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Online Appendix A. Proof of Proposition 1 (Indexability)
A.l. Proof of Proposition 1 When Consumers Are Risk Neutral
Without loss of generality, we set observable shocks x; to zero and use €, to represent all
utility shocks. The focus is on the sub-problem where the consumer chooses between an uncer-
tain brand j and a certain reward A. To simplify notation, we drop the brand identifier j. The

Bellman equation for this problem is

(A1) V(se €,A) =max{A+ SE[V(se, €41, Dl€c], € + Elqelsc] + SE[V (s¢r1, €c41, DSt €cl},
where s; summarizes the consumer’s belief about brand quality at purchase occasion t. The defi-
nition of indexability is that, for any state (s;, €;), if it is optimal to choose the fixed reward 4,
then it must be also optimal to choose the fixed reward A’ for any A’ > A. This is equivalent to

the following condition:

0
(A2) a A+ SE[V(sy, €1, Dle] — € — E[qt|5t] - &E[V(Stﬂ' €1, DSt et]) =0

0 d
S 1+ 5515[‘/(5}» €err, M€] — 55[5[‘/(%“»Et+1'/1)|5t'€t] = 0.

Intuitively, condition (A2) requires that, as A increases, the expected future value of choosing the
uncertain brand should not grow too fast compared to that of choosing the fixed reward A. It
turns out that the assumptions of the canonical forward-looking experiential learning problem as
specified in §2 are sufficient for condition (A2) to hold. We prove this result below.

We first define the expected value function EV (s, 1) by integrating out €;:
(A3) EV(se, D) 2 Ee, [V (s, €, D).
Given the assumptions that €;,, and €, are i.i.d. and that €, is independent of s;, we have
E[V(se, €cv1, D€l = E[V (St €041, D] = E[V (sg, €0, D] = EV(st, 1),

and



E[V(st+1 €c+1, DS €] = EIV(St11, €041, DSe] = E[V(S41, €0, Dse] = E[EV (Se11, Dse]-
Therefore, Equation (A1) implies the following fixed point:
(Ad) EV(s, 1) = f max{A + 8EV (s, 1), €, + E[q,|s,] + SE[EV (5,00, Dls.]} dH (e,).

Denote 0 as the option of the certain reward 4, and 1 as the uncertain brand. We define the fol-

lowing quantities:

(A5) vo(spA) 2 1+ SEV(s, A) and vy(s, A) = E|q,|s.] + SE[EV (511, Dlse].

Observe that the conditional probability of choosing 1 is given by

(A6) P(l|s, ) = f vo(se, D < €+ v, (s, D] dH(e)

0
f mmax[vo (56 A, €+ v, (S0, D] dH (er)

OEV (s, A)
avl (Stl A) .

The last equality is obtained by interchanging integration and differentiation and evoking Equa-

tions (A4) and (AS5). Similarly we have

OEV (s, A)

(A7) P(OlSt,A) = m

Differentiating both sides of Equation (A4) with respect to A and using the Chain Rule, we obtain

OEV (s, 1) B OEV (s, A) 0vy(s,, ) N OEV (s, A) 0v4 (s, )
ar dv(s, ) 0a v (s, 1) 0

(A8) EV,(s, 1) 2

= P(Olstr /1)(1 + 5EVA(SD /1) ) + P(l |Str A)(5E[EVA(St+1I /’{)lst]) )
where the last equality is obtained from Equations (A5), (A6), and (A7). Next, we prove the fol-
lowing lemma.

Lemma 1. For all s, A, we have



1
(A9) 0<EVy(s, ) S T—

Proof. Fix any s, €, and A. Let ©* denote the optimal policy that achieves V (s, €, 1). First, if a
positive constant C is added only to the fixed reward A in every period but the uncertain brand
remains unchanged, then following n* yields an expected total utility at least as large as
V(s,€,1). Therefore, V(s, €, + c) = V(s,€,1). Second, if a positive constant € is added to both
the fixed reward and the uncertain brand in every period, then 7* is still optimal and yields an
expected total utility of V(s,€,1) + ¢/(1 — §). By construction, adding a positive constant to
both options yields expected utility at least as high as adding the constant only to the fixed re-

ward: V(s,€,4) + ¢/(1 — &) =V (s,€,A + ¢). Integrating out € we have

c
EV(s,A) <EV(s,A+¢) < EV(s,A) + =5
It follows that
EV -
0 < (s,A+¢) EV(S,A)S 1 .
c 1—6

Taking the limit on both sides as c—0 establishes the lemma.
Lemma 1 implies that 0 < EV; (s, 4) < 1 4+ SEV;(sg, A). This result, together with Equa-

tion (A8) and the fact that P(0|s;, 1) + P(1|s;, A) = 1, in turn implies that:

(A10) 14 SEVy(s¢, A) = SE[EV)(Sea1, A)|Se],
which establishes the indexability condition (A2).
A.2. Proof of Proposition 1 When Consumers Exhibit General Risk Preferences

In this section, we extend the proof of §A.1 to show that the canonical forward-looking
experiential learning problem is indexable when consumers exhibit general risk preferences.

The Bellman equation in the case of general risk preferences is



(A1) V(sy, €0, 4) = max{u(d) + SE[V (s, €141, A€l

Elu(es + qe)lse]l + SE[V (Sty1, €c41, D) |Se, €]
For the ease of comparison, we denote the above equation as (A1’), meaning that it corresponds
to Equation (A1) of §A.1. The same notational rule applies throughout §A.2. The indexability

condition becomes

0
(A2%) a1 (w(d) + SE[V (s, €c1, D€l — E[uler + qe)lse] — SE[V(Str1, €r41, DSt €6]) = 0

d 0
s u'()+ 55E[V(5tj €cr1 D] — Sa]E[V(St+1J€t+1:A)|St' €] = 0.

