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This appendix provides the summary of the solution of the basic model, solutions for
extensions of the basic model discussed in Section 3, and two supplementary results: the
result that it is without loss of generality to assume that the division manager consumes
monetary transfers immediately and the result about existence of the solution to the basic
model.

I. Basic Model: Summary of the Solution

Given value function P (W), the optimal investment k* (0, W) and audit threshold 6* (W)
are given by:

e investment k* (0, W) solves:

Vi (k,0) =1 +~P (W — k), if0 <6 (W),
Vi (k,0) = 1+~P (W), if0>0"(W);

e audit threshold 6" (W) solves:
Fr(0,W)=F*(0,W) —c,
where

Fr@0,W) = max{V (k,0) —k+P(W —~k)— P (W)},

kJER+

F*0,W) = max{V (k,0)—k+ P (W) —~kP (W)}.

kER,

If the solution does not exist, then 6* (W) = @ (), if the left-hand side is higher (lower)
than the right-hand side for all 6 € [9 ﬂ

=

The value function P (W) is the maximal solution to the integro-differential equation
0
rP(W) = pWP (W) + A / max {F" (0, W), F* (0, W) — c} dF (8), if W € (0, W],
0
P(W) = PW)+We=W,if W e (W 00),
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with initial value condition P (0) = 0 and where threshold W* is determined by P’ (W*¢) =
—1. Function P (W) is weakly concave on W € (0, c0) and strictly concave on W € (0, W°).

II. Multiple Audit Technologies

Because there are two audit technologies, the stochastic process describing audit decisions
of headquarters needs to be redefined. Let (dA¢),., be such that 4y = 0, dA, = 1 if
headquarters audit at time 1 using technology 1, dA, = 2 if headquarters audit at time ¢
using technology 2, and dA; = 0 if headquarters do not audit at time ¢. First, I solve for the
optimal direct mechanism. Second, I show how the policies implied by the optimal direct
mechanism can be implemented using a budgeting mechanism with two thresholds.

Let s; € {0, 1} denote the success of the audit at time ¢. If headquarters audit the report
using technology 2, then s; = 1 with probability 1. If headquarters audit the report using
technology 1, then s; = 1 with probability p. If the report is not audited, then s, = 0 with
probability 1. By analogy with Lemma 1, the evolution of the division manager’s promised
utility to her report dX, from message space {0} U © as

AW, = pW,_dt — ydK, — dC, + Hypa, <df(t, st) — AEg,, [Hynas (0, 9)] dt. (A1)

where H,q ¢ (dXt, 0> is the sensitivity of the division manager’s utility to her report when

audit was not informative or did not occur and H,,, (df(t, 1) is the sensitivity of the divi-

sion manager’s utility to her report when audit was informative and confirmed the division
manager’s report. As before, a standard argument implies that if audit reveals that the
division manager lied, then it is optimal to decrease her utility to zero: dW; = —W,.

Let DA = {dXt|dAt - 1}, D2 = {dXt|dAt - 2}, and DY = {dXt\dAt — o} be the
“audit using technology 1,” “audit using technology 2,” and ‘“no audit” regions of reports
at time ¢, respectively. Because ¢; > 0, {0} € D¥. By analogy with Lemma 2, truth-telling

is incentive compatible if and only if H,,, ¢ (dXt, 0> and H,,q (dXt, 1> satisfy the following
restrictions:

Lemma 1. At any time t > 0, truth-telling is incentive compatible if and only if:

1. ¥dX, € DY : Hyp, (df(t,o) —0;

2. VdX, € DA : pHpa, (df(t, 1)+(1 — D) Hpat (dXt, 0) > 0and (1 — p) Hyas (df(t, o) <
pWi;
3. YdX, € D{2: Hyas (df(t, 1) > 0.

Proof of Lemma 3. Consider any dX; € va . Report dX,; dominates any report df(t S
DA, because the latter leads to zero expected utility with certainty. Report dX; dominates
any report dX; € D/ if and only if

Hina (dX0,0) > —pW, + (1 = p) oy (4%,,0) (A2)



Finally, report d.X; dominates any report dXt € DV, dXt # d X, if and only if H,,, ¢ (dX¢,0) >
Hot (dXt, O). Because this inequality must hold for any d.X;, dX, € DP and H,,,, (0,0) =
0, truth-telling is incentive compatible for all dX; € DY if and only if

Hypay (dX,0) = 0VdX, € DY, (A3)
0 > —pW+ (1 —p) Hpas (df(t,0> VdX, € DA, (A4)

where the second inequality follows from - . Consider any dX, € DA, Again,
report dX; dominates any report dX, € D2 because the latter leads to zero expected
utility with certainty. By analogy with , report dX; dominates report dX, € DAL
dX; # dX, if and only if

pHma,t (dXta ]-) + (1 - p) Hma,t (dXta 0) Z _pVVt + (]- - p) Hma,t <dXt7 0) . (A5)
Finally, report dX, dominates report dX; € DY if and only if
PHoas (dX0,1) + (1 — p) Hyar (dX1,0) > Hinas (df(t, 0) —0. (A6)

Notice that constraint is implied by conditions and (A@]). Therefore, truth-telling
is incentive compatible for all dX; € DA! if and only if is satisfied for all dX; € DL
Finally, consider any dX, € DA%, Again, report dX, dominates any report dX, € D/2,
dX, # dX;, because the latter leads to zero expected utility with certainty. Report d.X;
dominates report dX; € D! if and only if

Hipay (X1, 1) > =pWi + (1= p) Hyay (453,0)) (A7)
Finally, report dX; dominates report dX, € DY if and only if
Hyas (dX0,1) > Hpna <df(t, o) = 0. (AS8)

Constraint (A7) is implied by constraints (A4)) and (A8). Therefore, truth-telling is incentive
compatible for all dX; € D% if and only if (AS8) is satisfied for all dX; € DA% Combining

the three cases yields the conditions in the lemma.

