction chosen at each iteration is
proportional to the projected Newton direction. Thus, if the algorithm is run with a
line search, it specializes to Vaidya's algorithm. Although Vaidya has shown that
his algorithm exhibits linear convergence, our approach and analysis demonstrate
that his algorithm is actually superlinearly convergent, verifying a conjecture of

Vaidya [ 24 ] that his algorithm might exhibit stronger convergence properties.

We also show that after a fixed number of iterations of the algorithm, that

one can construct "well-scaled" containing and contained ellipsoids at the current

iterate of the algorithm. If x € X = {x e R" | Ax<b,Mx= g} is the current
iterate, one can easily construct ellipsoids Fjy and Fyyp centered at x , with the
property that FjycX cFoyr ,and (Foyp — x)=(1.75/w+5) (Fy - X).
When all weights are identical, then this scale factor is (1.75m + 5) which is O(m).

In general, the order of this scale factor is O(1/w) , which is the same as for the

ellipses Ejy and Eqyp centered at the optimal solution to P, , whose scale factor is

1-w)/w=1/w-1.

Notation

Throughout this paper, A is anm xn matrix with m2n and M isa
k xn matrix with k<n. If s orw are m-vectors,then S or W refer to diagonal

m x m matrices whose diagonal entries are the corresponding components of s or w.



Let e denote the vector of ones of appropriate dimension, and let e; denote the ith

unit vector.

1L The W-Center of a Polyhedral System

For given data (A,b,M, g), let X ={xe R? | Ax<b,Mx=g}. X thenisa
polyhedron, bounded or not, lying in R™. Let
(X;8) ={(x,s) € R"xR™ | Ax+s=b, s20, Mx=g} and
S= {s € RM | s20, s=b-Ax for some x satisfying Mx = g} . We will often refer to 8

as the slack space of X or the slack space corresponding to X.

We define int X as the interior of %X relative to the affine space

{x € R" | Mx = g}, and we defineint (X ;8 ) =
{(x,s) e R" x RM| Ax+s=Db, s>0,Mx= g} and int 8 analogously.

Note that if X is bounded, sois §; and if S is bounded, either X is bounded or
contains a line. In either case, we say that X has bounded slack. If A has full rank, X

is bounded if and only if 8 is bounded.

Let w € R™M be a vector such that w >0 and w has been normalized so that

eTw=1.
Consider the problem

P, maximize EWi In s;
i

s.t. ~ Ax+s =D
Mx =g

s> 0.



10

This problem is a (weighted) generalization of the analytic center problem,
posed by Sonnevend [ 20 ], [ 21 ], and used extensively in interior point algorithms
for solving linear programming problems, see Renegar [ 17 ],

Gonzaga [ 11 ], and Monteiro and Adler [ 15], [ 16 ], among others.

Under the assumption that % is bounded and int X # g, then P, will have a

unique solution, x , which we denote as the w-center of the polyhedral system X. To
be more precise, we should say that x is the w-center of the linear system defined by
(A, b, M, g), since the solution x to P, is a function of the particular polyhedral
representation of X as the intersection of halfspace and hyperplanes, and not just of
the set X. However, it will be convenient in terms of notation to refer to x as the
w-center of X, as long as it is understood that X represents a specific intersection of
halfspaces and hyperplanes. The Karush-Kuhn-Tucker (K-K-T) conditions are
necessary and sufficient for optimality in P,,, and thus x is the w-center of X if and
only if x satisfies

(21a) A x+ s =b

21b) Mx =g (2.1)

210) >0

21d) wT STA= n™ forsome mneRK.

Let w =min {w;} be the smallest component of w. Note w< 1/m
i

because of the normalization condition elw = 1. Generalizing Sonnevend [ 20 ],
[21], we have the following properties of the w-center of X, that characterize inner and

outer ellipsoids centered at x.
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Theorem 2.1. Let X = {x € R" | Ax<b, Mx =g} ,and let x be the w-center of
X. Let Ep = {xe R" | Mx=g, (x- x)TAT 51w SIA(x- x) € w/(1- Vv)}

and  Egyp = {xe R" | Mx=g, (x- x)TAT 5w STA(x- x) < (1~ w)/ —vuv} .
Then Epn o X < Eqyr -

Before proving this theorem, we make the following remark:

Remark 2.1. (Ej - x) = (w/(1- ;v))(EOUT— x ), i.e., the inner ellipse is a scaled

copy of the outer ellipse, with scaling factor w/(1- w) . If w=(1/m)e, then

w =1/m, and so the scaling factoris w/(1- w) = 1/(m-1) .

The proof of Theorem 2.1 is aided by the following three propositions:
Proposition 2.1.  If x is the w-center of X, then S lies in the simplex A, =

{se R™M [ s>0, wT g'ls=1}

Proof: If se S,then w! Sls = wl 51 (b - Ax) forsome x € X, and so
wl Sls=w §1(s+ Ax-Ax) =wl 51 5+ wl STAx- %) . From (2.1d),
this latter expression equals wl S1 s + #nIM(x- x)=w! &1 s = wle=1, since

M(x- x) =g-g=0. H
Proposition 2.2.  Suppose r e R™ and r satisfies wlr=0 and

rTWr £ w/(1- w). Then Ir;] <1 foreachi.

Proof. It suffices to show that r; <1, i=1,..., m. For each i, consider the
program
' max T
st rTWr < w,/(1-w) (1)

wlr = 0. B
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The optimal solution to this program is

= (1/0-w)(-wje + ¢ ) , with K-K-T multipliers
o = (I-w;)/2w;) and B=1 ,which satisfy the K-K-T conditions

* _— —_
e; = 20Wr + Pw . Notice that r, = 1. Thusif rTWr € w/(1- w) <

w;/(1 —Wi) and wlr =0, then <l N

Proposition 2.3. Let x be the w-center of X . If se R™ satisfies w! S1s=1 and

(s- )T STW ST (s- 5) < w/(1- W), then 0< 5,< 2 5;.

Proof. Let s beas given in the proposition. Let r= Sl(s— 5). Thenr satisfies the

hypotheses of Proposition 2.2, and hence |[r;] <1, i=1,..., m.

Thus 0<s,< 25 ,i=1...,m. W

Proof of Theorem 2.1. We first prove that X © Enyp . By Proposition2.1, 8 < A, .
The extreme points of A, are (s;/w,) e , i=1,..., m. Note thateach extreme

— T = = — —
point satisfies (( s;/w;) e, = s) SIW S1 ((s;/wy)e = s) = (I-w)/w,; <

(1- w)/ w.

Thus, by the convexity of A, ,every s €S satisfies
s- )T swsl(s-s) <
x

w/(1- w). But (s— s)=-A(x—- x),s0
x- x)AT slw STA(x- <

) w/(1- w) . This shows that X c Equt -

We next show that Ejy € X. Let x € Epy, andlet s betheslack
corresponding to x,ie., s=b-Ax. Then (s- s)T slw sl (s- s5) =
x- x)AT SIW sTA(x- x) € w/(1- w).

Also, similar to Proposition 2.1, it is straightforward to show that
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T 515 = 1. Thus by Proposition 2.3, s > 0. Thus Ax<b, and sincexe Eyp,

w

Mx=g. Thus xe X. R

Proposition 2.4. Let x be the w—center of X. Foreach i=1,...,m, forany

xe X, (b; ~Ax) < -s-i/wi.