We again define the expected value function EV (s, 1) by integrating out €;:

(A3”) EV(sy, A) £ Ec, [V(se, €, )]
Given the assumptions that €;,4 and €, are i.i.d. and that €, is independent of s;, we have:
E[V(se, €cv1, D€l = E[V (St €041, D] = E[V(sg, €0, D] = EV(st, 1),
and
E[V(Sts1, €241, Vst €] = E[V(Sta1, €¢41, DIse]l = E[V(St11, €6 Dse] = E[EV (Sey1, Dse]-

Therefore, the Bellman equation of the sub-problem implies the following fixed point:
(A4’) EV(s,A) = J. max{u(A) + 6EV (s, 1),

E[u(e; + qe)lse] + SE[EV (Se41, Dse]} dH (€).
Denote 0 as the option of the certain reward A, and 1 as the uncertain brand. We define the fol-
lowing quantities:

(AS) vo(sp 1) 2 u(d) + SEV(s, A) and v,(s,, A1) £ SE[EV(Spyq, D|Se]-

The conditional probability of choosing 1 is given by



(A67) P(1|s, ) = J—]l{vo(st,i) < E[u(e; + qp)lse] + v1(se, D)} dH(e,)

9
B f G Go ) Vo (e, ), Elu(er +q)lse] + vils, D} dH(e)

B OEV (s, A)
v (s, A)

The last equality is obtained by interchanging integration and differentiation and evoking Equa-

tions (A4’) and (AS5’). Similarly we have

0EV (s¢, A)

(A7,) P(OlSt,/l) = m

Differentiating both sides of Equation (A4”) with respect to A and using the Chain Rule, we ob-
tain

OEV (s, A)  0EV(s,, A1) dvy(s,, A) N OEV (s;, A) 0v,(s,, 4)
ar  Ovy(s, ) aa v (s, 1) 01

(A%7) EV,(s, 1) £

= P(0ls;, D(u' (1) + SEVy (s, 1) + P(1lse, D(SE[EVy(se41, Dlse])
where the last equality is obtained from Equations (A5’), (A6’), and (A7’). Next, we prove the
following lemma.

Lemma 1. For all s, A, we have

(A9’) 0 < EVy(s,A) < %.

Proof. Fix any s, €, and 1. Let ©* denote the optimal policy that solves V (s, €, 4). Suppose a pos-
itive constant C is added only to the fixed reward A in every period but the uncertain brand re-
mains unchanged. First, the consumer is weakly better off after this change. Even if the consum-

er maintains t* — and the consumer can do weakly better — the consumer’s expected utility re-



mains unchanged in periods when the uncertain brand is chosen but increases in periods when
the fixed reward is chosen. Therefore, V(s,€,A1 + ¢) =V (s, ¢, 1).

Second, let ' denote the optimal policy that solves V (s, €,A + ¢). Suppose the consumer
adopts 7’ in state (s, €, 1). After the increase in the fixed reward, the consumer’s expected utility
from adopting 7’ remains unchanged in periods when 7’ indicates choosing the uncertain brand
but increases in periods when 7’ indicates choosing the fixed reward. The improvement in the
consumer’s expected discounted utility is thus weakly less than if 7’ indicated choosing the fixed

reward in each period, in which case the improvement in the consumer’s expected discounted

u(A+c)—u(1)

utility would equal . Recall that * is the optimal policy that solves V (s, €, 1). By def-

inition, the consumer is weakly better off choosing 7* than 7’ in state (s, €, 1). Therefore:

u(A+c) —uld)

— <
V(s,e,A+¢c)—=V(s, 1) < T-5

Integrating out € we have:

u(dA+c) —uld)

EV(s,A) <EV(s,A+¢) < EV(s,A) + T35

It follows that:

0 < EV(s,A+c¢)—EV(s,A) < u(A+c) —u(d)
c c(1-9)

Taking the limit on both sides as c—0 establishes the lemma.
Lemma 1° implies that 0 < EV,(s;, A) < u'(4) + SEV, (s, A). This result, together with

Equation (A8’) and the fact that P(0|s;, 1) + P(1]s;, A) = 1, in turn implies that:

(A10%) u' (1) + 8EV,(s;, 2) = SE[EV(Seq1, DS,

which establishes the indexability condition (A2’).



Online Appendix B. Proof of Proposition 2 (Invariance)

We first prove two useful lemmas. The focus is again on the sub-problem of a single
brand and thus we drop the brand identifier j.

Lemma 2. Fix a prior quality belief s, = (i1, dy), and a sequence of quality draws
{q:: t = 0}. Consider a modified version of the original sub-problem where the utility shocks be-
come €{" = €; + c for all t, and the fixed reward becomes A™ = A + c¢. Denote EV™ and W™

as the expected value and index value for the modified problem. Then for any belief state s, we

have:
c
(B1) EV™(s,A+c) = EV(s,A) + T-5
(B2) W™(s,e+c; u¢+c,0%) =W(s,¢; u¢,o% +c.

Proof. To prove the first part of the lemma, it suffices to show that the proposed identity in
Equation (B1) satisfies the fixed-point relationship implied by the modified problem:
(B3) EV™ (s, A™) = f max{A™ + SEV™(s;, A™), € + E[q;|s¢]
+ SE[EVT™ (sS40, A™) s ]} dH™ (7).
Suppose Equation (B1) holds. Following the definitions given in Equation (A5) we have

(B4) g (s, A™) 2 A+ c+ SEV™ (s, A+ ¢)

c
1-6'

c
=1+ 6EV(SD A+ m = UO(St,)l) +

and



(B5) v (s, AT) & ]E[qt|st] + SE[EV™(Sp41, A + ©)s¢]

co cd
= Elq¢lse] + SE[EV (Se41, Dlse] + 15" v, (se, 4) + =3
Define A(St' /1) = UO(St: A) — (St' A) Then Am(st, A+ C) = A(st’/'{) + ¢ for the modified

problem. The assumption that the distribution of € has scale and location parameters implies:

(B6) H™(A™) = Pr(e™ < A™) = Pr(e < A) = H(A), and

f e"d H"(e™) = j (e + ©)d H(e).
emz=A" e2A

The right-hand side of Equation (B3) becomes:
f end HM(E™) + o7 (s ™) (1 = H™(@™)) + v (50 A")H™(A™)
em>A"
=f (e+)dHE + (v (s A)+i)(1—H(A)) + (volse ) + ) H(&)
oA 1ee 1-6 0%t 1-6

_ f ed H(E) + vy (50, V(1 — HW) + vy (50 ) HA) + ——
€A

c
= EV(S, ﬂ.) + 1T6

=EV™(s,A+¢),
which is the left-hand side of Equation (B3). The first equality follows from Equations (B4) to
(B6). The third equality uses the fact that EV (s, A) is the fixed point of Equation (A4). Therefore,
EV™(s,A™) also satisfies the fixed-point relationship implied by the modified problem.