Given Lemma 3, I can solve for the optimal direct mechanism using the dynamic pro-
gramming approach. Let P,,, (W) denote the value to headquarters under the optimal direct
mechanism in this extension as a function of W. Let W, and W) , denote the lowest W at
which P, (W) = —1 and W at which P,,, (W) is maximized, respectively[l| As in Section 2.2,
the optimal monetary compensation of the division manager is given by the same threshold
rule with threshold W ,. The same argument as in Section 2.2 leads to the following HJB

'we, =ocif P, (W) > —1 for all W.



equation in the range W < W

0JSoco {/\fe ( k@, — ko — Cll{aezl} - c21{a9:2}) dF ('9)
+ [PW - Afge 1 (1{a9 —oy + (1 =) Lgap=1y) + oy (Pliag=1} + l{ap=2})] dF (9)] P (W)

+A fe [Pra (W + h§ = 7k§) (L{ag=0y + (1 = p) Lap=13)
+P0 (W + h — ~vkp) (pl{agzl} + 1gap=2y) — Pra (W)] dF (0)},

1 Poa (W) = maxg, i1 401 01

(A9)
where the maximization is subject to constraints ag € {0,1,2}, k} > 0, k) > 0, and the
incentive compatibility constraints

h) = 0, if ag =0, (A10)
phy+ (1 —p)hy > 0, ifag=1, (A11)
(1—p)hy < W, ifag=1, (A12)

hy > 0, if ag = 2. (A13)

Taking the first-order condition of (A9) with respect to hj, i € {0,1} yields hj = vkj and
B — min {W/ (1 — p) , 7kS}.

Using this, I solve for the optimal investment. Taking the derivative of (A9)) with respect
to kg yields:

IV (kg,0)

5g L= 7P W =7ke) = 0,ifa =0, (A14)
9_
M —1—-~P, (min {W—p - ’Yke,W}) = 0,ifag=1, s, =0, (A15)
o0 T
%—1—73’7”(“/) = 0,ifap =1, s, =1 or ag <A]6)

Let k™ (0, W), k“* (0, W), and k' (6, W) denote the solutions of (A14 m (A15), and (A16),
respectively. By concavity of P, (W7 k™ (0, W) < ke (0, W) < k™ (9 W) Finally, the
next lemma, which is the analogue of Property 4, solves for the optimal audit strategies:

Lemma 2. There exist points 0 (W) € © and 0. (W) € ©, 6:* (W) > 6 (W), defined
below, such that the optimal audit strategy is

0, if6 <6, (W),
A (0,W) =14 1, if0e (05 (W),0 (W), (A17)
2, if 0> 0% (W).

2In this and other extensions, the value function is weakly concave, because the mechanism can specify
randomization between any two levels of the division manager’s promised utility. Furthermore, the value
function is strictly concave in the range in which no monetary compensation is paid by the argument similar
to Proposition 2 in the base model. I omit repeating it for each extension for brevity.



Proof of Lemma 4. Let

Fe@,W) = max {V(k,0) =k + Ppg (W) —~vkP, (W)}, (A18)

FU(0,1) = max {v (k,60) — k + Py (min {W% ok, W}) (A19)
— min {fyk:, %} P (W)} ,

F"(0,W) = max{V (k.0) =k + Poa (W = 7k) = Pra (W)} (A20)

Strategy dA; = 1 is weakly better than dA; = 0 if and only if
pF (0, W)+ (1 —p) F“ (0,W) = F"(0,W) > ¢;. (A21)
By the envelope theorem, the derivative of the left-hand side of (A21)) with respect to @ is

oV (kia (6, W), 6) 1—p) OV (K" (0,W).8) 8V (k" (6,W),6)
00 00 00
_ /kza(e,W) 92V (k, 9) et (1 B p) /kua(a,W) 92V (k, 9)
o) OkOO ey Okl

dk > 0, (A22)

because k% (60, W) > k™ (0, W), k** (0, W) > k" (0, W), and 9*V (k,0) /0kOO > 0 by As-
sumption 1. Therefore, the left-hand side of (A21)) is increasing in 6. Let 6; (W) € © denote

a point at which (A21)) holds as equality, if it exists. If the left-hand side of (A21]) is below
c1 for all 6 € ©, let 6; (W) be any point above 6. If the left-hand side of (A21]) is above ¢

for all # € O, let 6, (W) be any point below 6.
Next, strategy dA; = 2 is weakly better than dA; = 1 if and only if

(1= p) (F™ (0,W) — F* (0, W)) > ¢ — 1. (A23)

By the envelope theorem, the derivative of the left-hand side of (A23) with respect to 6 has
the same sign as

ov (ki (0,W),0) 8V (k* (0, W), 0)

00 00

/ka) 0V (k,0)
N kua(eJ/V) aka@

dk > 0. (A24)

Therefore, the left-hand side of is increasing in 0. Let 05 (W) € © denote a point at
which holds as equality, if it exists. If the left-hand side of (A23)) is below ¢y — ¢; for
all @ € O, let 0, (W) be any point above 6. If the left-hand side of (A23)) is above ¢, — ¢; for
all 0 € ©, let 05 (W) be any point below 6.

Finally, let 07 (W) = min {6, (W),02 (W)}. Then, in the range 6 < @ (W) strategy
dA; = 0 is more optimal than dA; = 1 and dA; = 2. If O, (W) > 0, (W), then let 0" (W) =
05 (W). Then, in the range 6 € (6 (W), 0" (W)] strategy dA; = 2 is better than dA; = 0 by



the argument in the first paragraph of the proof and than dA; = 1, because it is dominated
by dA; = 0 by the argument in the second paragraph of the proof. Similarly, in the range
0 > 07 (W) strategy dA; = 2 is better than dA; = 1 by the argument in the second paragraph
of the proof and than dA; = 0, because it is dominated by dA; = 1 by the argument in the
first paragraph of the proof. If 6, (W) > 05 (W), let 6:* (W) = 6 (W) = 02 (W). Then, in
the range 6 > 07" (W) = 0, (W) strategy dA; = 2 is better than dA; = 1 by the argument
in the second paragraph of the proof and than strategy dA; = 0, because it is dominated by
strategy dA; = 1 by the argument in the first paragraph of the proof.