Proof: Forany xeX, let s=b~-Ax. By Proposition 2.1, wl S 1s=1,s>0,

so s; £ (s;/wy) ,ie, bj—Ax < (s;/w;) W

Remark 2.2. Assume that X is bounded and int X #e& . Given w > 0, the w—center
of X is unique. However, for a given vector x, there will be many weight vectors w

such that x is the w—center. Let s betheslackat x. If s>0,then

{weR™ | w>0,and X isthe w—centerof X } =

{w e R™ | w>0,and w! S1A =TM for some ne Rk}.

The above remark serves as a basis for the following intriguing composition

theorem.

Theorem 2.2. Let X = {x | Ax<b, Mx = g} and assume X is bounded and
intX # ,andlet £ ={he RM| ATA= MTx for some me Rk,1 >0} .

Then for any w e R™, w > 0, there is a unique slack vector se 8 and a

unique Ae x such that w; = Xi s_i,izl,...,m.

Proof. Foragiven we R™,w >0, let x be the (unique) w—center of X and s
its corresponding slack. Then upon setting A = Slw, we haveby (2.1) that

ATA=nT™ forsome ne Rk. W
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The last result of this section characterizes the behavior of the weighted-
m
logarithmic barrier function 2 w; In (b; - A;x) near the w-center of X . This

i=1
lemma parallels similar results for the uniformly weighted center in Karmarkar [ 13 ]

and Vaidya[23] .

Lemma 2.1. Let x be the w-center of X,let s =b-A x,andlet de R" bea
direction that satisfies Md =0,and dT AT S1wW $-1Ad € w/(1- w). Then forall

o satisfying 0<a <1,

m i m e
D, wiln (- A X+ad) 2 ; wilnts) - - ((1— ?v))

i=1

The proof of Lemma 2.1 makes use of the following inequality, repeated here as

82
21-a)

Proposition 2.5. If |e| <o < 1,then In(1+¢) 2 ¢ -

Proof: The Taylor series for In (1 +€) yields

el > el
|j| S

1n(l+e)=a—.z -—-).——2 e-—'Z . 3
):2 ):2 =2
2 2
= - |8| > £

20-1en - "2~

Proof of Lemma21: Let r= S1Ad. Then w'r = wT S1Ad = zTMd=0 for
some e RK by (2.1d). Furthermore rTWr < w/(1- w). Thus by Proposition 2.2,
Il £1,i=1,...,m

m m

Now, Z w; In (b; - A( x+od) = z w;In ( El (1-ar;))

i=1 i=1
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m _ m
=Y win(s) + Y wiln(-ar)
i=1 i=1
m _ m m (o 1;)? N
2 Y wiln(s) + ¥ witar)- Y w o (by Proposition 2.5)
i=1 i=1 i=1 -G
m — T o rTWr
= Y wiln s - aw'r - ———
: 2(1-o)
i=1
m — o? w
> 1 .- =,
2 wiln s - Ty T w

II.  Projective Transformations

The approach to projective transformations developed herein is based on polars
of convex sets, see e.g. Rockafellar [ 19 ] and Griinbaum [ 12 ]. In order to motivate and
clarify the exposition, we will (for the moment) assume that X = {xe R" | Ax<b)
has an interior and is bounded (and hence, in the notation of the paper, that (M,g) is
nil).

Let x bea given element of int X ,and s =b- A x. Then the polar of
(X - x) isgivenby Y = {ye R" | yT(x- x) <1 forall xe 'X} and
by a theorem of the alternative, this is equivalent to
Y= {y e R" | y = ATA for some A 20 satisfying AT s= l} . Thus ‘g consists of
nonnegative weighted combinations of rows of A, where the weights A must satisfy
AT s=1. Note also that the set Y should formally be subscripted by  x, since it
depends parametrically on x through the slack s. However, for notational
convenience, we will not use this subscript, except where the choice of x e int X is

not clear from the context.

The following properties of U can readily be established, see [19] or [12].

(3.1a) Y is a combinatorial dual of X .
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(3.1b) Y is bounded.
(3.1c) Y contains the origin in its interior. (3.1)

(3.1d) Forany ye inty , yl(x- x) <1 forallx € % .
(3.1e) int Y = {yl y = AT\ for some A >0 satisfying AT §=1}.

Property (3.1e) gives a convenient way to generate points in int U , namely by

taking strictly positive combinations A of rows of A, for which A >0 and AT s=1.

We now consider a projective transformation of X by using a vector y in the
interior of Y, as follows. Let xe int X be given,andy e int Y be given. Let the
projective transformation g(-) : X — RI' be defined by

X= X
1-yTx- x)

z= gx) = X + forall xe X.

Note that because yT(x- x) <1 forall xe X (because y e int i), then g()
is well-defined.
To see that g(:) is a projective transformation, rewrite g(-) as

(I- xyDx + (xyT x)
yDx + @ +yT x)

gx) =

Also note that g( x) = x,i.e. g(-) leaves x fixed, and that g(-) preserves

directions from x,ie, if x+od € %, then
g( x+ad) —g( x) = yd forsome 7y >0.
Let Z be the polyhedron
z ={ze R | (A= syDz < b- syT ;<—} and

define (Z;T) ={(z,)e R" x R™ | (A- syT X)z+t =b- syT x , t20}
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and T analogously. The following lemma shows the equivalence of (X;8) and-(Z;7)

under the projective transformation g(-) .

Lemma3.1. Let X = {xe RN Axsb} be bounded, and let x € int % be given, and
yeint Y begiven. Let Z= {ze RK| (A- syDz <b- syT ;} . Then

X— X
1-yT(x~ x)

i) The projective transformation g(x) = x + maps Xonto Z,

g(-) maps the faces of X onto facesof 2, andZ is of the same combinatorial

typeas X.
ii) The i se of g(-), given b h(z) X + X maps
ii inver ), giv X = = -,
g g y 1+ yT(Z_ X) p
Z onto X.

Proof. Because y € inty , yl(x— x)<1 forall xe X , so g(-) is
well-defined. If z = g(x), then
—r =

— - ——— - svix —A x
(A- syDz = A x- syl x . syxTAxi X
1-y'(x- x)

b- sylx - A x + syT x
1-yT(x- x)

< A x- syl x +

Ax- syl x+ s=b- syT x,

so ze€ Z . Furthermore, the inequality in constraint i of Ax <b is satisfied strictly
or not if and only if the same inequality is satisfied in (A - syT)z <
b- syl x. Itis straightforward to show that h() is the inverse of g() and both maps

then are onto. M
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Remark 3.1. If we use the symbol P° to denote the polar of a set P, then
Y=(X - x)°. Then Lemma 3.1 is a constructive representation of the fact that the
translation of the polar X° of X is equivalent to a projective transformation of the

set X, see Griinbaum [ 12]. One can easily verify in Lemma 3.1 that Y =(X - x)°,
and 2Z - x is the polar of the translated polar (x - x) —y) , e,
2= x+ [(x - xr-y].

Lemma 3.1 easily extends to the more general case of X ,ie.,

X = {x € R" | Ax<b, Mx= g} ,where X is not necessarily bounded.

Define

@7 ={zt eRM x RM | (A- syD)z +t=b- syT x, t20, Mz =g} (3.2)
with Z and T defined analogously.

