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S.1 Online Display Advertising

In this Appendix, we describe a B2B setting in which sophisticated buyers strategically
reduce their demand and sellers use the available information to mitigate the ratchet effect.
Specifically, the market for online display (banner) advertising is economically relevant yet
sufficiently simple to apply our model’s insights. In this market, any publisher or website
owner can be a seller of advertising space; the demand for space comes from advertisers who
wish to reach final consumers with targeted messages. Worldwide spending on online display

ads totaled $53 billion in 2018 and made up 20% of all digital advertising revenues.!

This market shares the following key economic properties with our model:
e The buyers’ problem consists of choosing a flow volume of advertising at given prices.

e Sellers are able to price discriminate, both across buyers and over time, based on partial

information about buyers’ past purchases.
e Buyers are sophisticated and strategically manipulate their demand.
e Sellers are aware of the ratchet effect and take measures to mitigate it.

As such, this market can serve as a useful benchmark for our analysis of strategic consumer
behavior. In what follows, we provide some background on this market, before turning to

the more specific connections with our model and our results.

Background Most publishers of online content avail themselves of a Supply-Side Plat-
form (SSP)—a technology platform that enables them to manage their advertising space.
Examples of SSPs are the Rubicon Project, Oath Publisher Solutions (formerly Yahoo!), and
Google Ad Manager (formerly Doubleclick Ad Exchange). In most cases, when an Internet
user loads a page, the relevant SSP runs an auction to sell the advertising space in real time.?
This auction has three main features: (i) unlike in the case of sponsored-search auctions,
content is priced per impression (CPM, i.e., cost for a thousand impressions) rather than
pay-per-click; (ii) the second-price auction is by far the most widely adopted format; (iii)
many auctions have very few bidders, and hence reserve prices play a key role.

The last point is especially important for our model: in any display advertising auction,

the SSP has an incentive to match the user’s interests to the content of the ad. Furthermore,

1Source: ~ Statista DMO 2019, available at https://www.statista.com/outlook/216/100/digital-
advertising /worldwide.

2Some advertising space is contracted on ahead of time (“guaranteed direct buying”), in which case the
forces in our model apply even more closely.



in many online market places, buyers have access to rich dynamic contextual information
that predicts the consumers’ willingness to pay for their products (Golrezaei, Javanmard,
and Mirrokni, 2018). Consequently, SSPs allow advertisers to target a highly selected au-
dience, i.e., to condition their bids on all available characteristics of the user (e.g., through
cookies) and the webpage itself. Due to the extreme degree of targeting, many auctions have
fewer bidders than available advertising space slots. For example, a retailer targeting a user
who recently visited their website may be the sole bidder for that specific user.®> However,
while some alternative (negotiations-based) mechanisms have been suggested (Celis, Lewis,
Mobius, and Nazerzadeh, 2011), most of the ad space volume is still sold through auctions.

In such thin markets, the role of reserve prices is then crucial for revenue generation
(Milgrom, 2004). Indeed, because the second highest bid (if any) is often below the reserve
price, bidders can often purchase advertising space at de facto fixed prices. Consistent
with this interpretation, Ostrovsky and Schwarz (2016) quantify the impact of reserve prices
through a field experiment at Yahoo! and show that reserve price optimization alone was
responsible for raising the entire company’s revenues by 11% year-on-year. Overall, given
the large number of auctions run in a short amount of time, we can think of any bidder’s
problem as choosing what quantity to buy at the current reserve price. Crucially for our

model, reserve prices are personalized for different buyers and dynamically adjusted.

Dynamic (Reserve) Price Discrimination The large amount of data available to SSPs
allows sellers of advertising space to personalize the reserve prices at the individual bidder
level. For example, Google Ad Manager provides explicit resources for personalization. In
particular, it allows sellers to “[...] identify specific buyers, advertisers, or brands and asso-
ciate a minimum CPM or target CPM with them. [The seller| can apply multiple pricing
rules for a given ad [auction].”® Theoretical and computational issues around the design
of personalized reserves are discussed, for example, in Paes Leme, Pal, and Vassilvitskii
(2016). In particular, setting the optimal (static) reserve prices requires knowledge of the
underlying distribution of bidders’ values. Not surprisingly then, the dynamic adjustment of
reserve prices as the sellers attempt to learn the bidders’ demands has attracted considerable
attention from researchers and practitioners alike.’

Sellers who participate in a SSP receive information that allows them to tailor reserve

3In the context of search advertising, Goldfarb and Tucker (2011) report that only in 6.5% of the auctions
in their sample were there sufficiently many bidders. A more recent paper by Beyhaghi, Golrezaei, Paes Leme,
Pal, and Siva (2018) suggests that the market is dominated by a small number of large bidders.

4See https://support.google.com/admanager/answer/29135067hl=en.

SFor example, according to the Rubicon Project (a leading SSP), “new floors are constantly set and re-set
for the inventory in response to changes in demand.” See https://rubiconproject.com/blog/using-dynamic-
price-floors-to-protect-publisher-value/.



prices and to adjust them over time. As in our model, this information often consists of
low-dimensional summary statistics about individual bidders’ past behavior, rather than
elaborate bid-history data. For example, Hummel (2018) notes that “If a publisher signs up
for an online ad network such as the Google Display Network,® that publisher will be given
reports about revenue and the number of ads shown that the publisher could then use in
refining reserve prices. However, the publisher would not be told the individual bids that
the advertisers had made in each auction.” Consequently, Hummel (2018) assumes in his
model that “the seller can only condition the reserve price on statistics about revenue and
the fraction of the time that an advertiser’s ad was shown, rather than allowing the seller to
condition the reserve price on the entire history of bids.”

The easiest protocol to update reserve prices exploits the dominant-strategy property
of the second-price auction: the seller can simply estimate the distribution of values based
on any available information about the buyers’ bids and then set the optimal Myersonian
reserve price. Of course, while this approach is tempting, bidding one’s true valuation in a
second-price auction is no longer a dominant strategy with a dynamic reserve price. In par-
ticular, a bidder’s dynamic incentives depend on the updating process for their personalized
reserve price. A large body of recent work in computer science and operations research fo-
cuses on diagnosing and solving this problem. For example, Amin, Rostamizadeh, and Syed
(2014) worry that bidders will shade down their bids “forgoing short-term surplus in order
to trick the algorithm into setting better prices in the future,” and Golrezaei, Lin, Mirrokni,
and Nazerzadeh (2017) claim, “|...| mitigating the negative impact of strategic behavior of
bidders, even in the second-price auction, is still an open problem.”