To finish characterization of the optimal direct mechanism, I need to define the evolution
of W; when dX; = 0. Using 1 , I get

th = 9ma (VVt) Wtdta (A25)
where
O ki (9, W
g 0) = p=x [ ELTap ) (A20)

0;(W)

07" (W) _ ta _ Lua

+A/ y(1—p) (K (O,W) -k (H,W))de)'
0z (W) w

We next formulate the proposition, analogous to Proposition 3, that the policies implied
by the optimal direct mechanism can be implemented using a simple mechanism, similar to
the budgeting mechanism with threshold separation of financing in the basic model:

Proposition 1. Consider the following mechanism. At the initial date, headquarters allocate
a spending account with balance By to the division manager. The division manager is allowed
to draw on it for investment at her discretion. At time t > 0, the account is replenished with
rate gma (YBt): dBy = Gma (YBy) Bidt, if By < W£ . /v, and with rate zero, otherwise, where
Gma (+) and WE —are defined in the online appendiz. In addition, there are two thresholds
on the size of individual investment projects, ki and ki*, given by ki = k' (0% (vBy) ,vBy),
ki* = k' (0 (yBy) ,vBy), where k' (-, -), 0% (), and 0% (-) are defined in the online appendix.
At any time t the division manager can pass the project to headquarters claiming that it
requires an investment of k, where k > kj:

1. If k > k;*, the project is audited using technology 2. If the audit reveals that
k@ (0,vB;) > k*, headquarters invest k' (0,vB;) and do not alter the spending account
balance. If the audit reveals that k' (0,vB;) < ki*, headquarters do not invest and punish
the division manager by reducing the account balance to zero.

2. If k € (kf, k"), the project is audited using technology 1. If the audit is informative
and reveals kK (0,vB;) = k, headquarters invest k' (0,vB;) and do not alter the spending
account balance. If the audit is informative and reveals k' (0,vBy) # k, headquarters do not
invest and punish the division manager by reducing the account balance to zero. If the audit
is uninformative and k < kf** = B,/ (1 — p), where kI** € [k, k*] is defined in the online
appendiz, headquarters invest k and do not alter the spending account balance. If the audit is
uninformative and k > k™, headquarters invest k;** and do not alter the spending account



balance, and the division manager adds investment k — k;** out of her account balance.

Suppose that dCy = 0 if By < WE /v, dCy = g (WS, ) WE dt if By = WS /v, and that if
R > W ., an immediate payment of R — W  is made to the divisiton manager. Then, the
manager finds it optimal to (i) invest out of her spending account in the way that mazimizes
headquarters’ value; (i) pass a project to headquarters if and only if k' (0,vB;) > k}'; (i)
if she passes a project to headquarters, claim k = k' (0,vBy). If, in addition, the initial
account balance is By = Wy /v, then this mechanism is optimal.

Proof of Proposition 5. First, using the argument of Proposition 3, it is easy to show
that the evolution of v B; is the same as the evolution of W; in the optimal direct mechanism.
The starting point is equal to vBy = W, and the increments of vB; and W, are the same if
investment policies are the same. Because in region DY the change in the division manager’s
utility does not depend on dk;, allocating the spending account between the current and
future investment opportunities in the way that maximizes headquarters’ value, V (dK;, 0) +
Ppa (v (By — vdKy)), is incentive compatible. The implied investment policy is k" (6, vB;) =
kme (6, W;). Similarly, consider region D! and suppose that audit is uninformative. If
headquarters provide only k;** of capital, then additional investment of the division manager
does not affect her expected payoff. Hence, the division manager has incentives to co-finance
the project in a way that maximizes headquarters’ value. The implied investment policy is
k' (0,vB;) = k" (6, W,;). The same argument as in Proposition 3 applies here to show that
the division manager has incentives to pass the project to the headquarters and state the
optimal investment truthfully.

IT1. Observable Realized Values

This section contains the proof of Proposition 4. First, I establish the incentive compatib-
ility conditions for the division manager and set up the optimization problem. Second, I
characterize the solution of the optimization problem. Slightly abusing notations, I use the
same letters as in the basic model to denote all stochastic processes.

Incentive Compatibility

Since there is no audit, the past history can be summarized using the report process X =
(df(t> and the project verifiable success process Y = (dY}),s, defined by Yy = 0, dY; =1,
>0 >

if the project that the firm invests in at time ¢ pays off immediately, and dY; = 0, otherwise.
By analogy with the basic model, let W; (X ,Y) denote the continuation utility of the

division manager at time ¢ after a history of reports {dX's,s < t} and project successes

{dYj, s < t}, conditional on reporting truthfully in the future:

W, <X Y) — E, { / =P (ydE, + dcs)] . (A27)
t



The dynamics of W, (X , Y) can be expressed using the martingale representation theorem.

The lifetime expected utility of the division manager U; (X,Y), evaluated as of time ¢, is
t
U, (X,V) = / e (ydK, + dCy) + e P W, (X, Y). (A28)
0

Process U (X,Y) = {U; (X,Y)},5 is a right-continuous F-martingale by definition. Apply-
ing the martingale representation theorem for marked point processes, we can write

e <)\ Sy (p0he (0.1) + (1 — pb) y (0,0)) dF (9)) dt, if t # T, for any n > 1,
") ke (6, dY;) — ()\ Sy (p6hy (6.1) + (1 — pb) hy (6,0)) dF (9)) dt, ift =T, for some n > 1.
(A29)

for some function h; (,y), which is F-predictable for any fixed # € © and y € {0,1}.
Defining H, (-) to be scaled (by factor e”*) h; () and writing it as a function of dX; € {0} U©
and dY; € {0, 1}, defining it to be zero if dX; = 0, we can write:

dU, = e~ (Ht (dX,,dY;) — < /Ht )dF (6 )dt), (A30)

where H; (0) = pOH; (0,1) + (1 — pf) H, (0,0) is the expected change in the promised utility
of the division manager with project of quality 6.
Equating (A30)) with the increment of U, (X,Y"), given by

dUt = e_pt ('}/th + dC't) - pe_ptWt, (X, Y) + e—ptth (X, Y) s (A31)

yields

Consider the division manager with project of quality 6 at time ¢. For now, consider only
reports 6 € O, i.e., ignore the report “no project available.” Given 1) truth-telling is
incentive-compatible if and only if

9 € arg max {pth (9 1) (1— pb) H, (é, 0)} . (A33)

6co

Equivalently, we can write (A33]) as
0 € argmax {pth (é, 1) + (1 — pb) H, (é, o) 7 (9)} . (A34)