For the second part of the lemma, we use the definition of Whittle’s index, which is the

value of A™ such that

(B7) v (s, A™) = €™ + V(s AM).



It suffices to show that the proposed identity in Equation (B2) solves the above equality. Note

that the right-hand side of Equation (B7) is:

co

€™+ v'(s, A™) = e+ c+ vi(s, 1) + T

= e+ vi(sp, ) + 1CT65 = vo(Se, A) + 1 i 5

which equals the left-hand side of Equation (B7) following Equation (B4). The first equality fol-
lows from Equation (BS). The third equality follows from the definition of Whittle’s index for
the original problem (setting W (s, €) = 1). Then by the definition of Whittle’s index, we have
W™(s,e +c; u¢ +c,a€) =W(s,€; u¢,0¢) +c.

Lemma 3. Fix the original sub-problem. Consider a modified problem where the quality
sample becomes {q{" = bq; + c:t = 0}, the utility shocks becomes €[ = be; for all t, the prior
belief becomes s§* = (ag*, a3*) = (biiy + ¢, bad,), and the fixed reward becomes A™ = bA + c.

Then for all t, s[* = (i, 6i™) = (bji; + ¢, ba;). Denote EV™ and W™ as the expected value

and index value for the modified problem. Then for any belief state s, we have:

c
(BY) EV™(s™, bA+ c) = bEV(s,A) + -5

(B9) W™(s™, be; bu€,bo€) = bW (s,€; u¢, o) + c.

Proof. The strategy of the proof is similar to that of Lemma 2. Note that the Bayesian updating

implies that for all t the precision w{™ of the modified problem remains the same as that of the

original problem:

—m2 2— 2
m o} b“o,
t

art + om?  b*G,% + b*o?

w We.

It follows that the updated posterior mean and variance in the next period become



Aty =iy + (1= wiDE" = wi(bg, + c) + (1 = w)) (bR, + c) = b, +c,

ar, =t J1—w = b5, J1—w, = bo,41.
Therefore, the belief state in the next period preserves the relationship:
St+1 = (ﬁ?}rl’aﬁl) = (bﬁt+1 T b6t+1) :

For the first part of the lemma we show that the identity in Equation (B8) satisfies the

fixed-point relationship implied by the modified problem
(B10) EV™(s{", A™)
= f max{A™ 4+ SEV™(s{", A™), €* + E[qf"|s"]

+ SE[EV™ (s31, A™)|s{" 1} dH™ (€8).

Suppose Equation (B8) holds, then

(B11) v (sT A™) & bA+ ¢+ SEV™(s], bA + ¢)

c
1-6

c
bA + SbEV(St, /1) + m = bUO(St, /‘D +

Similarly,

10



(B12) vir(sp, A™) = E[q™|s!"] + SE[EV™(s%y, bA + ¢)|s]]

c

= ff (bqt +c+6 (bEV(sHl,A) + m)) dF™ (g™ ™, a™)dB(u™|s™)

Cc

|| (bqt + ot 8 (DEV(seas, ) + m)> 4F (4l 0)dBy(uls,)

c
b {[ (a + 85V Seon, D) dF el B (uls) + 1

c
bvl(st, A) + m

The first equality uses the fact that EV™ (s}, bA + ¢) = bEV(s¢44,4) + ¢/(1 — §). The second
equality follows from normality and conjugate prior assumptions for the distribution of qualities
F and beliefs B;. Then A™(s{*, bA + ¢) £ vJ*(s{*, bA + ¢) — v{*(s{"*, bA + ¢) = bA(s, A) for
the modified problem. The assumption that the distribution of € has scale and location parame-

ters implies

(B13) H™(A™) = H(A), and f e"dH™(e™) = bf (e + c)d H(e).
em=A" €A

The right-hand side of Equation (B10) becomes
f e"d H™(e™) + v'(s]", bA + c)(l — Hm(Am)) + vy (s], bA + c)H™(A™)
em=A"

=b LZAG dH(e) + (bV1(5t: )+ ﬁ) (1-HW)+ (bvo(st, ) + ﬁ) H(A)

—b f ed H(E) + buy (55, (1 = H(A)) + bvg (s DH(B) + ——
exA 1-6

Cc
= bEV(St, ﬂ.) + m

=EV™(s, bA + ¢),

11



which is the left-hand side of Equation (B10). The first equality follows from Equations (B11) to

(B13). The third equality uses the fact that EV (s, 4) is the fixed point of Equation (A4). There-

fore, EV™ (s, A™) also satisfies the fixed-point relationship implied by the modified problem.
For the second part of the lemma, we again use the definition of Whittle’s index, which is

the value of A™ such that
(B14) ot (sPA™) = €™ + V(s A™).

It suffices to show the proposed relation in Equation (B9) solves the above equality. Note that

the right-hand side of Equation (B14) is

c c
€™+ v'(sPLA™) = be + by (s, A) + i b(e + v,(s,, /1)) + e

= bvy(sp 1) + 1TC6 ,
which equals the left-hand side of Equation (B14) following Equation (B11). The first equality
follows from Equation (B12). The third equality follows from the definition of Whittle’s index
for the original problem (setting W (s, €) = 4). Then by the definition of Whittle’s index, we
have W™(s™, be; bu€,bo€) = bW (s,€; u¢, o) + c.
To complete the proof of the proposition, note that by Lemma 3 we have:
W(ba + c,ba, be; ba,buf, ba€) = bW (i, a,€; o, u¢,0¢) + c.