This is not just a matter of theory: there is ample evidence of buyers’ strategic behavior

in online advertising auctions, which we turn to next.

Buyers’ Strategic Behavior Online advertisers are sophisticated players who act strate-
gically. This was first shown by Edelman and Ostrovsky (2007), who documented Edgeworth
cycles in (what were at the time) first-price auctions for keyword search results. More re-
cently, an empirical study by Yuan, Wang, Chen, Mason, and Seljan (2014) on reserve
price optimization shows that bidders understand the mechanism, as static reserve prices in
second-price auctions do not affect their behavior. However, advertisers do shade their bids
when reserve prices adjust dynamically. Thus, the ratchet effect is a first-order concern for
sellers in these markets.

The potential for manipulation has only become more salient over time, as advertisers

6A collection of websites where Google places display advertising that includes proprietary as well as
external partner sites.



employ automated bidding strategies. These strategies can be developed in-house or del-
egated to a demand-side platform (DSP) that manages several advertisers’ campaigns to
optimize their returns. Using machine-learning techniques to test different bids on different
“Iimpressions” (combinations of consumers and web pages with certain characteristics), the
algorithms employed by major bidders and DSPs are quickly able to detect intertemporal
links across prices and deviate from truthful bidding.

Recent research in this area (Lahaie, Munoz Medina, Sivan, and Vassilvitskii, 2018) de-
velops tests based on bid perturbations that a buyer can use to identify the relationship, if
any, between past bids and future reserve prices. Among practitioners, the French demand-
side platform Criteo advertises its ability to reduce bids when the (static) second-price auc-
tion dynamics are manipulated by the seller, “When the engine anticipates manipulation
of second-price auction mechanics, Criteo will reduce bid prices across all bids until [these
mechanics| are restored.”” These demand-shading techniques are explicitly described in the
paper by Abeille, Calauzénes, Karoui, Nedelec, and Perchet (2018).

Sellers’ Equilibrium Responses In response to ratcheting concerns, a large body of work
focuses on the problem of incentive-aware learning (Golrezaei, Javanmard, and Mirrokni,
2018), where the seller is trying to both learn both the distribution of values and optimize
reserve prices in real time against strategic bidders. Some of the suggested solutions to the
problem include the “bank accounts” mechanism, which allows a bidder to trade off current
losses (relative to the optimal amount of bid shading) with lower future reserves (Mirrokni,
Paes Leme, Tang, and Zuo, 2016). Other solutions consist of conditioning reserve prices on
coarser histories, e.g., average bids only. All of these are instances of scoresa namely, scalars
used for learning and pricing.

Kanoria and Nazerzadeh (2017) suggest a different solution, i.e., to use other bidders’
behavior and to exploit the correlation structure in their underlying valuations when setting
personalized reserves. One may think this clever solution completely solves the incentives
problem in general. Recent evidence of coordinated bids, however, seems to undermine this
argument (Decarolis, Goldmanis, and Penta, 2017). In particular, the use of common DSPs
implies that several advertisers’ algorithms will internalize some of the externalities involved
in competitive bidding and optimally coordinate instead.

Closest to the message of our paper, Hummel (2018) studies repeated auctions in which
the seller tries to optimize future reserve prices by learning the distribution of bidders’ valu-

ations. He shows conditions under which the auctioneer benefits by “giving up” on dynamic

"See the Rubicon Project’s white paper “Maintaining the Equilibrium: How Dynamic Price Floors Pre-
serve the Integrity of the Automated Advertising Ecosystem,” available from the authors upon request.



floors, setting reserve prices according to the worst-case distribution of values instead. This
result is in line with the optimality of uninformative scores (Proposition 7 in the paper),
in which the seller can do no worse in a static game than pricing without information, but
giving up on price discrimination can be profitable because it eliminates the ratchet effect.

This is also not just a theoretical result: some SSPs have already adopted this policy. In
particular, the Rubicon Project no longer uses discriminatory reserve prices that condition
on buyer-level information (i.e., characteristics or past bids). Specifically, the “Rubicon
Project’s Dynamic Price Floor algorithm applies Myerson’s framework and seeks to respect
all of the rules and requirements of a second-price auction. |[...] It attempts to maximize
seller revenue without impacting a buyer’s incentive to bid their true value [...| As such, DSP,
buyer and advertiser data are not dimensions used in Rubicon Project’s Dynamic Price Floor
algorithm. This is a key differentiator between Rubicon Project’s algorithm and algorithms
employed by other exchanges.”

Therefore, different SSPs are heterogeneous in their approach to mitigating the ratchet
effect. Consistent with our model, some sellers view the value of information as sufficiently
high to encourage dynamic personalized pricing, while others prefer to limit the value of
strategic behavior. What is more striking is that the Rubicon Project came to this decision
explicitly acknowledging the possibility of manipulation: “Using buy-side dimensions when
setting price floors [results in| buyer distrust. The impact of buyer distrust may not be
immediate, but in the long term, this approach will result in changes in bidding behavior

and reduced liquidity.”®

8See the Rubicon Project’s white paper “Maintaining the Equilibrium: How Dynamic Price Floors Pre-
serve the Integrity of the Automated Advertising Ecosystem,” available from the authors upon request.



S.2 Omitted Proofs

S.2.1 Section 4: Equilibrium Analysis

Theorem 1. The proof is completed after determining the rest of the coefficients and veri-

fying standard transversality conditions.