Differentiating the objective in 6, we obtain that at any point at which H; (0) exists, it is
given by

Ht, (0) =p(H: (0,1) — Hy (0,0)) = pA; (0)



I refer to A, (0) as the pay-performance sensitivity for the project of quality f. Assuming
that A, () is uniformly bounded, H; (6) is Lipshitz continuous. Hence, it is differentiable,
SO

A0 =0+ "A () dr (A35)

This is the first-order condition for the optimality of truth-telling. The second-order con-
dition for the optimization problem is that A; (0) is nondecreasing. Finally, consider
the possibility of reporting that no project is available. Reporting the project truthfully is
better for the division manager than concealing the project if and only if H; (6) > 0. When
the division manager has no project available, truthful reporting is optimal if and only if
0 > H;(0,0) for all § € ©, which can be re-written as pdA; (6) > H, (). Since A, () is non-
decreasing, if pdA, (§) > H, () holds for # = 0, then it also holds for any 6 > . Therefore,
truthful reporting that no project is available is optimal if and only if pdA, (9) > H, (6).

To sum up, truthful reporting is incentive compatible if and only if the sensitivity of the
division manager’s utility to her report satisfies with the initial condition H; (6) €
[0, p0A; (0)] and the pay-performance sensitivity A; (f) is non-decreasing,.

Solution to the Optimization Problem

As in the basic model, let P (W) denote the value that headquarters obtain in the optimal
mechanism that delivers expected utility W to the division manager. By the same argument,
the optimal payment to the division manager at time ¢ is given by zero, if W, < W¢ | and
Wy — We if W > WE | where W¢ is the lowest W at which P’ (W) = —1. In particular,
this implies that P (W) = P (W¢)) + W — W, in the region W > W°.

Consider region W < W . The expected flow of value to headquarters over the next

instant is Adt ff 0V (dK;) — dKy) dF (6). To evaluate the expected change in P (W;), 1
apply Itd’s lemma:

B [dP (W) = (pWee = (A J) Hi(6)dE (8)) ) P (W) dt
The difference compared to (9) is in the second term on the right side of the equation.
For each project type 6, it contains two terms, one corresponding to the case in which the
immediate success is realized and the other corresponding to the case in which it is not
realized. Equating the sum of E [dP (W;)] and the expected flow of value with P (W;) and
using H, (0,1) = H, (0) + (1 — pd) A, (0) and H, (0,0) = H, (§) — pfA, (#), I obtain the HIB
equation for the headquarters’ value function P (WW):
(1 X) P (W) = max(py ug0y { A fy (00 (ko) — ko) dF (0)
+ (pW — A [} hodF (9)) P (W)

+ )\f; [POP (W + hg + (1 — pb) 69 — vko) + (1 — pf) P (W + hg — p0dg — vkg)| dF (9)} ,
(A36)
where the maximization is subject to the four constraints: (1) kg > 0; (2) hg = h+p f; 0,dT;

9



(3) &y is non-decreasing in 6; (4) 0 < h < pfd,.

This problem is solved using techniques from the optimal control theory. Intuitively,
think of 6 € [Q,m as time, hy and dy as state variables, and yy = dj and ky as the control
variables. I focus on piecewise continuously differentiable ¢4, as typical in control theory.
Moving pW P’ (W) from on the left-hand side and dividing by A, the optimization

program can be written as{’|

7
max / T (ko b, 50,0, W) £ (6) dO (A37)
{ko,ho,00,y0} J o
subject to
o = pipVo (A38)
o = YoVO (A39)
vy = 0V0, (A40)
where

J(kyh, 0,0, W) = 0v (k)—k—hP" (W)4+pdP (W + h+ (1 —pd) 6 — vk)+(1 — pf) P (W + h — pbd — k)

is the virtual surplus of headquarters for the type-6 project. This is a bounded control
problem (e.g., see Kamien and Schwartz (1991)). Note that IV is a parameter in this problem,
and since P (-) is concave, J (+) is pseudo-concave in the policy variables (k, h, d). Let p, and
vy denote the shadow values of the transition equations for hy and dy, respectively. Then,
the Hamiltonian is

H (0, ho, b6, Yo, ko, tg, Vo, W) = f(0) J (Ko, hg, 69,0, W) + 1960 + voYs-
The first-order conditions with respect to hy and d, are:

= 1) pOP" (W + hg + (1 — pt)) 69 — ko)
o = + (1 —pf) P' (W + hg — piSg — vkg) — P' (W) )

vy = ot g @) (TR0 ) )

In addition, according to Portryagin’s maximum principle, H (-) should be maximized with
respect to control variables yy and ky. Therefore

(A41)

vy < 0, with vyyy =0,

) _ pOP" (W + hg + (1 — p) dg — vke)
o (ko) = 147 ( + (1= pO) P' (W + hg — p0Sg — vke) ) (A43)

Consider, first, types at which the monotonicity constraint does not bind (6 : yg > 0).
The complementary slackness condition vgyy = 0 implies that vy = 0. Therefore, when

3 is a parameter in this optimization problem, so I do not write it as one of the arguments of .J (-).
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Yo > 0 over an interval, the first-order condition with respect to dy becomes:

f(0)p0 (1 —p0) (P (W + hg + (1 — pfl) dg — vhkg) — P" (W + hg — p0de — vke)) = —pig-
(A44)
Therefore, if the monotonicity constraint does not bind, optimal policies ky and dy are given
by and , given hg and p,y. Transition equations and pin down the
increments to hy and p,.

Second, consider types at which the monotonicity constraint binds (6 : yp = 0). In
this case, optimal policies are obtained via the “ironing” procedure. Consider a (maximal)
interval of types [01,60;] over which the monotonicity constraint binds. Then, 09 = dy,
VO € [61,0s]. The transition equation (A38)) implies hy = hg, + p (6 — 01) g, VO € [01,05].
Thus, the equation for ks simplifies to

00" (ko) = 14 (pOP" (W + hg, + (1 — pb1) 69, — vke) + (1 — p8) P' (W + hg, — p6109, — vkas)) -
(A45
Since the monotonicity constraint does not bind at the ends of the interval, we have vy, =

vy, = 0. Using (A42)), this implies

02
/ (g + £ (0)po (1 — pb) (P" (W + hg, + (1 — pb1) dg, — ko) — P (W + hg, — pb10g — vky))) d6 = 0.