The maps g(-) and h(:) can be extended to map between (X;8) and
(Z;T) asfollows. For (x;s)e (X;8) define

x- X s
1-yTx- x ) 1-yIx- x)

(z, t) =g(x; s) =( X + ) e 7). (3.3)

For (z;t)e (Z;7T) , define

z- x_ t
1+yT(z- x )’ l+yT(z— x )

(x,s)=h(z;t) = ( X + ] e (S) . B4

If g(-) and h() are given by (3.3) and (3.4), we will refer to y as the projection
parameter for g(-) and h(), and will refer to g(-) and h(:) as the projective
transformation induced by y. Itis straightforward to verify that g(x;s) € (Z; T) and
h(z,t) e (X;8). Weshall refer to g(x), g(s), h(z), h(t) as specific vector components of

the above maps.
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In the case when X is bounded, Lemma 3.1 directly extends to:

Theorem 3.1. Let X € {x € R" | Ax<b, Mx= g} be a bounded

polyhedron. Let x € intX begiven,andlet s =b-A x. Let ye R" be chosen so
that

y =ATA forsome A >0 satisfying AT s =1. Let (Z;T), g(),and h() be defined
as in (3.2), (3.3), (3.4). Then:

i) The transformation g(x; s) is well-defined for all (x;s) € (X;8) .
ii)  g(;) maps (X;8) ontotheset (Z;7T), and
Z and X are of the same combinatorial type.

iii)  the inverse of g(;-) is given by h(;-) and h(;:) maps (Z;7)
onto (X;8). H

The proof of Theorem 3.1 is the same as that of Lemma 3.1. One need only

check that Mz =g ifand onlyif Mx=g.

Theorem 3.1 has assumed that theset X € {x € R" | Ax<b, Mx= g} is

bounded. In applying the theorem to polyhedra encountered in practice, this may not

be a valid assumption, and one may not even know whether the set X  is bounded

or not.

Theorem 3.2. Let X € {xe R" | Ax<b, Mx = g}, let xe intX be
given, and let y € R be givensuch that y=ATA, 420, AT 5 = 1. Let (Z;T), g
and h(-) be defined as in (3.2), (3.3), and (3.4). Then:
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i) The projective transformation g() induced by y is well-defined for all

(x;s)e int (X;8).
ii) g() maps int X onto intZ N {z eR" | -ylz< 1-yT ;} .

iii)  The inverse of g() is given by h()), and maps

intZ N {z e RN | yTz< 1-yT §} onto int X .

Proof. Suppose y=ATA where 120 and AT s = 1. To prove (i) it suffices

to show that yT(x- x) < 1 forall xe int X . Forany x e int X , let

s=b-Ax. Then s>0. yT(x- x) = ATAKx- x) < ATb —ATAx =2Ts=1
To show (ii), note that forany xe X, if z=g(x), then -yTz =

—yT(x— X )
1-yT(x- x)

~yT x + < —-yT x + 1, sothat
gx) e {ze RN | —yTz < 1-yT ;} . Alsoif x e int X, then t=g(s) >0, sothat

g(x) € intZ . The proof of (iii) follows by direct substitution. Wl

Remark 3.2. Pointsin Z thatsatisfy -yTz =1-yT x correspond to rays of X .
To see this, suppose ze Z and -yTz =1-yT X. Then z# Xx, so that the vector
r=z- x#0. Because ze Z,(A- syDz < b- syl x and hence Az <
b- syT x + sy’z. Then Ar=Az-A x<b-Ax- syl x + sylz=

s — syl x + s(-1+yT x) =0. Thus r isarayof X. M

AN AA .
Suppose we are given data (A b M, g) and consider the set

A A A A

%= f{iern) Ak<b Nix=g}.

A
Define A tobe the m xn matrix consisting of A followed by a row of

A
zeroes, and define b = (b,l)T , where m is chosen appropriately. Then

X={x e R" | Ax<b, Mx=g}
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A - . . . . . -
isequal to X, and the last constraint of Ax<b is 0Tx <1 which is satisfied at strict

equality for all x. Now define (X ;8) and (Z;7) asusual Then Theorem 3.2 can

be strengthened.

Theorem 3.3. Let X = {x € R" | Ax<b, Mx= g} where the last (i.e, mth) row
of (A,b)is (0; DT. Let xe intX ,/let y = AT\ for some A >0 satisfying AT s=1,and
let (Z;7) ,g() and h() be defined as in (3.2), (3.3), (3.4). Then

i) The projective transformation g(-) given by (3.3) is well-defined for all

(x,s)e (X,8).

ii) g() maps int X onto int Z and maps faces of X onto those faces G of
Z that do not meet {z e R"| (A- gyT)mz =(b- syl ;)m} .
iii)  The inverse of g(-) is given by h(-) in (3.4), and h() maps intZ onto

int X . h(-) maps faces of Z that do not meet
{z eRV| (A- syD) z =(b- syT Q)m} onto bounded faces of X .

iv) Ifze Z and (A- gyT)mz = (b- gyT ;)m, then r=z- x is a ray of

% .

Proof: (i). If the last row of (A, b) is (0; 1)T, then the last row of the equivalent
constraint in (A - syNz < b- syl x is -yTz <1-yT x. To prove (i), note that if x
€ X ,s=b-Ax, then s =1. Thus yT(x— x)=ATA(x- x) < ATb - AA X =
AT s = 1, the strict inequality following from the fact that A >0 and Ax<b, Ax#b

due to the mth constraint. Thus g(-) is well-defined.
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(i) Let F beafaceof X . Let xe F and z=gx).

~yT(x- x)
1-yT(x- x)

Then -yTz = —yT x + < -yI x+1 forall xe F. The mth

constraintof (A- syT)z < (b- yT x) isjust -yTz < 1-yT x. Thus no element z of

g(F) satisfies (A~ syl)_z < (b- yT x),, atequality.

(iii). Suppose z lieson aface G that does not meet
{zerr| (A= §T)pz = ©- 5yD,}-

Then for all ze G, —yTz <1- yT x ,so that 1 +yT (z-— x) >0,and h() is
well-defined on G. In order to show that h(G) is a bounded face of X, it suffices to

show that Z is bounded.

Let (z,t)e (Z2;7). Thensince y = ATL, A>0,and AT s=1, then for any te 7T,
ATt = ATb- syT x) - AT(A- syDz = ATb- syl x)

= AT(A x+ s - syl x) = AT s=1, since A\T(A- syT)=0 and AT s=1.

Then the slack corresponding to z is bounded, lying on the simplex
{te RM| t20,ATt=1). Henceany ray r of Z would have to satisfy
(A- syDr=0. The last row of this system says -y'r =0. Thus Ar =0, and since Ais

assumed to have full column rank, r =0, and Z contains no rays, so is bounded.
(iv). This follows from the comments in Remark 3.2. B

We now comment on the generality of the projective transformation g(-)
presented in (3.3). Although it would appear that g(-) takes on a very restrictive form,

this is not really true. The next theorem shows that if g(:) is any projective
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transformation of X into RM thatleaves x fixed and preserves directions from x,
then g(-) can be expressed as in (3.3) for a suitable choice of y = ATA  that satisfies

A>0 and AT s<1.

Theorem 3.4. Let X = {x € R" | Ax<b, Mx= g} be given, and let x e intX

be given. Let g(x) be a projective transformation from X into R" that satisfies

1) g( x) = x, ie, g() leaves x fixed,

lim g( x +od)-g( x)
a—0 a

2) = d, ie, g() preserves directions from x.