1. Determination of the remaining coefficients. From the three matching coefficient condi-

tions (system (A.3) in the paper), ve, v3 and v5 are determined using d, « and § as follows:

20 2 -1
UQZ—M 03:a+ ﬁ>0, and v5:a)\

N 2\ <0

As for vy and vy (corresponding to 6 and 62 in the value function) these can be obtained by

differentiating the HJB equation with respect to 6. Specifically,
(r+ K)[vi + 2040 + vsM] = (dp+ b+ BM) [1 + vsA] — v5p [M — p+ AY] — 2v45(0 — p)

leads to the additional equations

042

2 = T+ A -2 =
(r+ K)vy a-  [14 Avs] V4R = Uy 2013’
=a; system (A.3)
e p(p = AY)ap
r+k  (r+e+¢)(r+r)

and,

(r+r)v = dpa+vsd(p—\Y) = v, =

The coefficient vy can be found by equating the constant terms in the HJB equation—since

the value function is quadratic, there is no constraint on this coefficient.

2. Transversality Conditions and Admissibility of the Candidate Equilibrium Strategy. Re-

call that the candidate value function is of the form
V(0, M) = vy +v10 +voM + vsM? + 0,0 + vs0M.

Let X; := (6, M;), t > 0. While the initial condition of X := (X});>0 in the game is random,
verifying the optimality of consumer’s strategy requires evaluating payoffs at all histories of
X,, t > 0, i.e., at all possible realizations X; = x, where x € R? is deterministic. Thus,
let (X2")4=0 denote the dynamic of X under an admissible strategy Q := (Q;)i>0 when the
initial condition is = (9, m) € R2. In this proof, the expectation operator Eq|-] conditions

on this realized value, and the corresponding variance and covariance operators are also



indexed by 0.
By Theorem 3.5.3 in Pham (2009), the transversality conditions to verify are:

1. For every € R2, and any admissible strategy @, limsup e ""Eo[V (X2")] > 0.

t—00
2. For every z € R?, li{n inf e*"tIEO[V(Xf?’x)] < 0 where Q; = dp + ab? + ﬁMth, t>0.
—00
We proceed in two lemmas.

Lemma 1. For any admissible strategy @,

lim e "Eo[MP7] = lim e "Eo[0Y] = lim e "Eo[(6))%] = 0.
t—00 t—o0

t—o00

Also, limsup e "By [(M27)?] < 0.

t—o0
Proof: Let # = (¥,m) € R% That lim e "Ry [07] = Jim e "Eo[(67)%] = 0 follows directly
—00 —00
from (67);>0 being mean-reverting, as this implies that both the mean and variance of 6; are
bounded. To see that thm e "Eo[M2"] = 0, observe first that
— 00

t t
0 0

Thus, it suffices to show that the transversality condition holds for J, := fg e 2= \Q,ds,

as the rest of the terms trivially vanish in the limit. By Cauchy-Schwarz, however,

t 1/2 t
e_TtEO[Jt] < <e—rt/ e—2¢(t—s)/\2d8) (e—rt/ Ed@g]ds)
0 0
t 1/2 00 1/2
<€rt/ €2¢(ts)>\2ds) (EO |:/ 6T8Q§d8:|) .
0 0

—0 as t—oo C(Q);:

1/2

IA

We claim that C(Q) < oo for any admissible strategy. Let V¥ the corresponding payoff.

By (iii) in the notion of admissibility, we can separate this payoff into

Ve =E, { /O et 0,Q, — Q? /Q]dt] —E, { /O h e”PtQtdt} ,

which are both finite. Also, since the first term is integrable, Fubini’s Theorem applies, and

hus ,
t E, [ | e @?/2]dt] = [ e it - Bal2) 2t

8



Moreover, by Tonelli, C(Q) = [;° e "Eo[Q7]dt. But since ]EO[fOT Q#dt] < +oo for all T > 0
(part (ii) in the definition of an admissible strategy), C(Q) = +oo implies that Ey[Q?] =
O(e) for p > r for large t. Using that Eo[0,Q;] < (Eo[60?])"/%(E[Q?])"/?, and that Ey[6?]
is bounded due to mean reversion, we deduce that the tail [ e " [Eo[6,Q;] — Eo[Q7]/2]dt
cannot converge, and so the consumer’s payoff is —oo, a contradiction. It follows that
Jim e "Eg[J;] = 0, and hence, that Jim e "Ry [MZ"] = 0.

To conclude, observe that in (M2")? the only non-trivial terms are

t
K, = </ e¢(tS)Qsd8>
0

2 t t
and L, ::/ e¢(tS)Qsd3/ e"z’(t’S)de.
0 0

However,

t t
e—'r’tEO[Kt] S e—'l‘t/ e—2¢(t—5)dsE0 |:/ Q§d8:| S -
0 0

Also, by the same logic

1/2 Tt — 20t 1/2
e—rt[Lt] < (e—rtEO [Kt])1/2 (6_”]E0 > < <C(Q) [1 ]) '

2¢ 2¢

t 2
(/ 6—¢(t—8)dzt)
0

Thus, tlim e "Eo[Ly] = 0, from where lim sup e "Eo[(M")?] < oo.
—00

t—o00

Lemma 2. (a) Under any admissible strategy Q, lim sup Eo[V (X27)] > 0. (b) Under the

t—00

candidate equilibrium strategy Q, ltlim e*”EO[V(XtQ’m)] = 0. (¢) (Qt)s0 is admissible.
—00 -

Proof. To prove (a), we first show that tlim e "Eo[us#7 MP*] = 0 for any admissible Q.
—00
Observe first that, by Cauchy-Schwarz,

e Bl M| < (e Eol(07)°])2 (e Bol(M2)])' .