0
1 (A46)
Therefore, for an interval of types [0, f2] at which the monotonicity constraint does not bind,
investment ky is given by , do = do,, hg = hg, + p (0 — 01) dp,. Transition equations
(A38) and (A42) pin down the dynamics of y, and vy over [01,6;] with the initial value
conditions vy, = 0 and 4 , coming from the range at which the monotonicity constraint
does not bind. The bounds of the interval [6;,6,] are pinned down by dg, = by, and (A46).
Having characterized the solution to the optimal control problem —, denote it
by koy (0, W), hey (0, W), and §,, (6, W). Eq. implies that if no project is reported
and W; < W€, the evolution of W; is dW; = g,, (W;) Wdt, where

W) =02 [ PO 1) 1 (). (A47)

Implementation

Define the bonus and fine parameters in the performance-sensitive budgeting mechanism:

how (k&;l (k,vBi-),yBi) + (1 — pk;} (k,vBi-)) dow (k:(;}I (k,vBi-) vy % 23

B =B* (k,B-) = 5 FA4R)
B =B (kB.) - ko (ks v Bi) dov (Ko (kﬁBt—),VvBt—) — how (ko) <k”B‘*‘>’VBt‘>.(A49)
Also, define the accumulation limit B, as:

B = WT (A50)
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First, I show that the evolution of vB; is the same as the evolution of W; in the optimal
direct mechanism if the investment policies are the same. The starting point is vBy = W,
and the evolution of vB; if B, < B, and there is no arrival of the investment project is the
same as W;. Consider the evolution of 7B, if B; < BS, and the project of type 6 arrives. If
the project results in immediate verifiable success,

hov (0, W) + (1 — pb) 6ov (6, W)

d (vBt) = gov (VBy) Bedt + vy 5 .

Otherwise,

how (0, W) — p0d,, (0, W
d(VBt) = Jov (ﬁth) Btdt+7 ( ) vp ( )

Hence, the evolutions of vB; and W; are the same if investment policies are the same. Second,
I show that the implied investment policy in the budgeting mechanism is the same as the
investment policy in the optimal direct mechanism. Suppose that a project of type 6 arrives
to the division manager. The investment amount satisfies:

maxi {00 (k) + pOP (v (By — k) + how (k! (k,7By) ,7B1) + (1 = phik (k, 7Bi-)) Sou (kik (ks yB1) , 7 By))
+ (1 - pe) P (7 (Bt - k) + hov (ko_vl (k> 73t> >PYBt> - pk(;)l (ka VBtf) 501} (k(;)l (k7 ’YBt) 77Bt))}

Since truth-telling is optimal in the direct problem, k = k,, (6, W) solves this problem.

Special cases

It can be interesting to consider two special cases, p = 1 and p — 0. First, consider the
case of p =1, i.e., when the project of quality 6 results in immediate verifiable success with
probability 6. In this case, we can plug p = 1 in the optimization problem above, and the
solution is conceptually similar to the case of p € (0,1). Second, consider the case of p — 0,
i.e., when the project results in immediate verifiable success with an infinitesimal probability.
In this limit case, the transition equation implies that hy = h for any 6. In addition,
recall that truthful reporting that no project is available requires h € (0, pf8dy), which in this
limit case implies h = 0. Thus, the HJB equation simplifies to

(r+\)P (W)= max{)\/e (0v (ko) — ko) dF (0) + pW P’ (W) +)\/9P(W—fyk9)dF (9)}

{ko}

(A51)
which coincides with the HJB equation (10) in the basic model in the case of a prohibitively
expensive audit. Also notice that B, converges to zero, implying that the “fine” for lack
of verifiable immediate success, which in the limit case occurs with certainty, becomes non-
existent. Thus, in the limit case of project values being almost unobservable, the solution of
the model with observable realized values approximates the solution of the basic model.

IV. Random Auditing

In the basic model, I assumed that headquarters can only commit to pure audit strategies.
This assumption follows classic costly state verification models (Townsend, 1979; Gale and
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Hellwig, 1985), but it is with loss of generality: headquarters could do better by committing
to random audit strategies. In this section, I consider the basic model with the additional
change that headquarters can commit to any random audit strategy.

Consider time t. Depending on report dXt, the mechanism prescribes headquarters to

audit with probability ¢ (dXt> € [0, 1], where function ¢, () is measurable with respect to
{dXS, s<t,dXs s<t:dAs = 1}. As in the basic model, because audit is costly, it is not

optimal to audit if the division manager reports that there is no project available: ¢; (0) = 0.
The analysis is unchanged up to Lemma 1 specifying the evolution of the division manager’s
promised utility . Since for each report dX;, audit may or may not occur, the sensitivity
of the division manager’s promised utility to her report may be contingent not only on

the report itself, but also on whether it is audited. Let HY (dXt) denote the sensitivity
of the division manager’s utility to her report if it does not get audited. Similarly, let
HA <dXt, dXt) denote the sensitivity of the division manager’s utility to her report if it gets

audited and headquarters learn the true project quality dX; € {0} U ©. Since audit reveals
project quality with certainty and lying does not occur on equilibrium path, it is without loss
of generality to impose maximum punishment if the audit reveals that the division manager’s

report is not truthful. Therefore, HA (dXt,dXt> — _W,_ for dX, # dX,. The following

lemma is an analogue of Lemma 2 for a model with random audit:

Lemma 3. At any time t > 0, the evolution of the division manager’s promised utility W,
following report dX; € {0} U© is

AW, = pWi_dt —~dK, —dC, + HY (dXt) (1—dA,) + Hf (dXt, dX't) dA;

_ </\ /0 (HY (0) + ¢ (0) (H{ (0,0) — HY (0))) dF (9)) dt. (A52)

Functions HY (-) and H (-) satisfy: (i) HY (0) = 0 and H{*(0,0) = 0; (ii) for any fived
0 € {0y U©O, HN (0) is F-predictable; (iii) for any fived 0 € {0} UO and 6 € {0} U O,
HA (9, 9) 18 F-predictable.

The proof of Lemma 5 is identical to the proof of Lemma 2 with the change that the
change in the lifetime expected utility of the division manager is driven by two functions,
one corresponding to the case of an audited report and the other corresponding to the case
of an unaudited report.