Setting b = 1/0 and ¢ = —fi/o and evoking Lemma 2 yields

12



o0 €
Wi, o,¢ o,u,6¢) =g+ oW <0,—,—; 1
oc'o
_#e €
=ﬁ+ 0'[W<0,—, ) 1I0P_>+
o o o
—u o€
=pg+u+ oW(0,—, - ;1,0,—

which completes the proof of the proposition.

13



Online Appendix C. Proof of Proposition 3 (Comparative Statics)

We again focus on the sub-problem of a single brand and thus drop the brand identifier j.
Proof of Proposition 3(1). The first part that Whittle’s index increases with posterior

mean [ is evident from Proposition 2. For the second part, fix some belief state s and consider

any €' > €. Let W' and W be the corresponding Whittle’s indices. Recall that A(s, 1) =

vo(s, A1) — v,(s,4). Then by the definition of an index, A(s,W') = €' > € = A(s,W). Note

that:

9A(s, 1)  dvy(s,4)  0vy(s,A) -0
or oA or

(CI) Ay(s, 1) =
where the inequality is implied by (A10). It then follows that W' > W

Proof of Proposition 3(2). We will prove the first part. The second part holds following
a similar argument. Fix some 07 > g2. Let {Y;: t = 0} be a sequence of random variables condi-
tionally i.i.d. from the distribution N (u, 0f). Let {w;: t = 0} be a sequence of random variables
conditionally i.i.d. from the distribution N(u, 5 — ). The two sequences are independent.
Construct a sequence of random variables such that Z, = Y; + w, for all t. Then {Z;: t = 0} are
conditionally i.i.d. from the distribution N (i, 65). Fix some policy 7 that solves the problem un-

der {Z;:t = 0}. Denote (s, €;) = 0 if the fixed reward A is chosen, and (s, €;) = 1 if the un-

certain brand is chosen. Then the value function in state (s, €) when  is applied becomes

14



V,(s,€40,)

= E Z st {1[n(se, €) = 11(Z; + €) + U[m(sy, ) = 0]} | (so,€0) = (5, 6)]
[t=0

= E Z st {[n(sy, €) = 1Yy + wp + €) + U[m(se, €) = 0]A} | (sp,€0) = (s, 6)]
[ t=0

=E Z 8t {1[n(se €) = 11(Y, + €) + 1n(s,, €) = 0]} | (s, €0) = (5, 5)]
[t=0

+E

z 8t [ (sy, €) = 1w, | (s, €0) = (5, E)]
t=0

=V,(s,€4; 0y),
where the last equality uses the fact that the second term is equal to zero. Note that
V.(s,€,4; 0,) <V(s,€,1; a;) because the latter is the optimal value function. Therefore
V.(s,€,4; 05,) <V(s, €, 4;ay) for all m. Taking maximum on the left-hand side gives
V(s €,1; 0,) <V(s,€ 4; 01). Integrating out € further yields EV (s, A; 0,) < EV(s,A; ay).
Then we have EV,(s,A; ) £ 0EV (s, A; d)/dc < 0 for all s, 4, 0. Differentiating both sides of

Equation (A4) with respect to ¢ and using Chain Rule gives

aEV(Str AI O-) avo (StJ /L 0-) + aEV(StJ /L 0-) avl (StJ /’{: O-)
vy (s, A; 0) do 0v1(sy, A; 0) do

EV, (s, A 0) =

= P(Olstlﬂ'l O')((S‘EVO-(St,A,,O')) + P(llsti/l;rO-)(é‘]E[EVO'(St+1lA;'U)lst])‘

The last equality implies that

§P(1|s,, 4;,0)

EV A 0) =
o(50:4:0) 1— 6P(0|s, 4 0)

E[EV4(Ser1, 4 0)Ise].
It then follows that

15



0A(st, A; 0)

90 = 8(EVy(s¢, A;0) — E[EVy(Ses1, 45, 0)|s¢])

( SP(1|ss, 4; 0)

1— 5P(O|St,/1; O') - 1) ]E[EVJ(St+1:/1; 0)|St]

-1
5( )IE EV, A =0,
1 _ 5P(0|St, /1’ O_) [ O'(St+1 G)Ist]

where the last inequality uses the fact that E[EV, (S;41,4; 0)|s:] < 0. Let W, and W, be the
Whittle’s indices corresponding to g, and ;. This inequality implies A(s, W;; 0,) =

A(s, Wy; 01). Since by the definition of an index, A(s, W,; 0,) = A(s, W;; 1) = €, we have
A(s,Wy; 05) = A(s, W,; 0,). Tt then follows that W, < W, by Equation (C1).

Proof of Proposition 3(3). Consider any " > &. By the invariance property we have

<W(aa' e o,uc, o),

where the first inequality follows from Proposition 3(2).

16



Online Appendix D. Computation of the Index Function

We can use the invariance property to simplify the computation of Whittle’s index. The
computation is based on the fixed point problem in Equation (A4) and the definition of Whittle’s
index. Product identifier j is dropped to simplify notation. Note that the EV function evaluated at

ﬁt =0 IS EV(O, 51:,/1) =
[ max{A + 8EV (0,5, 1), €; + SE[EV (¢ 41, Gt 41,A)|0, 5.1} dH (e)
= f max{l + 6EV(0,0;, 1), € + OEq [EV(Weqe + (1 — Wiy, G¢41, D10, 5t]} dH(€.)

We(qy

fmax /1 + 86EV (0,0, 1), € + 6K, [EV(O Ory1 A — Wi qy) + |0, + }dH(et)

- f max{2 + SEV(0,5,,2), € + 6Eq [EV(0, 5,41, A — Wer10)10, 5]} dH(e,),

where w, = 62/(G7 + 0?) is the precision. The first equality is implied by Bayesian updating
formulae for the normal distribution. The second equality uses Equation (B8) from Lemma 3 and
the fact that the expectation of g, and ji; conditional on fi; = 0 are both zero. The last equality
again uses the zero expectation of q; conditional on fi; = 0.