N / \\ J/

f(;;: g(t):=

Since f,g > 0, we have that 0 < limsup fg < limsup flimsupg. But limsupg < oo and

t—o0 t—ro0 t—o0 t—o0
limsup f = tlim f =0, and so limsup |e "Eo[07 M2"]| = 0. However, it is easy to see that
t—o00 —00 t—00
Jim e " Eo[07 M2*] = 0 if and only if lim sup |e "Eo [0 M2*)| = 0.
—00

t—o0
With this in hand, and using the previous lemma,

lim e " Fo[vg + 167 + vy M2 + vy (07)? + U5929MtQ’m] =0.

t—o0



Thus, limsup e "Eo[V (X?)] = limsup e "Eq[vs(M?*)?]. However, the last term is non-
t—o0 t—r00

negative due to v3 = (a +20)/2X > 0.
To show (b), observe that under the candidate equilibrium strategy,

dM, = [—dM; + p + Nab, + BM,)]dt + NoedZ;, t > 0,

where p = ¢[u — AY] + Adu. Thus, the dynamics of (6, M;);>0 admit a solution given by

t

07 = e 4+ p[l —e ) + 03/ e =947, and
0

1 — (o8Nt

Mthx — 6_(¢_’B>\)tm _I_ p—¢ — 5}\

¢ ¢
+/\a/ e_(‘b_ﬁ)‘)(t_s)QfdstUg/ e~ g 78
0 0
Since Eq[6;] is bounded over t € R, so is EO[MtQm] Also, Varg[6;] = o3[1 — e ] /2k. We
conclude that tlim e " Eo[T,] = 0 for U, € {6;, M?" 62}. Furthermore,
—00

. t
Covol0?, MP"] = M / e~ @=BNE=)Covy (07, 0%)ds
0

where Covo[6?,0°] = U_g[e—“(t—s) — e7"t+3)] + > 5. Thus, 1tlim e_”EO[QfMtQ"T] = 0.
—00

tr7s 2K

Now, Var [fot e*(‘ﬁ*ﬁ’\)(t*s)ng} = [1 — e 2@=AN /[2(¢ — BA)], which is bounded. Also,

t t t
0 0 0

ur v

t t
_ 62(¢ﬁ>\)t/ / e(df/@)\)(“ﬂ’)CQVO[919 9§]dudv,
0 0

where the last equality follows from integrability and Fubini’s Theorem. Since

2
%

COVO [Gf, 9?] = [e*n(max{u,v}*min{u,v}) _ efn(u+v)]

)

2K

it is easy to verify that Var [fot e*(d)*BA)(t*S)Qfds] is also bounded, and so Varg[M2"] is
bounded. We conclude that tlim e ""Varg [MtQ"’”] = tlim e‘”EO[(MtQ’x)Z] = 0.
— 00 — 00
Finally, to show (c), observe that (87 — P,)Q, — (Q;)%/2, where P, := du+ (o + B) M2,
t > 0, is quadratic in (Hf,MtQ’I). Thus, there is C' > 0 large enough such that |(9§9Qt —
(Q)2/2] + |PQy| < C[1+ (07)% 4+ (M2™)?]. But from the previous arguments, the second
moments Eo[(07)2] and Eo[(M?")?] are bounded over R, , and hence, (iii) in the admissibility

10



requirement holds. It is easy to see that (ii) holds via an identical argument, and observe
that we already showed that the controlled dynamics admit a solution under the candidate

equilibrium strategy. This concludes the proof. 0

S.2.2 Section 5: Equilibrium Learning

Proof of Proposition 3. Part (i) is proved in section S.2.5 as part of the proof of Lemma
A5 stated in the paper. As for (ii), suppose that &' := (& : 0 < s < ¢) is observed by firm
t, and let M; := E[0,|FF], t > 0, where (FF);so denotes the filtration generated by (&)io.
When the quantity demanded follows Q; = ou + af, + SM}, recorded purchases obey

d&, = (op + aby + BM;)dt + oedZF,

where (M) satisfies the filtering equation

dMy = —k(M{ — p)dt + 041(204) [d€ — (p + [o + B] M dt)].
3

In this SDE, v(«) is the unique positive solution to z +— —2kx+0j; — (ax/o¢)* = 0 (Theorem
12.1 in Liptser and Shiryaev 1977). As a function of (Z¢, Z%)i>0, therefore,

2 2
dM; = (- K+ a Vga) M + kp+ a 7gcy)9t> dt + M(a)dzf.
0‘§ 05 0'5
Now, let
. _ av(a) .1 a(a)dp
A\ = d — A S A S.1
Ug and p V(a,ﬁ) (/{,u 02 (S.1)

where v(a, §) satisfies (18) in the paper, ie., v(a, ) = & + ay(a)la + §]/of > 0. In
particular, observe that dM; = [—(r + X*a)M; + Kk + N ab,]dt + \oedZs.

With this in hand, consider (Y;);>0 evolving according to

dY; = [~v(a, B)Y; + 0pu + Bp* + aby + BAYi]dt + oedZ;.

11



From the proof of Lemma A.1 in the paper, if (Y, 6) is independent of (Z?, Zf)tzo and

o+ Bpt + ap B 1 ) a’oj
Bl = o N = s e e |7 T ) - v 1)
Covldo, Yo] = a7y

26(v(a, B) — BA 4+ k)’

the pair (0;,Y})i>0 is stationary Gaussian, as ¢ — A" = v(q, ) — Bory(a)/ag = K+
a?y(a)/of > 0. Denote the previous process by (Y¥(@f)),54, and note that

t
Y, = e@dty, | / @A) ge 4 > 0,
0

Defining X; = p* + A*Y;"? it is easy to verify that

dX, = [N(0p+ ab, + BX;) — v(a, B)[X, — p*]] + NoedZt
= [=(k+ X)X, + kp + N abdt + N oedZ,

where in the last equality we used that v(«, 5) = k+A*(a+ ) and that N ou+v(a, 5) = pk.
We conclude that M} — X; satisfies d[M; — X;] = —(k+ N a)[M; — X;]dt, and therefore that
M; — X; = [My — Xole="+3 )% for all ¢ > 0.

Notice, however, that since (X;);>o is stationary, stationarity of (M;);>¢ implies that
M; — Xo = 0 a.s. To see this, notice first that Mj — X, cannot be random: otherwise, the

constraint that Var[M,] must be independent of time becomes

Var[X,] e 25 tVar[Mr — Xo] 4 2eF 9 Cov[X,, M — X, = constant,
N s N~ -

Vv
independent of ¢ independent of ¢

which cannot hold for all £ > 0. Thus, My— Xy = C € R. From here, however, C' = 0, as the
requirement that E[M}] is independent of time would be violated otherwise. Consequently,

if beliefs are stationary,

v(a, B) : of

vio 1 5 124 \e]
M =X, = p* + Y@ = [ <W—M>] +MY;( A for all £ > 0.
T¢ €

To prove the converse, consider (6, Y:)i>o as in Lemma A.1 with ¢ = v(a,[). We
aim to show that (M;):>o coincides with (M} )¢ path-by-path of (V;)i>0. In fact, because
M; = p+A]Y;—Y], with A and Y as in Lemma A.1, the task reduces to showing that, A = \*
and p — \Y = p* when ¢ = v(a, ), where \* and p* are defined in (S.1).