Then there exists y € R" such that y = ATA,4>0, AT s<1, for which

+ (XT— x)- forall xe X.
1-y'(x- x)

gx)= x

Proof: If g(): X — R", then

Gx +h
B=5T 1

for some nxn matrix G, n-vectors h and k, and scalar /. By rescaling, if
necessary, we can assume that KT x + I = 1, so that the denominator is of the form
1-kT(x = x). Then since g( x)= x, h= x-G x, sothat

Gx - X) + x
KTx - x)+1

gx) =

g(x +ad-g(x) G+ xkNd

Then =
o 1- akTd

and

lim G+ xkDd
-0 1- gkTd

G+ xkDd = d

implies G can be chosen so that
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G=(0- xkD)

I- xkT)(x- x)+ x - X— X

his viel _ X _ _
This yields g(x) K %) X + Vo o)

Now, since g(-) must be well-defined, kT(x- x) <1 forall xe %. By a
theorem of the alternative, this implies that k = ATA + MTn  for some A >0, with
AT s<1, and n unrestricted in sign. Let y= ATA. Then forall xe X ,
kKT(x- x)= kTy, since M(x—- x) =0, so that

_ X— X
g)= x + 1-yT(x- x) "

In Section V, we will consider an optimization problem of the form

m
minimize F(x)=1In (q-pTx) - E w; In s
i=1

(3.5)
s.t. Ax +s = b
s > 0
Mx = g
px < gq.

Let x beagivenpointin int X andlet s=b-A x,

Thenif y ischosensothat y=ATA, AT s=1,and g(): (X;S8)—>(Z;T) is

the projective transformation induced by y and given by (3.3), program (3.5) is

transformed to
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p— — 2. m N
minimize G(z) = In ([q— (q-pT N yT ;] - [p—(q—pT x)y]Tz) - w; In ¢
i=1
s.t. (A- syDz + t = (b- syl x)
t > 0 (3.6)
Mz = g
[p-@-pT 5]z < [q-@-pT x)y" x ]

Lemma 3.2.
i) Under the conditions of Theorem 3.1 or Theorem 3.3, programs 3.5 and 3.6

are equivalent. Forany xe intX, F(x) =G(g(x)). Forany ze int Z,

G(2) = F(h(z)).

ii) ~ Under the conditions of Theorem 3.2, for any x e int X , F(x) = G(g(x)). For any
ze intZ satisfying -yTz<1-yT x, G(z) = F(h(z)).

Proof: Follows from direct substitution. B

IV.  Projective Transformations to w—center a given Interior Point

Suppose we are given the set X = {x € R" | Ax<b, Mx = g} ,and a point

x € int X, and we wish to find a projection parameter y so that x is the w—center

of the projectively transformed polyhedron Z .

Theorem 4.1. Let w >0 be an m-vector such that elw=1. Let
X = {x e R" | Ax<b, Mx=g} ,let x eint X,let s=b-A x,andlet y=AT slw.

Then x is the w—center of Z = {z eRY| (A- syDz < b- syT ;, Mx = g}.

Proof: By setting A= Slw, the vector y satisfies y = ATX , A>0,and

AT s =wT §15s = wTe = 1. Note that (x, s) e (Z:T). Wemust verify that
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conditions (2.1a) - (2.1d) are satisfied in order to assert that x is the w—center of Z.
(2.1a), (2.1b) and (2.1c) are obviously true. Condition (2.1d) states that
wl 1A~ syT) = o™ forsome = e RK. Let n=0. Then wl STA- syT) =

y-y=0 = nTM. Thus x isthe w—center ofZ. W

Remark 4.1. In the above theorem, y = AT Slw. Thus the system (A- syT)z<

b- syT x can be written as
(A- swl S1A)z <b- syT x .

The constraint matrix is thus a rank-one modification of A, and need not be explicitly
computed. The original inequality system for X is Ax<b and can be written as
A(x- x)< s; theinequality system for Z can be written as

I- swt g'l )A(z- x) < s. Thus the latter system in this form is a rank-one

modification of the original inequality system.

Next, note that Theorem 4.1 is a constructive form and a generalization of an
existence theorem of Lagarias [ 14 ], which in our notation asserts the existence of a
projective transformation that will result in x begin the (1/m)e - center of the
transformed polyhedron. Theorem 4.1 is constructive, and covers the more general
case of non—equal positive weights w; ,i=1,..., m , and both inequality and
equality constraints. Theorem 4.1 is also a generalization of the projective

transformation constructionin [7 1.
Relation of Theorem 4.1 to Karmarkar's Standard Form

The projective transformation development of Section III and this section
distinguishes between the polyhedral space X and the polyhedron's slack space §.
A given projective transformation g(-) given by (3.3) will ' map points in X to points

inZ , and points in the slack space 8§ of X  to points in the slack space T of Z .
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The distinction between X and 8, and Z and T, becomes important in relating the

Theorem 4.1 to Karmarkar's form for solving a linear program.
Consider Karmarkar's original form

'X={xeRn | Ax=0, eTx=1, x_>_0} :

Then for every x € X, the corresponding slack 8§ on the inequality contraints is s = x,

sothat $ =X. If x e X isapointin intX , then s= x>0, and directly adopting
Theorem 4.1 with w = (1/n)e,

A 0 :
M= T 8511 A=-1, and b=0, yields

z ={ze R" | Az=0, eTz=1, [—I +(1/n) §eT)_('1]zs §} ,

which does not look at all like Karmarkar's transformed space, which we denote by R :

R ={re R | AXr=0, eTr=1, r20}.

1t is straightforward to verify that the space T of slackson Z is characterized as:

T ={teR" | At=0, eT Xt=1, t>0} .

Thus R is just an (affine) rescaling of T,ie, r= X1t e R forany t=T and
t= XreT forany re R. Inthis way, we see that Theorem 4.1 specializes to
Karmarkar's projective transformation when viewed in terms of the slack spaces

involved.

The next two sections and Part II of this study are devoted to applications of the
results in sections II, III, and IV. In section V, we define a canonical optimization

problem and present a local improvement algorithm. In section VI, this material is
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applied to the linear programming problem.  In Part II of this study, this material is

applied to the problem of finding the w-center of X ,i.e., the point that solves the

program:
m
P,: maximize 2 w; In(b; - Ajx)
i=1

subjectto Ax +s =b

s> 0

Mx = g.

Section V  develops the basic algorithmic step used in the applications in Section
VI and in Part II.

V.  Local Improvement of a Cononical Optimization Problem

In this section, we consider the one-step improvement algorithm for the
problem:

m

Pop: minxir:ize Fgp) = In(@g-p™) - 1-21 w;In (b; - Ax)
s.t. Ax + s =b 6.1
s >0
Mx = g
p'x <gq

where X = {x € R" | Ax<b, Mx= g} is given, as well as the data g, p , and the

weight vector w > 0 which satisfies eTw =1. We make no assumptions regarding

the data (q, p).