We now treat A as a state variable. Let A;,; = A; — w;q;. Note that the distribution of q;
conditional on the belief (i, 6;) is normal with mean ji; and standard deviation m .
Therefore Ay 1|4 ~N(4¢, th ). The fixed point problem now only involves the EV

function fixed at i; = 0, and evolves on the state space (a;, A;):
EV(O, 50 At) = f max[lt + 6EV(O, Et, /’{t), €t + 61E)~t+1 [EV(O, 5t+1’ lt+1)|0, 5t, /’{t]} dH(Et)

Standard dynamic programming algorithms can be used to solve the above fixed point.

Given the solution of EV (0, 6;, A;), we can find the value of A such that the two terms inside the
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max operator in the above equation are equal for various values of random shocks € under jz = 0.
This value is then the corresponding Whittle’s index : W (0, G, €; g, u€, o). The index evaluated
at any value of posterior mean f is then computed by linear summation as implied by the invari-

ance property. We present further implementation details in Online Appendix G.2.
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Online Appendix E. Computation of the Value Function

Given a decision rule I1, we compute the value function (expected total utilities) by for-

ward simulating utilities for a sufficiently long horizon. Starting at a given state (S, €;) = (5, €),

D
we sample a large number D of Markov chains for each brand {( ](,f ), (d)) k=1,2,..K } ,
d=1

where K is greater than the truncated horizon T. Bayesian updating of the normal distribution

leads to the following state transition probabilities:

—(d) d —(d (d) =2 (d) —(d) (d) (d) ()
1k+1|l‘() N(‘u](k)’ Wi |07 + T ) k1l Oy = " |1 — wy ", and

d d —2(d
ej(. )~ H(e; 1, ), where W(k) = a]k( )/(O'JZ + U]k( ).

These sequences of belief states are then fixed in advance and reused for each decision rule. Un-
der a decision rule I, the empirical estimate of its expected total utility for a truncated horizon T
is given by

T—1

J
- - >(d) -»(d - > - -
Vi, 9 ——Z 5 ) 1[n(50.&%) =] (15, + 6) |Go i) = Gy

where n;; is the cumulative number of trials for brand j up to period t. Note that the realized state
values are chosen from the pre-drawn sample paths, with n;, indicating which state in the sample

path is chosen.
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Online Appendix F. Maximum Simulated Likelihood Estimation

We estimate each model’s parameters with maximum simulated likelihood estimation. To
simplify notation let @ denote the vector of parameters to be estimated. Let d;; € A denote
household i’s decision at period t and let &f = {d;}} -, denote i’s decision sequence up to peri-

od t. The likelihood of observing the choice sequences as a function of & is:

1 1
L&) = 1_[ Li(@) = 1_[ Pr(d; % a).
i=1 i=1

Learning strategies depend upon the evolution of the unobserved belief states, which
complicates the inference process. If we were to write the likelihood function as a function of
each consumer’s unobserved belief states and shocks over periods, we would need to sample
from an extremely complicated joint density of belief states and shocks. Instead, we augment the
data and sample directly from the more-fundamental unobservables — the quality experiences q;j;
that are drawn conditionally i.i.d. from normal distributions with mean y; and standard deviation
;. Given a set of quality experiences and a set of prior beliefs, we obtain the unobserved belief
states, s;; = (fijt, 0;j¢), by conjugate updating formulae:

=2 2 =2 2
- 9jo - Ji [ _ ) 9j09j /e

Ly == 57— — Uo, and 05 = = ,
jit 2 2 2 2 jO Y 2 2
gjo + 0 /nijt gjo + 0 /nijt g0t 0] /nl-jt

ijt

where n;j; is the cumulative number of purchases of brand j by consumer i through period t. We

—_ n;; . .
use g;jr = %ﬁzk‘:ﬁt aijr to denote the average quality experience observed by the consumer

through period t. Note that the posterior variance al-zjt decreases over time towards zero as more
information is incorporated and the speed of convergence depends on the prior and the true vari-

ance. When the prior 6]-20 1s much larger than the true variance sz, then after just one update, the
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posterior quickly converges to 0']-2.1

We introduce vector notation to simplify exposition. Let /i be the vector (over j) of mean
qualities, let & be the vector (over j) of the standard deviations of quality draws, and let 6€ be the
vector (over j) of the standard deviations of unobservable shocks. Let the sequence of quality
draws through period t be G = {G;; }%=1. Let X, and €;; be the vectors (over j) of prices and un-
observable utility shocks. Finally, let f,(-) and p.(-) be the probability density functions for the

quality draws and the unobservable shocks. The likelihood for household i is given by

T;
(F1) L,(@) = j j nn{n s (di37Y) 2] = dildl5@l} £, @5 R D dd," a2
t=1

To compute the likelihood we integrate over quality draws and unobservable shocks. To
integrate numerically we sample R sequences of quality draws (each sequence has T; draws for
consumer i) from a multivariate normal distribution with parameters fi and 6. We assume that
the unobservable shocks follow zero-mean Gumbel distribution with homogenous variance o€
for all brands. This assumption allows us to use the well-known logit formula to substantially
simplify the computation of choice probabilities for all models. Based on Proposition 2, we spec-
ify the index function as a linear function of the unobserved shocks €;¢, while preserving mono-
tonicity:

— X,E X,E
J:: 'Bx-- — U g’

&= - x,€ s ijt Uyt ij ij

HW = argmaxj {,ul]t+/xl] +6l-jt+al-jo <0,—, ,1,0, ,6)}
O-ij O-ij O'i]'

We provide further implementation details of the estimation procedures in Online Appendix G.

! This introduces difficulty in estimating the variance of prior quality beliefs. For example, we encounter difficulty
when estimating the mixture model. The likelihood function is flat over the regions where the values of sz are large.

As a solution, we terminate the iterations of estimation when the likelihood improves by less than 0.02%. We expect
the same difficulty to apply to the approximately optimal solution.
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Online Appendix G. User’s Guide to Implementation

This user’s guide documents the implementation details of the optimization solutions and
the estimation procedures. §§G.1 and G.2 provide the details of solving the single-agent problem
via the approximately optimal solution and the index solution using discrete approximation.
§§G.3 and G.4 summarize the details of estimating the approximately optimal solution and the
index solution.