12



With o > 0, inspection of (7) in the paper reveals that the stationarity condition ¢— S\ >
0 implies that A > 0. Thus, A = A(¢, a, ), where the right-hand side is defined in (A.8) in
the paper. The equality A = A* then follows directly from (ii) in Lemma A.5 in the paper
(the proof of which can be found in Section S.2.5 in this Appendix).

To show the second equality, recall that Y = u[a + 8 + 6]/¢. Thus, when ¢ = v(a, 3) =
K+ N(a+p) and A = N\,

(@, ) —dula+ 5 +0]  pr—Nop

o MY
b= AY o, f) V(@ B)

This concludes the proof. O

Now we establish a stronger result than (iv) in Proposition 4 (Equilibrium Learning) in

section 5 in the paper.
Effect of noise—public histories case. ¢ — G(¢*(0¢); 0¢) is decreasing for o¢ € (0, 00).

Proof: Fix o¢ > 0, and recall that ¢*(o¢) is the non-concealing score defined as a solution

to (19) in the paper. Using that
a?(y/K? + o [of — k)

_ a?(r +2¢) and () —
b= 2(r+2¢)a— (r+r+¢)(a—1) d y(a) o}

we obtain that v := k + w can be written as
€

(Vs — Va2 + Kk2s) (—ak + ap + K+ 1+ @)
Vs(k+a(=k+71+39) +7+9)

)

where s := O'g /oa. We then solve the fixed point equation v = ¢ for s, and we obtain

2 2
5 (0, 6) = a*(—ak+ap+Kk+1+ Q)

(0—r)k+a(—k+7r+30)+r+o)(a(d—r)(k+7r+30)+(k+ )k +1+0))

Thus, a given pair («, ¢) characterizes the equilibrium with publicly observable signals for
s = s*. We now compare s* with the expression that can be obtained by solving for s in the

equilibrium condition (A.19) in the paper, i.e.,

a3 (a? (=k(k+71)+2r¢+30%) + a2k +7)(k+ 1+ @) — (k+ 7+ ¢)?)
(@a—Dr(k+r+o)(k—ar+r+¢)(k+a(—k+1+30)+7+ )

§=—
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By setting s = s* and solving for a and selecting the only root between 0 and 1, we obtain
an expression for the equilibrium coefficient « in the case of public signals in terms of the

persistence level ¢* only:

. 2(p+¢* +1)

Vp+267)(p+66" —4) +p+2

Finally,using that G(¢, o, 8) = G(¢, a) with G as in (A.22), and letting p := 7/, we obtain

Vp+20)(p+ 66" —4) —p—2
V(p+267)(p+6¢" —4) —p+2

G(¢") =

which is increasing in ¢*. Finally, it is easy to show that ¢* is decreasing in og¢: this is
obtained by substituting v = (1 — G)o2/2x and previous expression for § into the fixed
point condition v = ¢, and showing that the left-hand side is decreasing in both ¢ and o¢.

Therefore, G is itself decreasing in o. OJ

S.2.3 Section 6: Welfare Analysis

Expression for Consumer Surplus. In this section, expectation (and hence, variance
and covariance) operators are with respect to the prior distribution of (6, Yp).

Recall that, in equilibrium,

os _ Cov|6;, Y] Cov|b;, Yy)?
El6,] = 0, = -2 M, = A, =Y, \i= ———— d ==
04] = 1. Var(f] ok ! Ht A ) Var[Y;] ’ and G(¢) Var[Y;|Var|6,]
Thus,
Covl0;, Y3)?

E[0,M,] = E[M?] = Var[M,] + p* = + i = Var[0,)G(¢) + u*.

Var[Yy]

Recall that consumer surplus is defined as the consumer’s ex ante equilibrium payoff
normalized by the discount rate, i.e., C'S(¢) := E[Q.(0; — P, — Q;/2)], where P, = 6(é)p +
[a(@) + B(¢)|M; and Q; = d(d)u + )0 + B(¢p)M;. Omitting the dependence on ¢ of all

14



equilibrium coefficients, therefore,

os@) = ou sl (1-3) - (a+ 2 ) mag - 2]
+ a [E[QE] (1 - %) - (a + 3;) E[M,0,] — 3(;“1@[94]
+ {E[QtMt] <1 -5)— ( 75) - 3(s—’uI[-E[Mt]} .

Using the above expressions for the first two moments of (6, M,),

CS(g) = g(;(d)) [—cv (a+ ?) +o(1-3) -0 (“ 325)} +2ﬁ 2 (1-3)]

:—3(0[—1—6);72-&—042/2-1-5

Lo D) 5D (o) o)

-~

—1126[(1-3(a-+5))—35/2]

Collecting terms in the last two lines yields

2
@ {—3(a+ﬁ)2/2+a+5+5—35( +5)—%}

2 a+5+(5—;i(a+5)2+25(a+6)+52}4

(atB+)?
= p(a+B+9) {1—%(0&64@)} :

_ B[P <u - gE[a]) |

Since Var[P;] = (a4 )*Var[M] = (a + ﬁ)ng(@, we can write the first term in C'S(¢) as

{ (2/ 248 _ 3/2}Var[P], from where we obtain the desired expression for consumer surplus,

(21) in the paper.
Finally, notice that we can write the term that multiplies 03G(¢)/2k as
62

2 2
—M—F%—Fﬁ [a+2ﬁ]+5[1—a]——<0
\“,_/ ——

<0 <0

15



On the other hand, since —1/2 < <0and a« > 0,and 0 < a+ f < 1,

3 ,  a(9)? 1 3
—5(04(@ + B(4))” + — T B(¢) >0~ 373~ —2.