In the optimal mechanism, the division manager finds it optimal to send a truthful report:

dX, = dX,. Depending on report dXt, headquarters audit it with probability g, (dXt).

Because audit is costly, it is never optimal to audit if the division manager reports that
there is no project: ¢; (0) = 0. Sending report dX; # dX; is suboptimal if and only if

HY (dX:) (1= g (%) )=ar () Wi < HY (dX0) (1= g0 (dX0)ar (dX) H (42, dX0)
(A53)
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This inequality must hold for all dX; and dX, # dX; in {0} U ©. The intuition for is
as follows. The right-hand side is the expected change in the utility if the division manager
sends a truthful report dX;. If the report is not audited (probability 1 — ¢ (dX;)), the
division manager’s expected utility changes by H} (dX}); if the report is audited (probability
q: (dX;)), the division manager’s expected utility changes by H (dX;,dX;). The left-hand
side of the inequality denotes the expected change in the division manager’s utility if she

sends report dX, # dX;. This report gets audited with probability ¢, <df(t>. If the report

is not audited, the division manager’s expected utility changes by H¥ (dXt>; if the report

is audited, headquarters learn d.X;, so the division manager’s expected utility drops to zero.

Let P,, (W) denote the value that headquarters obtain in the optimal mechanism in the
model with random auditing. Becase P, (W) must be concave, the optimal compensation
policy is given by threshold W, , defined by the lowest point at which P’ (W) = —1. Con-
sider region W < W¢,. The expected instantaneous change in headquarters’ value function
is 7P, (W;_)dt. It must be equal to the sum of the expected flow of value over the next
instant and the change in P,, (W;) due to the evolution of W;. Since zero investment is
optimal if the division manager reports that no project arrives, the expected flow of value of

an instant is

A ( / "V (4. 8) — dIK, — cqu (8)) dF (9)) dt. (A54)

To evaluate the expected instantaneous change in P,., (W), I apply It6’s lemma and use

(A52):

pW,_dt— ,
SR V=1 (7 (12 0) + 00) (112 0.0) — 12 0)))) aF (0) | T V)
o[ (L= (0) P (Wi + HY (6) —1dE
AL, { 40 (0) P (We + P Vi) - ) ] 4F ).
(A55)

Combining (A54) with (A55) and equating their sum to rP,, (W) dt yields the following
HJB equation:

TP, (W) = AL g5 ki kg b hg } {/\ fg_g (1 —qo) (V (k§,0) — k) + qo (V (k§,0) — k§ — c)) dF (0)
(oW = A (1= a0) 1+ qol) dF (0)] P (W)

Ay (0= 00) Pra (W -+ B = K5) + a0 Pra (W + g = 7K§) = Pra (W)]dF (8)},
(A56)
where the maximization is subject to kj > 0, k) > 0, go € [0,1], and the incentive compat-
ibility constraints

(1= ) 1 + aoh > (1= g5) b — gV (9,0) € ({0} U O) (A57)

Compared to the HJB equation in the basic model without random audit, (A56) has one
difference. There are two investment levels (kj and kj) and two changes in the promised
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utility (hy and h§) for each project type 6, corresponding to cases in which the report does
not get audited and gets audited and confirmed to be truthful, respectively. In contrast, in
the basic model, each project type is either audited or not, so it is sufficient to specify one
investment and one change in the promised utility for each project type 6.

Denote the optimal policies that solve this optimization problem by k7, (6, W), k2. (6, W),
he, (0, W), he, (0, W), and ¢, (6, W). Let I = maxpeqoyue {(1 — go) hif — goW}. Then, (A57)
can be written as (1 — gg) h% + gghg > I. Let © denote the subset of {0} U © at which
(1 —qp) hyy —qoW < I. The derivatives of with respect to hj and hj are proportional to
Pl (W + h§ —~vki)—P., (W) and P/, (W + hj —vky)— P!, (W), respectively. Consider type
6 € ©. Since is slack, (A56) is maximized at hg = kg and hy = vkj. Differentiating
(A56) with respect to kj and k§ yields kj = kj = kX, (0, W), implicitly defined as

OV (k7 (6, W), 0)
Ok

—1+4~P, (W). (A58)

This implies h§ = hjj = vk}, (0, W). The derivative with respect to gy is proportional to —c.
Therefore, for any € O, it must be that gy = 0.

Thus, if gy > 0, then either (1 —qg) hy + qoh§ = I or (1 —qg) hy — @W = I. Let me
show that it cannot be (1 — qg) hff + goh§ = I . By contradiction, suppose this is the case.
Then, (1 —qp) hy — W < I. Denoting the Lagrange multiplier of the equality by pu,, the
maximization problem becomes

max (1 —qo) (V (kg,0) — ky — hg P, (W) + Pro (W + hy — vkg))
ha,h kD kS qo

+qo (V (kg,0) — ki — hg P, (W) — c+ Pro (W + hg — vk§))
+119 (1 — qo) hyg + qohg — I)

This implies kjy = k§ and hy = h§j = I. However, if this is the case, then the objective
function is strictly decreasing in ¢y, implying go = 0, which contradicts g9 > 0. Hence, if
g9 > 0, then (1 — qg) hjf — qoW = I, which implies (1 — gg) h§ + gohf > I. Therefore, (A56)
is maximized at hj = vk§ and k§j = k;, (6,W). Denoting the Lagrange multiplier of the
equality by )y, the maximization problem becomes:
max (1= o) (V (K, 0) = K§ — B3Py (W) + Pro (W + B — 115)
07990
+qo (V (k§,0) — (1 + Py (W) ki — ¢+ Pry (W)
+>\9 ((1 —QQ)hg —QQW—I>.
Taking the first-order conditions and re-arranging the terms yields:
v (k2.0
U50) — 14 (B () = ),
Pl (W + by —7kp) = Pl (W) = N,
V (kg,0) — (1+ yP’ (W) k§ — c+ Poa (W) — AW
=V (k5,0) — k5 — B (Ply (W) = A) + Pra (W + s — 7k5)

These equations pin down kj = kI (0, W), hy = hl, (8,W), and A\p. Then, gy = ¢, (0, W)
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is given by T ((0 W)L We can re-write the last equation as:

1 O+ W
max {V (k,0) — (1 + P, (W)) k}
—maxg, {V (k,0) —k+P,(W+h—~k)—h (P,fa (W) M)t =c+ AW — P, (W).
(A59)
By the envelope theorem, the derivative of the left-hand side in @ is

/’fia(@vW) PV (k,0) 0oy o
. koo 90 ¢

Since k, (6, W) > kj and 8‘8/]5299) > 0 by part (c) of Assumption 1, Ay is increasing in . By

Topkis’s theorem applied for the second maximization problem in (A59)), hy is increasing in

0. Since qy = h}%fvlv and hy is increasing in 6, gy is increasing in 6 too.

Next, I find I. Above, I have shown that (1 — gy) hy — gpW = I for any 6 : ¢o > 0. This
and imply that hy = I for any 0 : g9 = 0. In particular, this must hold for 6 = 0,
which implies I = 0. Hence, ¢y = %

It remains to find when g9 = 0 or g9 > 0. If g9 = 0, then hj = 0 and the investment kj
solves

OV (kg 0)
ok
Denote the solution to this equation by k° (6, W). Differentiating in gy, we obtain

that gs = 0 is optimal if and only if

=14+~P, (W —~kp).

V (kg (0, W), 0) = (1+7Ply (W) kg (0, W) — ¢ — (Pry (W) = Py (W — 7k, (0,W))) W
< V(KL (0,W),0) — k2, (0,W) + Pry (W — KL, (,W)) — Py (W),

or, equivalently,

c> F(0.W) = Fy (0.W) + (P, (W = 7k7, (0,W)) = Py (W))W, (A60)

where
Fo 0,W) = max{V(k,0) - (1 +~Pr (W) K},
FL(0,W) = max{V (k,0) = k+ P (W = 7k) = P (W)},

by analogy with (26)—(27). Using the envelope theorem, it is easy to see that the right-hand
side of ({A60) is increasing in 6:

kraOW) 92V (K, 0) kO (6, W)
Y _ P// ra )
/kgaw) et~ (wyw e ),

which is positive, since 2 (;;(a > 0 by Assumption 1 and P/ (W) < 0 and w > 0 by
concavity of P, (-). Therefore, ¢y = 0 if and only if 0 < 67, (W), where 0" (W) is defined as
the lowest 6 € © at which ¢ < F¢ (0, W)—F (6, W)+(P7fa (W — k2, (0, W) — P!, (W))W.
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_Plugging the solution into (A52), we obtain the evolution of W; following the report
dXt =0:
dWi = Gra (Wtf) Wi_dt — dC4,

where .
(k. (0) + W) A7, (0, W)
ra W — _ )\/ ra ra
gra (W) = p or.owy W (hp, (0,W)+ W)

Combining these results characterizes the investment, audit, and the evolution of the
division manager’s promised utility in the optimal mechanism. If the division manager
reports that no project arrives, then her promised utility accumulates continuously at rate
Gra (Wi_), provided that W,_ < W< . Once it reaches W¢,, the division manager gets paid a
flow of constant bonus payments of g,, (W),) W<, per unit time until the division manager
reports an arrival of a project. If the division manager reports a project with quality 6 <
6r, (W;_), headquarters do not audit the report, the firm invests k2, (6, W;_), and the post-
investment promised utility of the division manager changes by dW, = —~vk° (6, W,_). If
the division manager reports a project with quality 6 > 6, (W;_), the report is audited
with probability %. If the report is audited and audit confirms that the project’s
quality is 0, amount £, (0, W;_) is invested and the post-investment promised utility of the
division manager is kept constant at W;_. If the report is audited and the audit does not
confirm that the quality of the project is 6 (this never occurs on equilibrium path), then
nothing is invested and the division manager’s promised utility is set to zero. Finally, if
the report is not audited, the firm invests £k, (6, W;_), and the post-investment promised
utility of the division manager changes by dW, = —vk” (0, W) + h?, (6,W). The following
proposition summarizes these ﬁndingsﬂ

dF (6). (A61)

Proposition 2. The following mechanism is optimal. If R < WY, , then the initial value W)

is max {R, W}, }, where W}, is the point at which P,, (W) is mazimized. If R > W, , then
an tmmediate payment of R — W, is made to the division manager and Wo = W,. At any
t, the division manager sends a report dX,; from message space {0} U ©.

1. IfdX, =0, then dK, = 0 and d4, = 0. If W,_ < W¢

ra’

then
th = Grq (Wt_) VVt_dt, (A62)

and dCt = 0. If Wt_ =We

ra’

then dW; = 0 and dCy = g, (WS,) WE,dt.
2. IfdX, € 0,07, (W,_)), then dA, = 0, dK, = k°, (0, W;_), and dW, = —dK,.

=) ra

3. If dX, € [07, (W), 0], then dA, = 1 with probability =% Wi-)— and dA, = 0 with

(0. W)+ Wi
. W,
probability —h%(aW;HWF .

(a) If dA; = 1, then dK; = kI, <dXt,Wt_> and dW; = 0, if the audit reveals that
dX; = dXt. Otherwise, dK; =0 and dW, = —W,_.

4The verification is very similar to the proof of Proposition 2, so I omit it.
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(b) If dA, = 0, then dK, = k. (df(t, Wt,> and dW, = b (8, W,_) — ~dK,.