G.1. Computing the Approximately Optimal Solution
G.1.1. Overview

Recall that the goal is to solve the following Bellman equation of the overall problem:
V(S Xy, €) = T&X{B-)’fjt +€;c + Elqje + 8V (Ses1, Xes1s €418, 1} -
Under the assumption that unobservable shocks €;; are i.i.d., we can integrate out this component
and transform the problem to (Rust 1994):

(G1) EV(S,, %) = j; r]r_lea}‘lx{ﬁ'fjt +€je + E[qje + OEV (81, Xer1)|Se, j]JdH (€.
€t

Further assumption on the distribution of €, can simplify the above integration. If €j¢ follows

I.i.d. Gumbel distribution, then we have a closed-form expression (Rust 1994):

J .
'Xjt + E|qj¢ + SEV (S41, Xe41)[St, J
(G2) EV(SIt’ ft) — ‘u_E + O-Ey + O-E log Z eXp <B jt [q]t O—E( t+1 t+1)| t _]]) )

j=1
where y is the Euler constant. Notice that for this simplification to hold, we need to assume the
distribution of the unobservable shocks is the same for all brands: (,u]‘?, aje) = (u¢, o) for all j.

The observable shocks X, remain in the state space. One can also integrate out X, given

the independence assumption, so that Equation (G1) becomes
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(G3) EV(Sy) = f

(Xr.er)

I}léqx{ﬁ_)'fjt +ejr + E[qj; + SEV By )50 j]}dH (e, €.

We solve Equation (G3) with simulation by integrating over the joint distribution of (E ’fjt +
ejt).2 The modified Bellman equation still cannot be solved exactly because the state space of
each brand s; = (i}, 6;) is continuous. There are many algorithms to approximate the solution
(see a survey by Rust 1996 for methods to solve continuous-state Markov decision processes).
We will use a “discrete approximation” approach that first discretizes the state space, then solves
the discrete-state dynamic programming problem, and finally finds the value function of the con-
tinuous-state problem by aggregating the discrete-state solution using interpolation. While dis-
crete approximation may be slower than “smooth approximation” (e.g., the Keane-Wolpin 1994
algorithm adopted by Erdem and Keane 1996; see Ching et al. 2013b for details of its implemen-
tation), it can fully preserve the contraction property of the Bellman equation, and is guaranteed
to converge to the true solution as the discretization becomes finer (e.g., Chow and Tsitsiklis
1991). The absolute computation time depends on various factors such as the algorithm, comput-
er memory, software package, coding, etc. In this paper we are interested in comparing the rela-
tive computation time of the two solution concepts, the approximately optimal solution and the
index solution, using the same discrete approximation approach to solve the fixed-point problem
in both solutions.

G.1.2. State Space and Transition Probabilities

We discretize the state space into a finite collection of state points D(i;; M) =

2 Alternatively, one can assume that the distribution of the sum (E 'J?jt + €¢) is Gumbel and is homogenous, which
leads to a value function similar to Equation (G3). However, this assumption is not appealing in this setting because
(1) we need €, alone to be Gumbel to obtain a simple logit expression of choice probabilities, and (2) the uncertain-
ty in utility shocks may vary across brands.
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~(mnM _ =N . L
{,u i }m=1 and ]D(aj N ) = {aj }n=1 for each brand. Given the discretized state space, we con-

vert the transition probabilities from the continuous problem to the discrete problem. Recall that
the transitions in the continuous problem are given as follows. Suppose the consumer’s current
belief about brand j at period tis (fL¢, d;). 1f the consumer chooses brand j, then the consumer’s

beliefs about brand j in the next period become

— — — ’ 2 —2 — — —
(G4) :u]"t.;,.ll nu]tN f (‘Ll]-t, th O-j + th) and O-j,t+1| O-jt = O-jt\/ 1- th >

where f(°) is the normal density, and w;; = G /(o + &7 ). If the consumer does not choose
brand j, then the consumer’s beliefs about j remain the same in the next period (i t+1, 0j t+1) =
(At Gjt)-

The transition of the variance of belief g;, is deterministic. Given the variance of prior

belief g, , we know the exact values that the future g;, would fall in. This pins down the dis-

=(2) ~(N)

. _ =1) _ _
cretization of 6;,. We can set 6; "= 7y and 6; "= 7;;, and so on: g} "=

ki nv—1- Note that for large

9,
=) .
values of N, g; ~will be close to zero.
The transition of the posterior mean of belief /i is probabilistic on the entire unbounded
continuous space. We choose a bound [—B, B] and discretize it uniformly into M points. The

size B is chosen to be large enough so that the states outside the bounds are rarely visited. We set

B to be 5 deviation from the mean of the conditional distribution. We then define the transition

e . . ., alm) =(m)
probabilities on the discretized state space from one state point (i i 10 ) to another

~(mr) ~(nr) a(mn) =) ~m) =n) .
(,uj ,0j )as 'p(,uj 0 | u; ,0j ). If the consumer does not choose brand j, then

2(m) =(n) . =(m) =(m), . h probabili fth h b  th
(uj ,0j ) transits to (uj ,0; ) with probability one. If the consumer chooses brand j, then
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4

.. . . . . . =) . =(n") ..
the transition is as follows. First, the variance of posterior belief g; ~ transits to g; = determinis-

= =n+1
tically with n’ = n 4+ 1 for n < N. Note that the difference between Ej( ) and a](n ) converges

. =(N) . .
to zero as N becomes larger. Therefore, we will set N' = N such that g; ~ transits to itself. Sec-

ond, the mean of posterior belief ﬁ;m) € D(ii;; M) transits to any state point ;I;m ) e D(i;; M)

with normalized probability:

~(m _(m) _( )
(G5) GOIE™ 5 f I )
/ / B _(m) z(m) _(n)
o fG ;o)
~( _(m) _( ) ~(m) _( )
where f (,u | ) is the density conditional on (,u , ) defined in the continuous-

state problem (see Equation G4).
G.1.3. Algorithm

After obtaining the transition probabilities for the discrete problem we can then solve the
discrete-state dynamic programming problem using any standard dynamic programming algo-
rithm. Here we use value iteration, which is easy to implement albeit not particularly fast. One
can adopt the multi-grid approach (Chow and Tsitsiklis 1991) or the random-grid approach (Rust