In the spirit of Karmarkar's algorithm, suppose x is the w—center of X and

that pT x < q. Then we can improve the value of Fq,p(x) be taking a step in the
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direction d that maximizes qlx over the inner ellipse E;y defined in Section IL
The direction d is the solution to the following optimization problem:

maximize pld

st.  dTAT Slw 51ad

INA

w/(1- w) (5.2)
‘Md = 0

If program (5.2) has a unique solution, that solution is given by

g- Sy wa-w (5.3)
Vp'Gp

where G is the matrix defined by:
Q= AT slw sla (5.4)
G=[Q! - o™MT(MQMTyIMQ] (5.5)

If A has full column rank and M has full row rank, then G is well-defined.
It is straightforward to check that G is positive semi-definite and that pIGp =0 if and
only if p lies in the row space of M, ie., if p=MTn for some me RK. In this latter

case, due to the presumption that x is the w—center of X ,then x is the unique

optimal solution to program Pq,P given in (5.1). Furthermore, unless x is the

optimal solution Pq,p , then the denominator of (5.3) is well-defined, and d as

given in (5.3) - (5.5) is the unique solution to program (5.2).

The extent of improvement in Fqlp(x) by moving from x in the direction d

will depend on the optimal objective value of the program (5.2). This value is given by

pld = \/ pT Gp \/ w/(1- w) , and is proportional to the scalar ¥ defined below:



30

_prda-w)w
~ @-pT¥

(5.6)

The value of y will depend on how much of a guaranteed improvement we
can expect as we move from x in the direction d. The numerator in (5.6) is pT d
times (1- w)/ w,a normalization factor. The denominator in (5.6) represents the

maximum improvement in pTx that we could possibly hope for.

Theorem 5.1. Let x be the w—center of X , let d be the direction that solves (5.2)
which is given by (5.3), (5.4), (5.5) when A and M have full rank. Let y be
determined by (5.6), and suppose that p! x < q. Then

i) if vy 2(1- w)/ w,then P is unbounded from below.

9 p
ii) if Yy <(1- w)/ w, then

- - _ W 2
Fq’p(x+a d) .<_Fq,p(x) + ( _)[-ya + « J for all 0<a<1.

1- w 2(1-o)

Before proving this theorem, we state two immediate consequences.

1
Corollary 5.1. If o =1 -~ =———= , then

\}1+27
_ ~ - w | r——)
Fq,p( x + o d) SFqlp(x)~ (E——.;-) (1+y -V1+2y

Proof: Thevalueof o = 1- —1—-— is that value of o which maximizes
\] 1+2y
0,‘2
Yo-3 1-o over theinterval 0< a <1 . The result follows by direct

substitution . N
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Corollary 5.2. If pT x < q < max {pTx | xe EOUT} , where Eqyp is the ellipse

containing X centered at x defined in Theorem 2.1, then y 21, and so

Fop( X + 42d) £ Fgo(x) -(267) (w/(1- w).

Proof: We first prove that "y > 1. Note that by design of program (5.2), its

solution d satisfies

pT(x + d(1- w)/ w) = max p’x 2 q. Thus
X € EOUT

- - = = Td (1-w
Tx+ pld(l1- w)/ w = q,whereb S R = > 1.
p P q y v (q-—pT ) w
Next, substituting y=1 and o =.42 in Theorem 5.1 (ii), we obtain the desired

conclusion. W

(Note that Corollary 5.2 is a slight sharpening of the bound of 1/5 improvement
if a=1/3 in Todd and Burrell [22].)

Proof of Theorem 5.1: Suppose first that y2(1- w)/ w. Let x, = x+a d. Because
¥> (1- w)/ w,then pT d 2 q- pT x. Thus q- p Xq=q- p' x-apl d <
(q-pT x)(1-0). Thus,as o — 1, then In(q-p?! Ia) — —o . As a consequence of
(5.2) and Theorem 2.1, x, e X forall 0<a<1. Inorder that Fq,p( x+ a d) be

bounded from below as o — 1, we need -w; In (bi - Aixa) — 40 as o —1 for

each i=1,...,m ,ie, A d= s. We now show that this cannot occur. Note that

since x is the w—center of % ,then wl S1A = 7IM for some n e R, by (2.1d).
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Then,if A d = s,wewouldhave 1=w! S1s = wl §1A d= %M d=0, since
M d=0 (from 5.2), a contradiction. Thus Pq’ p is unbounded from below.

1- w
Next, suppose y<—=—, and againlet x,
w

x+0o d for 0€a<1. Then

q-p'x, = (@-pT ¥ (l —ay(l W;vD and hence

In(q-pT x) - ow(l _W;v) ,

IN

In(q - pT §a) < In(q-pT x) + ln(l -y (1 _W‘_VD

because In(1 +€)<e for any e>-1.

Furthermore, from Lemma 2.1,

m m _ o2 w
_g% w;In (b; - Ax,) < —i=zl w;ln(s) + - (1_ ;v] .

Combining these two inequalities yields

F (X d <F _(x) + W [ “2]-
gpr X T @ = Tgpt X [1- Vv) Vet Aol

The last two results of this section give two bounds on the value of pTx for

x € X, if the w—center of X is known.

Lemma 5.1. Let x be the w—center of X . Let pe R" be given. Then for all xe X

px <pl x + pld1- w)/ w,
where d is given by (5.3).

Proof: By design, x+ d is the solution to problem of maximizing x over x e Ein-
By Remark 2.1, x+ d(I1- w)/ w maximizes pIx over xe& Egyr. Because

X < Eoyr PT’<513T;“L PTa(l— W)/ w forall xeX . H
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Note that Lemma 5.1 parallels the bounding methodology in Anstreicher [1].

Lemma 5.2. Let x bethe w-centerof X . Let pe R be given. Then forall x € X

’

pTx < pT x + max (_ g-lAGp)i

1

IN

where G is given by (5.4), (5.5).
Proof: Let xe X begiven, andlet s=b-Ax. Because x is the w—center of %X,
Mx- x)=0 and w! S1A = 7TM forsome = € RK. We first show that

pl(x- x) = —sT slw _S—'lAGp (5.7)

To see this, note that pT(x - x) = (x- x)TQGp = (x - x)T (AT slw g’lA)Gp =
(s-s)T sTW sT1AGp = wT $1AGp - sT S lw S1AGp
= 1IMGp - sT STw ST1AGp =-sT 1w STAGp , since MG =O. Thus

max pl(x- x) = max -plGAT Slw g‘ls < max - pIGAT g'IW g’ls

s.t. Ax +s =b st Ax+s =b st. wl Slg =1
Mx =g Mx =g s20
s> 0 wl Sl =1
s 20
= max -plGAT 1A = max (— s-lAc;p)i
i
elh =1
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The first equality in the above string follows from (5.7) and because wl Sls=1 isa
redundant constraint. The inequality results due to a relaxation of the constraints.
The next equality follows by substituting A = W SIs . The final equality is the

solution to the linear program in A. Thus for any x e X,

pl(x- x) < max (— g'lAGp)i n
i

Note that Lemma 5.2 parallels thé bounding methodology in Todd and Burrell
[ToBu ].

Lemma 5.3. The bound in Lemma 5.2 is sharper than the bound in Lemma 5.1.
Proof: Note that Gp = pT d((1- w)/ w) d. Thus the bound in Lemma 5.2 can be

expressed as

pTx < pT x + pT d((1- W)/ w) max (- $1a ), .
i

It thus suffices to show that max (— S1A a)i <1. Let r=-S!A d. Then

1
because x isthe w—center of X, wlr=0. Also, by (5.2), rTWr £ w/(1- w).