This concludes the proof. 0

The value of information Var[P;] is maximized to the left of ¢*. Observe that
Var[P] = [a(¢) + B(¢))*Var[0;]G(4). From the proof of Proposition 4, ¢1_i>16r7100 G(¢) = 0. Also,
a + f is bounded. By continuity, we conclude that Var[P] has a global optimum that is
interior.

From (iii) in Proposition 4, however, G(¢) is maximized to the left of ¢*. Also, from
Lemma A.6, o/(¢) + §'(¢) < 0 over [k, argmin ). Since k < ¢* < argmin «, Var[P,] cannot
attain a maximum in [¢*, arg min . One can then verify that the total derivative of Var[P,]
with respect to ¢ is negative over [arg min a, +00) for all parameter values (7, k, gg, 0¢). This

is done in scores.nb posted on our websites. [l

Proof of Proposition 5. The final step for proving (i) and (ii) requires demonstrating
(A.23), i.e
[o(9) — 12 . G(¢)

TRy % and I e —is
9)]).

R(
where R(¢) = [a(¢) + B(¢) +0(¢)] (1 — 5[a() + B() + o
To this end, we can use the expressions (A.7) and (A.12) in Appendix A for § and 0,

respectively, to obtain,

> 0,

lim

o(g) =12 8(a—1)

R()—1/8 ~  (htr+o)(—antaptrtrtg) |
[0 (K2 + 7(5 + 27) + 57¢ + 3¢°) — a2k + 1) (k +7 + ) + (5 + 7+ ¢)°]
2 (—R2+4r2 —kr + 13r¢p 4+ 9¢?) + a2k +71)(k+r+ @) — (k+ 7+ @)

In addition, we can use expression (A.22) for G to obtain,

G(9) _ 8k + a(—k + 1+ 3¢) + 1+ @] "
R(¢) —1/8 alr+2¢)(k —ar+r+¢)(—ak+ ap+ K+ r+ @)
[02 (K2 4 7(k + 2r) + 519+ 3¢%) — a6+ 1) (s + 7+ ) + (K + 7+ ¢)*)

2 (=R2+4r2 — kr + 13r¢p 4+ 9¢?) + a2k +71)(k+r+¢) — (k+ 7+ ¢)?’

where we have omitted the dependence of @ on ¢. Consider now the first expression. To

examine the case ¢ — +oo, write a — 1 = Aaf/[r + k + ¢] in the first ratio. Recalling
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that (o, 8, \) — (1, =1/2,03/[r0]) (proof of Proposition 3 in the paper), we have that the
numerator is of O(¢*) for ¢ large. In contrast, it is easy to see that the denominator is of
O(¢®). Thus, the first expression converges to zero as ¢ — +o0o. Regarding the case ¢ — 0,
it is easy to see that since a — 1, the denominator converges to 4(k + r)r® > 0, while the
numerator converges to zero. Thus, the first expression attains the same value as ¢ — 0.
Turning to the second expression, using that x,7» > 0 and @« — 1 as ¢ — +o00, the
numerator is O(¢°) for ¢ large, where the associated constant is 8 x 4 x 16. Similarly, the
denominator is also O(¢®) for ¢ large, with constant 2 x 1 x 2 x 8. Thus, the limit is 16.
Finally, when ¢ — 0, the denominator converges to 4r*s. Instead, the numerator converges
to 6475, Thus, the limit is 16r/x > 0. This concludes the proof. O

S.2.4 Section 7: Hidden Scores

Proof of Proposition 7. The proof parallels the steps followed for proving Theorem 1. If
(6, Y:)¢>0 is as in Proposition A.1 (Appendix A in the paper) with Q; = §"u/2+ a0, + 8" M,
and 3" = —a”/2, we have that

h_2(4 _ phyh - h /9 h o ph
R O NN ) R )

h _
N @0+ a6+ r— B 5

In addition, (ii) in the same proposition becomes ¢ — B\ = ¢ + \'a /2 > 0.

Observe that a” # 0 in equilibrium as well: otherwise, using that ¢ — f"\" > 0 in the
equation for \" implies that \* = 0, and so price is constant—but this leads to a demand
with unit weight on the type. Using that o # 0 and ¢ — S"A* > 0, the same equation
implies that A" £ 0.

Recalling that P, = —E[Q,|Y;]/¢", and using that M, = p + A*[Y; — V"],

al\h al \
dpP, = — 2 ay, = — 2 [(Q, — ¢Yy)dt + 0¢dZY]
Ozh)\h 5h,u + Oéhph[L ah)\h ¢
= [_ 2 Q. — ¢ (Pt + — o )} dt — 20 oedZ;, (S.2)
where ph" := 1 — M[6"/2 + o + 8"]/¢. Thus, the consumer’s problem is to maximize her

utility subject to (S.2) and the law of motion of her type.
We guess a value function V' = vy + 110 + vo P + v3P? 4 0,0 4 vs0 P, which gives the

first-order condition

al \h al \! al \t al \P
g = 0—P— 20 lvg—l—Qng—l—vg,Ol:— 20 vy + {1— 20 115} 0 + {—1— o ’Ug:| P.
aviop

17



As a result, we obtain the matching-coefficients conditions

S = —%’Ug, o =1-— %Ug, and ¢" = -1 — %’Ug. (S.3)
Moreover, by the Envelope Theorem,
(4 O)lua + 2P+ ] =g |1~ O‘H ~ 200 [P+ Rl R
which leads to the system
(r+¢)v, = &"u {—1 — U3 &Zi\h] - QU3¢W + Kpuvs
20r + o)y = (" [—1 - 03%] — 2030
(r+o¢ws = a" {—1 — Ug%} — KUs.

Using that v,,v3 and v5 can be written as a function of 8", o and (", respectively, and

dividing by ¢" in each equation, we obtain the following system

h h h alph —_ah
—(r+ ) 2k = 8"+ 2055 IR +
h
—2(r +2¢) 45 = ¢ (S.4)
—ah
(r+o¢+ /-@)—Z(ih” ) = ot

Observe that the last equation is independent of the other two. Also, the second equation
is linear in ¢ given o, while the first equation is linear in 8" given ¢"* and o’. Thus, we
can solve for o, (", and 6" sequentially. We proceed by finding o first.