1996) to speed up the algorithm. The value iteration algorithm proceeds as follows:
Step 1: Initialize the (M X N)/ matrix EV, (ﬁ ,3).
Step 2: Iterate the modified Bellman equation until ||El7k+1 — EV, || < Tolerance:

2(m)

EV ( ) { Ve +
k+1 \ 1,0 f(ﬁ)r}l&Xﬁx €+ K

+6 ZM;lFV" (ﬁfm’),éf”')) (‘(m)| ﬁ(m),aj(”) }dH(x 2,
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In Step 2, numerical integration is needed. We use direct simulation to integrate the function
over the joint distribution of utility shocks. Once we have found the solution EV to the discrete
problem, we can aggregate it to produce the solution EV defined on the entire continuous state
space using interpolation. In this paper, we use linear interpolation.

G.2. Computing the Index Solution

G.2.1. Overview

Recall that in Appendix D we have shown that the index function reduces to solving the

following modified Bellman equation (after integrating out both J?j and €;):

EV(0,5;, A) = f max {Ajt + 8EV (0,551, 4jt), B'%je + €t

(Zje.€je)
+ 8Ez;,4, [EV (0, 5141, 4j,641)10, Gie, Ajt]} dH (¢, €c)-
where the EV function is fixed at ii;; = 0, and Aj; is treated as a state variable with the following

transition probabilities:

/ 2 4 =2 = - _ =
Ajt+1l4je ~ Normal (Ajt, Wy o] + ajt> , and 044|005 = 0 /1 — Wy,

_ =2 [2 4 =2
where wj;, = jt/(aj + 05

(G6)

We will remove 0 from the EV function for notational convenience, with a slight abuse of nota-

tion of the EV function:

EV(O_-]‘D ){’]t) = J’a max {/1]11- + 6EV(O_-]D ){’jt)’ E,‘fjf + Ejf
(G7) (xjtrejt)

+ 8B, [EV(G) 41, i) |55, Ajt]} dH (%jt, €jc).
The integration over the distribution of utility shocks ( E 'X;¢ + €¢) in general has no closed-form
expression. We can, however, compute its value given any distributional assumptions using sim-

ulation or Gaussian quadrature. For example, we can assume that X;, is normal and €;, is Gum-
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bel, or the sum ﬁ "Xt + € is normal or Gumbel. The computation is relatively easy given this is
a one-dimensional problem (i.e., involving one brand). For the synthetic-data analysis, we as-
sume that X;; is 0 and €, is Gumbel. For the field-data analysis on diaper purchases, we assume
that ¥;, is normal and €;, is Gumbel. These assumptions are made simply to ease the computa-
tion of the approximately optimal solution, to which the index solution is compared, rendering
ours a conservative test of the relative simplicity of the index strategy.

The procedure of computing the index function involves two stages. The first stage is to
find the solution to the EV function from Equation (G7). We will use discrete approximation, the
same method used for the approximately optimal solution. The second stage is to find the value
of A such that the two terms inside the max operator in Equation (G7) are equal. This A value then
equals Whittle’s index evaluated at fi;, = 0 and for a particular variance d;, and utility shocks
B'Ze + €54, thatis, W (0,5, B'%j¢ + €05 a1, 0 ).

G.2.1. Algorithm
The discretization of the state space is the same as that for the approximately optimal so-

lution described in §G.1.2, except that we now treat A as the state variable rather than ;.
Step 1: Initialize E'T/O (3]@, 1 ;m)), v m,n.

Step 2: Iterate the modified Bellman equation until ||El7k+1 — EV, || < Tolerance:
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) ~(m)
EVk+1(] 'A] )
= ™y ™ 7MY B
=1 maxjid; = + EVk( A ),ﬁxj+ej
(xj.€p)
+5Z EVk ,A(m))p( T 5" 20y }dH( €.
m=1

Step 3: Obtain EV* ( , A (m)) after Step 2. For every n and value of f 'X; + €;, find
the root A* such that the difference A(1) = 0, where

A = 1™ + 68V (5,7, 2™) - f% —¢;

M =(n") ' ~(m"), =M ~
_ 52 EV, (aj Y ))p(/l}m N5, M),
m=1
Note that the difference A(A) increases with A. One easy way is to locate the

(A@, 1) ¢ { (m)} such that A(A (a)) > 0 and A(A( )) < 0 and then use linear

m=1

interpolation to find A; such that A(A*) = 0. 4; is then Whittle’s index for brand j j, W is

evaluated at 0'1 and ,8 X; +€;.
Once we have the EV function and Whittle’s index W] defined on the discrete state space, we can

use interpolation to find values of EV and W; over the entire continuous state space.

G.3. Estimating the Approximately Optimal Solution

We estimate the model using maximum simulated likelihood. For the approximately op-

timal solution, the likelihood function in Equation (F1) can be expressed as:

Li(&) =
TL' — —t—1 —>t—1 — — — —
exp (ﬁxd- et Bg . (d' . q; ) + 6E [EV (I‘ll’dit,t+1' O-idit,t+1) |Hidl.t,t' O, it )
T 1—[ J —t=1 -1 — — - -,
%\ t=1 Z -1 €Xp (B Ut (d' g ) + SE [EV (l’ll’j‘t+1' Jij,t+1) |.Uijy O_ij,t']])
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fq (51‘Ti2 i, o) dg;'",

where the last equation uses the assumption that ;. follows the i.i.d. Gumbel distribution. The

) R
T‘(T)} from a

outer integration is computed by simulating R sequences of quality signals {ﬁl
r=1

multivariate normal distribution of true quality f; (-) parameterized by (/i, 7).

To find the maximum simulated likelihood estimates @* = argmax [[}_, L;(&), we adopt
the nested fixed point algorithm (Rust 1994):

e In the inner loop, for each guess of parameters @, solve for the EV function based on

Equation (G3) using the procedure in §G.1 and then evaluate the likelihood function.

e In the outer loop, find the parameters a@* that maximize the likelihood value.
The inner loop is computationally intense. For each parameter guess, we obtain an EV function,
which is then used to initialize the EV function for the next parameter guess. This allows for fast-
er convergence.