Thus by Proposition 2.2, r; <1 forevery i=1,..., m. B

VI. A Linear Programming Algorithm

In this section, we apply the material of sections II through V to solve the

linear programming problem:
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LP: maximize cIx
s.t. Ax<b
Mx =g

Note that this form of LP has as special cases the Dantzig "primal standard
form" (by setting A =-1, and b =0) , the standard "dual form" (by setting (M, g) to
be nil), and problems with upper and/or lower bounds (by imbedding submatrices of 1
or -1 in A). The algorithm we employ is thus directly applicable (with no
transformations, either explicit or implicit) to a linear program of arbitrary general

format.
We do, however, make the following assumptions regarding the LP:
6.1a) There is a known upper bound U on the optimal objective value of LP.
6.1b) There is a known point x thatsatisfies s=b-A x>0 and M x = g.

6.1c) Thelastrow of (A,b)is (0,...,0;1).
(6.1)

6.1d) A is mxn and hasrankn.
6.1e) Mis kxn andhasrank k.
6.1f) The set of optimal solutions to LP is a bounded set.

Assumptions (6.1a) appears to be somewhat restrictive. However, in
applications, a practictioner usually knows a bound on the optimal objective function
for any linear program that he or she happens to be working with. If no bound is
available, one can modify the £nethod of Anstreicher [ 1] for finding such a bound.

Assumption (6.1b) states that we are given a feasible point in the interior of all of the
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inequality constraints. This further presumes that the set of always-active inequality
constraints is either null or has been identified previously and has been moved into

the "Mx = g" constraints.

Assumption (6.1c) is trivial. One can always append a row of zeroes to A and a
component of 1 to b. This assumption is essentially an engineering construction to
get around certain problems caused by an unbounded feasible region, and allows us to

apply Theorem 3.3.

Assumptions (6.1d) and (6.1e) assert that our constraint matrices have full rank.
Although this is not necessary, it avoids multiple solutions to problems such as 5.2, and
it avoids the need to state results in terms of pseudoinverses. For the more general
setting, where full rank is not assumed, see Gay [ 9], [ 10]. The most troublesome
assumption is (6.1f). We have no convenient way to avoid this assumption, which
may be violated in practical problems. However, this assumption is endemic to all
treatments of projective transformation algorithms that have appeared (for example,

Karmarkar [ 13 ], Anstreicher [1], Gay[9],and [10]).

Before presenting the full algorithm with unknown optimal objective value, we
first present a version of the algorithm that works when the optimal objective value of
the LP is known. The data for the problem thenis [A, b, M, g,c, U, w, x,e] where x

liesin int X = {x € R" | Ax<b, Mx= g} , U is the known optimal objective value,

w is a vector of weights satisfying eT

w=1, and w>0,and €>0 isa tolerance on
the optimality gap. Recall that by assumption (6.1¢), that the last row of (A, b) is

presumed tobe (0,..., 0;1).
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The linear programming algorithm is:

Algorithm 1. (Known optimal objective function value)

Step 0. Choose w € R™ sothat w>0 and efw=1. Set w= min {wi}.
i

Step 1. Set s=b-A x, y=AT Slw.

>
Il

Step 2. (Projective Transformation) Set A- syT
= ¢ -(U-cT Wy
Step 3. (Compute direction in Z space) Set Q =AT s 1w S1A

- Q-l — Q-l MT(MQ-lMT )-1 MQ-]

Nl

)

Set

Step 4. (Take step in transformed space Z)
Set o =.42

Set zypw = x + od

Step 5. (Transform back to original space X )

gy = X+ —Ew T %
NEW 1+ ylzngw - %)

Step 6. (Stopping Criterion) Set x = xygw - If U-cl x < g, stop.

Otherwise go to Step 1.

At Step 0, a weight vector in w is chosen. Implicit in Karmarkar's original
algorithm and its variants is the choice of w = (1/m) e, so that equal weight is given

to every inequality constraint. However, the user may have some prior belief that
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certain constraints are more likely or less likely to be active at an optimal solution.
These priors could then be chosen to attach more or less weight to a particular
constraint. See the introduction for a further discussion regarding the choosing of

weights.

The performance measure of the algorithm will be the following potential

function:
m
Fy (&) = In(U- cTx) - w; In(b; —A;x) . At Step 2 of the algorithm the

i=1

polyhedron X is projectively transformed to the polyhedron Z defined in (3.2). By
Theorem 3.3, the projective transformation g(- ) given by (3.3) maps int X ontointZ .
The objective function constraint ¢Ix < U is projectively transformed to

[c- WU- T xy]Tz < [U-U-cT xyT x ].,ie, €Tz < U, where © is defined in
Step2 and U= U-(U-cT x)yT x, see (3.5) and (3.6). Thus, by Lemma 3.2, the

problem

minimize  Fy (x)
subjectto xe X
is equivalent (under the projective transformation g(- ) ) to
P~ m ~
minimize G z(2) = In(U- €T2) - Y w;In(5; -A;2)
i=1

subjectto ze Z

where A is defined in Step2,and b = b- syl x . According to Theorem 4.1, X is

the w—center of 2 .

In Step 3, we define the direction d by optimizing over the inner ellipse Ey

defined about the w-center ~ x of theset Z . This direction is given by (5.3), (5.4),
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and (5.5), where A issubstituted for A, Q issubstituted for Q, G for G, and ¢ for
p. In Remark 6.2, we will show that the operations outlined in this step can be
performed, unless x solves LP. In Step 4, the new pointin Z is defined by moving a

step length o in the direction d, where a = .42.

Because U is the maximum value of ¢Tz forze Z,and Zc Eout»

U< max{ Tz | ze EOUT} . From Corollary 5.2 we have

— w
G z (znpw ) < Gp,e( 0 -(.267)(1_ = ) .

In Step 5, zypw 1S projectively transformed back to X by xypw = h(zZypw) -

According to Lemma 3.2,

- w
Fu o (nw ) € Fu ol D = (267) (1 = ) .

Note thatif w = (1/m)e,then w =1/m and the guaranteed decrease at each
step is the .267/(m - 1) . Furthermore, if 1/ w = O(m), then the guaranteed decrease
at each step is .267/ O(m) . In general, if 1/ w is O(mk), then the guaranteed
decrease at each step is O(m¥). Thus if L is the size of the problem instance, the
algorithm can be terminated after O(Lmk) iterations, so long as the set of optimal
solutions is bounded. The number of operations needed to perform each iteration is
O(m3) (from Step 3), so that the overall complexity of the algorithm is O(Lm3 * k)
operations. However, using Karmarkar's methodology (or the modification due to
Anstreicher [ 2 ]) for solving for an inexact solution to the least-squares problem (5.2),
the number of operations should be able to be reduced to O(Lm2>* k). With

w=(1/m)e, then k=1, and the number of operations is O(Lm3-).
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Remark 6.1. Use of line search. Steps4 and 5 can be replaced by a line search, as
was suggested by Todd and Burrell [ 22 ]. Because the projective transformation g(-)
preserves directions from x one can perform the line search in the space X directly.

-

Specifically, Steps 4 and 5 can be replaced by finding a value of 8 for which

Fy o x +8d) is minimized. As shown in Todd and Burrell [ 22 ], there will be only

one local minimizer of F, e ( x+8d) for 8= 0. The search could be started at the
42 .

value 8= m

, which corresponds to o = .42 in the projectively transformed

space.