It is immediate that o € (0,1): (i) if &" < 0, the last equation in system (S.4) reads

h h
6= BN = ¢+ TN = (r+r) (%—1) +% <0,
which contradicts stationarity; (ii) if & = 1, the equation for \* implies that \* > 0, and so
the last equation in (S.4) yields that o = 0, a contradiction; (iii) and if o > 1, it follows
that \* < 0 from the same equation, but the equation for A" yields A" > 0 in a stationary
linear Markov equilibrium. Since we already know that o’ # 0, it follows that o/ € (0, 1),
from where we conclude that A* > 0 using again the equation for \*.

Since o > 0 and " = —a”/2 < 0, the unique possible value for \* > 0 is given by
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A(¢, ", —a"/2) as defined in (A.8) in the paper. The last equation in (S.4) then reads
Al(¢, o) = 0, where

x
AM(6,2) = (r + 5+ @)@ = 1) = 2A(6,2, —2/2) [~ 5], (6,2) € (0,00) x [0,1]
The final steps of the proof are as follows:

1. Existence and uniqueness of solution to A"(¢, ) =0, x € [0,1]. Lemma A.3 in Ap-

pendix A of the paper (i.e., the existence and uniqueness of a € (0, 1) s.t. A(¢, @) =01in
the observable-score case), carries over to this setting. To see this, recall that A(¢, z) =
(r+k+¢)(x—1)—xA(p, z, B(¢, 2))B(¢, x), where B(¢, x) € (—x/2,0). It is then easy to
verify that the steps that showed that x € [0,1] — H(¢, x) := —A(¢, z, B(¢,x))B(¢, x)
is strictly increasing also imply that = € [0,1] — H"(¢,z) == —A(¢, z, —2/2)[—1/2]
is strictly increasing. This is because, when B(¢,z) is replaced by —z/2 in H:
Bo(¢,a)a + B(d,a) < 0 becomes —a < 0; lo(¢,a) > 0 becomes cia > 0; and
—aB,(¢,a) + B(¢,a) > 0 becomes 0 > 0, which were the critical steps to prove that
H was increasing. That o solving A*(¢,0Z,a) =0, (¢,07) € (0,00)* (the dependence

on of made explicit) is of class C" follows from an identical argument.

2. Determination of the rest of the coefficients. Returning to (", it is easy to see from

the second equation in (S.4) that

2(r + 2¢)

"= -
Mol + 2(r + 2¢)

€ (—1,0),

where the bounds follow from a”\" > 0.

Regarding 6", observe that the first equation in system (S.4) is trivially satisfied if
1 = 0; in this case, the constant term in the demand function is simply zero. When
i # 0, we can eliminate p on both sides to obtain
20" "+1

W = 5h + ¢W[5h -+ Oéhph] -+ R

2(1 — ah)
Ao

—(r+¢)

where p" = 1 — M[§"/2 + o/ + "] /¢. Also, from the second equation in (S.4), (¢" +
1)/(¢"Aah) = —1/[2(r + 2¢)]. Thus, the coefficient that multiplies 6" in the previous

equation is given by

—2(r + ¢) — Aol + TPy ¢ a\h — _9 (a"\M)?2] .

ah\h (r 4+ 29¢) 4(r + 29)
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But observe that ¢pa\"/[2(r + 2¢)] € (0,a\"/4), and so the second term dominates
the third. We conclude that the previous expression is strictly negative, which implies

that the equation for §" admits a solution for all parameters.

The rest of the unknowns are determined as follows. First, vy, v3 and v5 are determined
from the matching-coefficient conditions (S.3) using 6", o and ¢"; it is easy to see that
all these equations admit a solution. The coefficients v; and v4 can in turn be obtained

via the Envelope Theorem. Specifically,

hy\h
(r+®)vr + 200 +05P] = (8" +a"0+"P) [1 - us,O;cAh ]
5h h h
_U5¢ |:P + %} _ 22]4/{(9 N ,U)

yields the additional equations

h\h h\2
2r + Ky = a {1 - USO;T} —2U4k = Vg = % and
~—————

=ah from (S.3)

Optatpip oot vs@(d"u A+ atptp)

_ o shoh, _
(r+rjor = 0faln—vso 2¢h Yotk 2¢"(r + k)

The coefficient vy in turn corresponds to

1 al\h 8+ ol ph Mg\ 2
v [_(M)Q e <5h“ s ¢ M) +oasp gt (Th&) “

,
which is obtained by equating the constant terms in the HJB equation.

. Transversality conditions and admissibility of the candidate equilibrium strategy.

Recall that under any admissible strategy,

ozh/\h 5hM+C\4hPh/~L ah/\h ¢
df)t = l_T@Qt_¢(R+2—@>:| dt — 2(]1 O'gdZt,

whereas under the candidate equilibrium strategy, Q, = 6"u + "6, + ("P,,

al\h (aP)2\h Shal \h o + alph a"N'og
dP, = |— P, — 0, — dt — dze.
t { (“ 2 > ach “( o O g )] ach

Since ¢ and ¢ + a"A"/2 are strictly positive, both dynamics have the exact same

structure as the corresponding ones for (M)~ in the observable-scores case. Moreover,
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from (S.3), the coefficient on P? in the value function is v3 = —(¢" 4+ 1)¢"/[@"A] > 0,
where the last inequality follows from ¢* € (—1,0). It can be easily seen that these
facts imply that all the arguments used to prove Lemmas 1 and 2 in Section S.2.1 of

this supplementary Appendix also apply to the hidden-scores case.

4. Upper bound for ¢". To conclude, we derive the upper bound for ¢". Using the last

equation in the system (S.4),

(r+r+¢)2(1 —ah).

h h
Ao = o
Consequently,
et = (r + 2¢)ah B 1
S (r+20)ah + (r+ R+ o)1 —ah) 4 CEeraloal)

(r+26)a”

However, it is easy to see from (A.14)—(A.15) (proof of (ii) in Proposition 3 in Appendix
A) that the lower bound o > [r 4+ k + ¢]/[r + K + 2¢] also holds in the hidden case.