The following proposition shows how the above mechanism can be implemented via a
capital budgeting process, which is similar in many dimensions to the budgeting mechanism
with threshold separation of financing in the basic model:

Proposition 3. Consider the following mechanism. At the initial date, headquarters allocate
a spending account By = Wy /7 to the division manager, who is allowed to use this account
at her discretion to invest in projects. At time t, the spending account is replenished at rate
Gra (7Bt). In addition, headquarters specify a project size threshold ki = k%, (0, (vBt),vBt),
such that at any time t the division manager can pass the project to headquarters claiming
that the investment should be k% (0,vBy_) > k;_, where 0 is the quality of the current
project. If the division manager passes the project claiming the optimal investment should
be k% (0,vB;_), it gets audited with probability hﬁa?gj:(gij)g;)&—' If the audit reveals that
the report is truthful, then headquarters invest k% (0,vB,_) and do not alter the account
balance. If the audit reveals that the report is not truthful, then headquarters punish the
division manager by reducing her spending account balance to zero. If the project is not
audited, headquarters invest h!', (6,vB;_) /v and the division manager is offered to co-invest
any extra amount from her spending account. The monetary compensation of the division
manager is dCy = 0, if By < W¢, /v, and dCy = g, (WE,) WS dt, if By = W, /v. Then, this
mechanism implements the optimal mechanism of Proposition 6. In particular, the division
manager finds it optimal to (i) pass a project to headquarters if and only if 0 > 0, (vB:-)
and report the asked investment amount truthfully; (ii) allocate investment account between
current and future investment opportunities in the way that maximizes headquarters’ value.
Specifically, the division manager finds it optimal to invest dK,; that mazimizes V (dKy,0) +
P (v (Bi- — dKy)) in projects of quality @ < 07, (yB;-) and to co-invest amount dK; —
h!. (0,vB:_) /v that mazimizes V (dKy,0) + Pro (7 (Bi— — dKy) + b, (0,7B;-)).

This proposition can be proven in the same way as Proposition 3. The evolution of
~vB, is the same as the evolution of W, in Proposition 6. The starting point is By = W,
by construction and the evolution of vB; if B, < W, /v and the project is not passed to
headquarters is

d (vBt) = (gra (vBt) Bydt — dKy) . (A63)

Hence, the evolutions of vB; and W, are the same if the investment policies are the same.
Because the change in the division manager’s utility, dW; + vdK; = g, (W;) Wdt, does not
depend on dK;, allocating the spending account between the current and future investment
opportunities in the way that maximizes V' (dKy, 0) + P, (7 (Bi— — dK;)) is optimal for the
division manager. This investment solves

mas V(0. K) + Pro (7 (Bi— — B)}. (AG4)

yielding k9 (6, vB;_). Similarly, because the division manager’s expected utility after headquar-
ters invest A, (0,vB;_) /7 does not depend on any additional investment she adds from the
spending account, the total investment in the project § > 67, (yB;_) solves

mI?x{V (0,k) + Pra (v (Bi- — k) + Ry, (0,7B:-))}
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yielding kI (6,vB;_).

V. Private Savings of the Division Manager

The basic model assumes that the agent consumes the monetary transfer immediately upon
receiving it. In other words, the division manager cannot save the compensation for the
future. In this section, I show that this assumption is not material provided that the division
manager has no savings at the start of the game and her savings account grows at rate r,
i.e., at the discount rate of headquarters, which is below the discount rate of the division
manager p.

To show this, I introduce additional notation. Let S; denote the division manager’s

balance on the savings account at time ¢, and let (dé’t> denote the stochastic process
>0

governing the division manager’s consumption (dé’t represents her consumption at time t).
Then, the evolution of the division manager’s savings account is

dS; = rSydt 4+ dC, — dC,. (A65)

The starting value is Sy = 0. The division manager must maintain a nonnegative balance
on the savings account, S; > 0.

First, consider the case in which the division manager’s savings are contractible. In this
case, a direct mechanism I" is described by a quadruple (A, K, C,S) of stochastic processes

(the consumption process (dét> is implied by (dC}),~, and (dSt),~,- As before, processes
>0 = =

(dK¢) o and (dé’t> must satisfy dK; > 0 and dé’t > 0, i.e., investment and consumption
= >0

of the division manager must be non-negative. Note, however, that monetary transfers dC}
may be negative, i.e., the mechanism may specify the division manager to make transfers
to headquarters from her savings account provided that the savings account balance does
not go negative. Consider any incentive compatible mechanism I" = (A, K,C,S). Let C
denote the consumption process implies by C' and S: dC, = rS,dt + dC, — dS, for any t.
Consider another mechanism I = (A, K, C",0) with C' = C. Because mechanism I" results
in the same investment and consumption of the division manager as mechanism I, it is also
incentive compatible and results in the same payoff of the division manager. Because Sy = 0,

(A65]) implies:
E { / e"’tdC’t} —E { / e"’tdé’t} +E [nm e_”St} .
0 0 t—o0

Therefore, B [ [;° e dCy| > E [ I e*”dé’t}, so mechanism I also results in the expected

payoff to the headquarters that is not lower than mechanism I'. Therefore, it is without
loss of generality to assume that the division manager has no savings if her savings are
contractible.

Second, consider the case in which the division manager’s savings are hidden. Consider
any incentive-compatible direct mechanism I' = (A, K, C'), and let (S , C’) be the saving and
consumption policies chosen by the division manager given I'. Since the outcome of this prob-
lem can be replicated as an outcome of the problem in which the division manager’s savings
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are contactible and the contract is (A, K, C,S), the optimal mechanism in the problem with
hidden savings results in weakly lower payoff to the headquarters than the optimal mechan-
ism in the problem with contractible savings, which is equivalent to the optimal mechanism
in the basic model by the argument in the previous paragraph. Lastly, I argue that the
optimal mechanism in the basic model remains incentive compatible even if we relax the
assumption that the division manager does not save monetary transfers. The proof of this
point follows the argument in the proof of Proposition 2 in DeMarzo and Sannikov (2006).
Consider an arbitrary feasible reporting and consumption strategy of the division manager,

(X , é) Let U, denote the lifetime expected utility of the division manager, evaluated as of

time ¢, that the division manager attained if she consumed the outstanding savings account
balance S; immediately:

t
Ut = / e P? (’Ysz + dés> + €_pt (St + Wt) .
0

I show that U, is a supermartingale. Using 1 , We can write dU, as:
e dU, = vdK, + dC, + dS, — pS,_dt + dW, — pW,_dt.

Plugging in (7) and (A65]) and simplifying the terms,
et dU, = (r — p) Sidt + Hy(dX,) — ( / H, (0)dF (0 ) dt.

Because p > r and S; > 0, (r — p) S; <0, so Uis a supermartingale. If there are no savings
and the agent reports truthfully, then Uis a martingale. Therefore, for any incentive-
compatible mechanism from the basic model, the division manager finds it optimal to report
truthfully and maintain no savings in the problem where she is able to save in a hidden way.
In particular, this is also true for the optimal mechanism in the basic model. Therefore, the
mechanism from Proposition 2 is also optimal in the model with hidden savings.
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