Remark 6.2. Computing d in Step 3. We first will show that the matrices needed in

Step 3 have appropriate rank. First, we show that A has full (column) rank. If Az =0,

then Az = —s-yTz. However, thelastrowof Ais (0,...,0), so that —s_myTz =0, and so
yTz = 0, because _s_]m =1. Thus Az =0. Butby (6.1d), z = 0. Therefore, A hasrank n,

and thus Q = AT S'W S1A hasrankn and its inverse exists. Finally, because M

has full row rank, (M Q-IMT) has rank k, and its inverse exists.

Next, we show that the denominator in the computation of Step 3 is positive,
unless x solves LP. As mentioned in Section V, the matrix G is positive
semi-definite, and ~ €IGT =0 ifandonly GE=0 ifand only if € liesin the row
spaceof M, ie, if ©C= MT n forsome me RK. Thus €Tz is constant (and

equals wlg) forall ze Z,andso xis optimal in the transformed linear program:

-~

LP: maximize €Iz

st. ze 2

However, because U is the optimal value of LP, then U - (U - cT %) yT x is the

optimal value of LP ,ie, €T X = U, whereby x solves LP.
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Remark 6.3. Computingd in Step 3 efficiently.

At first glance, the computation of d appears to require working with the
matrix O = A STW §1A , and A=A- syl canbe completely denseif y has
all nonzero components (which it will have in all likelihood), whereby Q can be
completely dense, even if Q = AT STW STA isnotdense. This could resultin a
formidable amount of time to compute d, if n is large. Below, we show how to
compute d working only with the matrix Q, and thus avoiding the density problems

imposedby A and Q.

It is elementary to see that Q=Q- ny ,sothat Q isa symmetric rank-one

update of Q. Furthermore, d is the solution to the following optimization problem:

maximize ¢ld
d

subject to atod <€ w/1- w)
Md=0.
The Karush-Kuhn-Tucker conditions lead to the following determination of d:

First, solve the system

Qyy' M |[d) [¢
M o |ix' |o 6.2)
a(\wa- W)

(6.3
\] c Tdl )

Because Q-yy! is arank-one modification of Q, we can solve the above by solving

and then rescale. d! to d=

the two problems
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Q -M'|[d]) [ Q -M|[[d] _H
M o [\x% 10| ang M o [\n)) 0],

By invoking the Sherman-Morrison formula for inverting a rank-one update of a

Td2 Td2
matrix, weset dl=d? + %—Tc—lg B, nl=n%+ TZ—W T3 . (6.5)

It is straightforward to show that /de3 < 1 in the above calculations, and that (d},n?)
in (6.5) solves (6.2). Then d! can be rescaled by (6.3). Note that solving systems

(6.4) necessitates computations with the matrix Q = ATSMW STA andnot Q.
Remark 6.4. The composition of the direction d.

From (6.4) and (6.5), we see that d! (and hence d) is composed of the weighted
sum of two directions d? and d3. The direction d? is the projection (in the
Qnorm) of T =c- (U-cT x)y onto the null space of M, and d3 is the Q-norm
projection of y onto the null space of M. Let G be the Q-norm projection matrix,

ie, G=Q1! - QIMTMQIMT)'IMQ! . Then

and so d! is composed of a weighted sum of the Q-norm projection of ¢ onto the
null space of M and the Q-norm projection of —y. The direction Gec corresponds to an
affine scaling direction (see Remark 6.6), and the direction -Gy corresponds to a
Newton direction for finding the w-center of X (see Part II of this study) . Thus, we
see the relation that d! (and hence d) is composed of an affine scaling direction plus

a Newton direction for finding the w-center of X .
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Remark 6.5. Specializing the Algorithm to standard form LP with Lower and Upper

Bounds.
In the case when the problem LP has the form
maximize cTx

s.t. ‘Mx =g

with some components of | or u equal to —e oOr +eo, respectively, the matrix A of
inequality constraints will be composed of two submatrices, one a submatrix of the
nxn identity matrix, I, the other a submatrix of -I. Thus Q = AT §'1W S—‘l A will
be a diagonal matrix D and the expression for d in Step 3 as given in (6.4)
simplifies to

2-[p1 - pIMTM D IMTYIM D] ¢

(6.6)
#=[D1 - DM DIMTyIM D]y

with d! and then d computed from (6.5) and (6.3). Gay [10 ] has previously shown
that the addition of upper bounds to a standard form linear program only adds to the
expression of the diagonal matrix in the computation of the new direction for a

standard form linear program. This methodology parallels his own.
Remark 6.6. Relation of Algorithm to Other Variants of Karmarkar's Algorithm

Notice that if y is set equal to zero at Step 1, instead of setting y= AT Sly,

that no projective transformation is involved,and the steps of the algorithm then
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correspond exactly to an affine scaling algorithm (see Dikin [ 6 ], Barnes [ 3 ], Vanderbei

etal.[ 25]), with w=(1/m)e.

Also, Algorithm 1 corresponds to the inequality constrained algorithm of [7]
for the case w =(1/m)e and (M, g) are nil. From the discussion at the end of Section
IV, the projective transformations inherent in Algorithm 1 corresponds to an (affine)
scaling of Karmarkar's transformatfons, as applied to the slack spaces 8§ and 7. It
thus follows from Theorem 2.4 of Bayer and Lagarias [ 4] that the steps of
Algorithm 1 specialize to that of Karmarkar [ 13 ] for the case w =(1/m)e. Direct
(and laborious) computation can alternatively be used to show this fact. In a similar
manner, one can show that Algorithm 1 specializes to the projective variants of

Gay [9] and Rinaldi [18].

We now present the linear programming algorithm that assumes only an
upper bound I_J on the (unknown) optimal objective value. The data for the
problemis [A,b,M, g, ¢, I_J, w, x, €] where x liesin
intX = {x € R"| Ax<b, Mx = g} , le is bound on the optimal objective value, w is
a vector of weights satisfying w >0 and eTw =1,and £> 0 is a tolerance on the
optimality gap. Recall that by assumption (6.1c), that the last row of (A, b) is
presumed to be (0, ..., 0;1). The algorithm presented below is a modification of

Algorithm 1, for the case of an unknown optimal objective value.

Algorithm 2. (Unknown optimal objective function value)

Step 0. Choose w € R™ sothat w>0 and eTw=1. Set w= min {Wi}'

Stepl. Set s=b-Ax, y=AT Slw.

Step 2. (Projective Transformation) Set A = A- syl



Step 3a. (Update Objective Value Bound U)
Define Q =AT s'lw S'1A
Define G= Q1 - O ITMTMQOIMT )1 MQ!

Define the function 62(B) = max (— g'l AG[c- (B-cT x ] y ))i B+ ol x .

1

If 82( U)20,let U remain as is.

If 6%( I_J) <0, then find a value B of B in theinterval [cT x, U]

for which 62( B)=0.

Set U « B.
Set €= c-(U-cTx)y.
Step 3b. (Compute direction in Z space)
T=c—(U-cTx)y
Ge w

d= —

Step 4. (Take step in transformed space Z)

o=.42

Zygw = X + ad

Step 5. (Transform back to original space X )

X = x + “NEW T %
NEW 1+ ylzgew - %)

Step 6. (Stopping Criterion) Set x « XNgw - I U-cT x

Otherwise go to step 1.
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This algorithm is identical to Algorithm 1 except for Step 3a, where the
objective function value bound is possibly updated. Notice in Step 3a that fJ
decreases (though not strictly ) at each iteration. Also notice that solving 62( B) = 0

can always be accomplished if 62( U) < 0. To see this, note first that because

wT S1A =0 in Step 3a, that 62(cT x)= max {- 51 ZGc}i 2 0. Thus, because

1
62( U)<0 and 62() is a continuous (piecewise-linear) function, there exists
E e [cT x, U] for which 6% B) = (. The determination of B can be
accomplished in O(m?2) operations. Note that Step 3a is an exact analog of the

method of Todd and Burrell [ 22 ] for updating the objective function bound.