Another important issue is the choice of the size of discretization (i.e., the values of M
and N). The larger these numbers, the greater accuracy we obtain. But computation memory and
time will increase exponentially as well. If we choose M = N = 10 then the size of the state
space is (M X N)* = 108, If M = N = 100 the size is 106, In the estimation, we set M = N =
5 which yields a state space of size 58 = 390,635.

G.4. Estimating the Index Strategy

The estimation procedure is similar to the one for the approximately optimal solution.

Recall that the index rule is defined as

_ oo Ty Bt~ op
(GY) Iy = argmax; ui}.t +ﬂj’ +0'jo 0,7, o )1, 0,7,5 .
] ] ]

We rewrite the index as a linear function of €, :

29



. B - Ojje aj-c‘e
(G9) HW = argman ‘uijt + ﬁx]'t + Eijt + O-JW] 0,7, 0, 1, 0,7, 6 .
J J

This transformed function preserves all the properties of Whittle’s index and simplifies the com-
putation of choice probabilities.

Assuming €;; follows i.i.d. Gumbel, the likelihood in Equation (F1) for household i is

Li(a)

— X,€
_ t—1 =t—-1 7 id;t a
( r; €XP| BXaye + Figge(di™ 371 + W <0'?i' 0,10, adl.tt ’5> w
2 L

: LTi Ln xe ) )Ifq(c#i;ﬁ’ 5) da;".

t=1 _ = >t— A7 5 t O-
Z§=1exp Bxjs + .uijt(dit Lart)+ a;W; (0';7_;'0’ L 0'17_1"5

We again use the nested fixed point algorithm to find the maximum simulated likelihood esti-
mates:

e In the inner loop, for each guess of parameters &, first compute Whittle’s index W] using
procedures described in §G.2 with utility shocks normalized to zero. Then evaluate the
likelihood given the index function.

e In the outer loop, find the parameters @* that maximize the likelihood value.

We need to determine the number of grid points for the posterior mean and the posterior
variance (i.e., the values of M and N). For an “apples-to-apples” comparison between the ap-
proximately optimal solution and the index strategy, we set M = 5 and N = 5 for both models.
The state space is (5 - 5)* = 390,625 for the approximately optimal solution and 5+ 5 = 25 for
the index strategy, a ratio of 15,625. (We solve for /] = 4 indices.)

Because the size of the state space does not grow exponentially with the number of brands
under the index strategy, it is feasible to choose finer grids for the index strategy than for the ap-

proximately optimal solution. Thus, for greater accuracy we set M = 200 and set N to the max-
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imum number of repeat purchases of households in the sample, which is 75. The size of the state
space for the index strategy is 200 - 75 = 15,000. If we were to attempt this finer grid for the
approximately optimal solution, the state space would be

(200 - 75)* = 50,625,000,000,000,000. This is about 130 billion times the approximately op-
timal solution’s state space under the original grid of M = N = 5. It is unlikely that computa-
tions would be feasible with such a large state space, even with a more efficient search of the

grid.
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Online Appendix H. Predicted Switching Matrices

Table H presents the predicted switching matrices among diaper brands, using the param-
eter estimates from the (a) no-learning model, (b) myopic learning model, and (c¢) approximately
optimal solution model, respectively. The predicted switching matrix based on the parameter es-

timates from the index strategy model is presented in Table 2b.

Table H. Switching among Diaper Brands
(a) Predicted Switching Matrix — No-Learning Model

Percent of times that Row Brand is purchased at Occasion t

and Column Brand is purchased at Occasion t + 1"

Pampers Huggies Luvs Other Brands

Within the first 13 purchases

Pampers 17.5% 4.4% 4.7% 0.0%

Huggies 8.1% 19.8% 3.6% 0.0%

Luvs 4.4% 2.9% 9.2% 0.0%

Other Brands n/a* n/a n/a n/a
After the first 13 purchases

Pampers 5.3% 1.7% 1.6% 0.0%

Huggies 2.5% 7.5% 1.0% 0.0%

Luvs 1.2% 0.7% 3.7% 0.0%

Other Brands n/a n/a n/a n/a

" Switching percentages are weighted by market share so that the percentages in the same table add up to 100%.
i Switching probability not applicable because the model predicts no purchase of Other Brands.

32



Table H. Switching among Diaper Brands (continued)
(b) Predicted Switching Matrix — Myopic Learning Model

Percent of times that Row Brand is purchased at Occasion t
and Column Brand is purchased at Occasion t + 1"

Pampers Huggies Luvs Other Brands

Within the first 13 purchases

Pampers 23.3% 2.6% 1.6% 0.1%

Huggies 1.8% 23.9% 1.1% 0.1%

Luvs 1.7% 1.2% 15.7% 0.1%

Other Brands 0.3% 0.1% 0.1% 1.0%
After the first 13 purchases

Pampers 6.2% 0.6% 0.5% 0.0%

Huggies 0.3% 12.4% 0.1% 0.0%

Luvs 0.5% 0.2% 4.3% 0.0%

Other Brands 0.0% 0.0% 0.0% 0.1%

(c) Predicted Switching Matrix — Approximately Optimal Solution Model

Percent of times that Row Brand is purchased at Occasion t
and Column Brand is purchased at Occasion t + 1"

Pampers Huggies Luvs Other Brands

Within the first 13 purchases

Pampers 20.2% 3.0% 2.0% 0.2%

Huggies 2.0% 25.9% 1.4% 0.1%

Luvs 1.5% 1.6% 15.3% 0.1%

Other Brands 0.3% 0.1% 0.1% 1.0%
After the first 13 purchases

Pampers 4.6% 0.4% 0.4% 0.0%

Huggies 0.3% 15.0% 0.1% 0.0%

Luvs 0.5% 0.2% 3.4% 0.0%

Other Brands 0.0% 0.0% 0.0% 0.1%
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