Complexity of Algorithm 2.

Algorithm 2 is essentially a generalization of the algorithm in Todd and
Burrell [ 22 ], and hence our analysis parallels their own. Our first job is to show that
the updating procedure defined in Step 3a produces a valid bound for cTx over
x € X . By presumption, at the start of step 3a, _I} is a valid obund for c¢Tx over
xeX. If 6% EI) 20, then B remains unchanged, and is still a valid bound.
Thus we need only be concerned of the case when 62( —I-J) < 0. In this case, we solve
for B elcT x, {J] such that 62( B) =0. (Our previous discussion has established

that such a value of B exists and can be computed in O(m?) operations.)

Proposition 6.1. Each time the upper bound U in Algorithm 2 is strictly decreased,
the new value of U is a valid upper bound for ¢Tx over xe % . In particular, the
vectors

1= SWESIAG[c-(U- Tx)]+ (U-cTx)slw

B 6.7)
A =MOIMT)TMQT [c-(U - T x)yl
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are a feasible solution to the dual of LP, with dual objective value equal to U.

Proof: Whenever the value of U is strictly decreased, then 62( U) =0. Let us
define r= G [c-(U - T x)y]. Then 62( U)=0 is equivalent to
max {S'l}ir}i - U+cTIx=0 (6.8)
i
In order to show that ( ©, A) are feasible for the dual, we need to show that
AT + MT X = ¢, and n>0. First, note that since w! S1A = 0, then
AT slw 5 1Ar = AT slw S 1Ar - y sT 51w S1Ar
= AT 5w s1Ar -y wT §1Ar = AT slw S1Ar.

Thus AT 7 = AT S1W §1Ar + (U - o x) AT slw
= AT 5—1w g'lfir + (I_J— T x)y
Qr + (—I-J— T x)y
GG [e-(U- Tyl + (U= TX)y
[1 - MT(MQ-lMT)-lMQ-ll [e=(U - T x)y] +(U-= T x)y

[c-(U- Tx)y]l -MT X + (I_J— ITx)y =c -MT 1.
Thus AT 7 + MT % =c

Next, we show that ® 20. Note that

T = §'1W( -S_‘l./'ir + ( I—J —_— ;<-)e)

However, from (6.8) we have U - ¢l x2 ( S1Ar )i foreach i=1,...,m

!

whereby 7 >0. Thus ( 7, A) is feasible for the dual.

Furthermore, the dual c;bjective value at  ( E, X) is
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+ xTe- MT) + x™MT &

= w!l S1Ar + (U - CT;) + I x

= 0+({J—CT§)+C;=-I_J..
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The performance measures of the algorithm are potential functions of the form

m

F3 00=1In(U- cx)-Y wiln(b;-Ax). AtStep 2 of the algorithm the

i=1

polyhedron X is projectively transformed to the polyhedron Z defined in (3.2). By

Theorem 3.3, the projective transformation g(:) given in (3.3) maps int X onto

int Z . The objective function bound constraint cIx< U is projectively transformed

~

to €Tz < U, where ¢ = [c-( U - I x)y] isdefinedin Step3b,and U =
U-(U- T x)yT x ,see(35) and (3.6). Thus, by Lemma 3.2, the problem
minimize F | ) Ky

subjectto xe X ,

is equivalent (under the projective transformation g(-) ) to

m ~
minimize Gg z(2) = In(G - ¢Tz2) - 2 w;In(b; - A

i=1

i2)

subjectto z € 2,

where 1’5; is defined in Step 2, and b=b- EyT X. According to Theorem 4.1,

now the w-center of Z.

X is
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In Step 3b, we define the direction d by optimizing over the inner ellipse Ejy

defined about the w-center x of the set Z . This direction is given by (5.3), (5.4), (5.5),
where A is substituted for A, éis substituted for Q, é for G,and ¢ for p. In

step 4, the new point zyy, is defined by moving the steplength o in the direction d,

where o = .42. We next aim to show that
G z @new) S Gp (X -(267) (w/(1- w) 6.9)
This will follow directly from Corollary 5.2 if we can show

Proposition 6.2. If —I—J is defined as in the Step 3a of Algorithm 2, then

U < max { Tz)ze EOUT} ,where U = U - ( U-cT x)yT x , and
€=c—(U=CT X)y -

Proof: At the end of Step 3a of Algorithm 2, we have a value I—J for which

62( U) 2 0, either by modifying U orleaving U asis. Thus

U< ¢l x + max —S‘lgéﬁ)i.
i

This in turn implies that

U= U- (I_J—CT;)yT; S[c—(I_J—cT;)y]TSZ + max —g'IAéE)
i

i’
ie.

U < 2T x + max(-—S‘lgé’c‘i.

1

However, by Lemma 5.3,
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T x + max\- S'lAGE)i < ®Tx + Td1- w/ w=

Thus U < max {ETZ | ze EOUT} .

Thus (6.9) is true, and by Lemma 3:2,
FU, cOnew) € FU,c(x) -(267) (w/(1- w)). (6.10)
We next use the following inequality borrowed from Todd and Burrell [ 22 ]:

Proposition 6.3. (Todd and Burrell [22 ]). If U is the optimal value of LP, and U!

> U2 2 U, and x° € int X is given, then for all x e int X,
FEl () sFy () -7
implies
F2 0 sF? () -v.
Proof: Parallels thatin Todd and Burrell[ 22] . R
Inequality 6.10 and Proposition 6.3 are combined to yield the following:

Lemma 6.1. Let x° x1, ..., be the iterates of Algorithm 2, and let U?°, Ul, ... bethe

values of the objective function upper bound at the end of Step 3a. Then

FU¥ ok +T) < Fgk () = k(w/(1- W) (267). W

Thus, precisely as in Algorithm 1, the algorithm can be terminated after O(Lm) steps if

w=(1/m)e (and hence w/(1- w) =1/(m-1)) so long as the set of optimal
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solutions is bounded. And in general, if 1/ w = O(mk), the algorithm can be

terminated after O(LmK) iterations.

Exactly as in Algorithm 1, steps 4 and 5 can be replaced by a line search. See
Remark 6.1 for details. Also, exactly as in Algorithm 1, the main computational
effort lies in computing d efficiently. See Remarks 6.2 and 6.3 for details. Finally,
we note that as a consequence of Proposition 6.1, Algorithm 2 provides dual variables

for the objective function bounds at each iteration.

As remarked earlier, Algorithm 2 is simply a modification to Algorithm 1 that
uses the same essential methodology of Todd and Burrell [ 22 ] for updating the
objective function bound. Instead of using the function 62(B) , we could have used

the function 81(B) given by

81(B) = \/[c—(B—cT NyTGle- B-cT x)y] - N - W/ w -B+cl x

This function is the analog of Anstreicher's method [ 1] for updating the objective

function bound.
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