Thus,

_ . h

11—« < 0] :>—Ch2 1 :r—|—2¢‘
ah r+K+0¢ L+ o¢/[r+2¢] 1r+3¢

O

Proof of Proposition 8. We begin by proving (ii). A simple rearrangement of terms in
A(¢,a°) =0 and A"(¢p,a") = 0 shows that a® and o’ are defined solutions to

A(p,0) == =2(r+ K+ ¢) +a(2r+ k+ ¢) + ah(B(¢,a),a) = 0, and
AMpa) = =2(r + ¢+ k) + a(2r + ¢ + K) + ah(—a/2,a) = 0,

respectively, where B(¢, a) € (—«/2,0) and

) 1/2
clala +y dolayd olala+y
£ £ 3

We now show that, given o > 0, y — h(y, «) is strictly decreasing over R_. In fact, observe
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that 0h(y, «)/0y < 0 if and only if

2
ala —|— Y] oo 20809  oda | [ odala + 1y 4oiay
( +o+kK - < s To+kK| —

KO 5 /ﬂ)O’? /wg /wg KO /ﬂ)O'?

1/2

1/2

2
4 2
- (090[&+y]+¢+ﬁ>_2¢< ( [a+y]+¢+ ) _ dogay
/ﬁO‘s K,O'é I{O'£

If the left-hand side is negative, the result follows immediately. Suppose to the contrary that
(ogoz[oz +y]/ /{0? + ¢+ /4:) —2¢ > 0. Squaring both sides of the inequality under study yields

4 2 2.2
—4<M+¢+m>¢+4¢2<— Ua2y¢<:>0<09a2 + K,
IQO'E liO’g KJO'é

which is always true. Because —a/2 < B(¢, ) < 0, we conclude that A(¢, a) < A*(¢, a) for
all a € [0, 1]. But since A(¢, ) = 24(¢, ) and A"(p, ) = 24"(¢, @), and both a — A(¢, @)
and o — A"(¢, @) are increasing (proofs of Theorem 1 and Proposition 9), it follows that

a’(¢) > al(g).
We now turn to (i) and (ii). Recall that in the observable case, Q; = du+ ab; + M, and
P, =6p + (o + B)M,. Thus, omitting the dependence of all equilibrium coefficients on ¢,

a®=a and 7] = (a+ P)A,

where A\ = A(¢, o, B(¢, a)).

To show (ii), we use the second equation in (A.6) to obtain

o vl _ANBP = 4BA(r + 20)
M=l fr="mmg O = 4(r + 20)
[=2)\8 + (r +29)]* — (r + 2¢)?
A(r + 2¢) '

However, using the expression for (" in the hidden-scores case,

h_ "N (oM N2 4 2(r 4 20) 0N [a" A+ (1 + 29))2 — (r + 2¢)?
1= =

2Ch 4(r + 20¢) N 4(r + 29)

Thus, we must compare —2)\3 with a\". However, from the last equation in (A.6) in
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Appendix A, and the last equation in (S.4) in this Appendix,

(r+r+ qb)@ =—2)\3, and (r+r+ qb)M =l

al ’
But since 1 > a® > a” > 0, we have 0 < =2\ < a"\".9 Tt follows that 0 < 7§ < 7l.
We conclude by proving (iii). To find the expected price and quantities in the hidden
case, observe that the equation for " is given by the first equation in (S.4) in this Appendix:

26"
ah NP

¢"+1
="+ ¢W[5hu +a"p" ] + Kp

2(1 — ah)
al\h 7

—(r+¢)

where ph ;=1 — M[6" + a"]/[2¢]. Also, from the second and third equations in (S.4) again,

¢"+1 1 21—a) 2(1 — aM)
Ui B s Va i Uy
Consequently, we can write
2(r + ¢) h h o\ _ sh h ¢ h h h
o = (0"t atu)] = 8"+ ou 2(r+2¢)[5u+apu]~ (S.5)

On the other hand, on-path prices and quantities in the hidden case take the form P! =
—[6"u + "My /2¢" and QF = 6" + o0, + (" P!'. Hence,

5h h
and Q(9) = BIQ!] = p™—0 5 = ~C"P"(6).

o+ ol

PY(6) = EIF] = —n" 5

From here, P"(¢) = Q"(¢) if and only if u = 0. In this case, expected prices and quantities
in the observable and hidden case all coincide, and their common value is zero. We assume
p > 0 in what follows; in particular, P"(¢) > Q"(¢) due to ¢" € (—1,0).

Let P"(¢) = P"(¢)/p and observe that —C"P"(¢) = (o + §")/2. In addition,

pli=1=\" = 0" ptap i = p(a+8") = A"a’p

2¢ 2¢ ¢
9As a corollary, —1 < (° < ¢" < 0. To see this, observe that (° = % Now, from the second equation for
the system (A.6) that defines (0, a, 3) in the observable case, (T—Q—Q(ﬁ)% =820 =L2 = —2(r+2¢)

B+a 2(r+2¢)—2X8"
On the other hand, in the hidden-scores case, (" = —%.

h o oh h o oh hh
e "+« z—ughph(gb){Z—)\a]
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Plugging these expressions into (S.5), and multiplying the resulting equation b 2¢" yields
geing ymg g Y y

2(r+¢) [ 1 _ _ =h _, o al AP
SV [Q_Ch +P (¢)] = —P"¢)+P (¢)m {1 - W}
r4¢
= Ph(¢) = ah)\hChh h r
-1+ 2(rf2¢) o 4(02+A2¢) o 2((1;;?

_ 2(r + @) [2(r + 2¢) + a1 (S.6)
8(r + ¢)(r + 20) + (P A2 — 20k NP + 4ah N (r 4 26)

where in the last equality we used that (" = —2(r+2¢)/[2(r +2¢) + " \"]. The expression is
well-defined because 8(r+ @) (r +2¢) + (" \")2 — 2¢al \b + 4ah A (r 4 2¢) = 4(r + @) [a" N +
2(r +2¢)] + (a"A")? + 2¢a" A" > 0.

We first prove Q°(¢) > Q"(¢). Since Q" = —("P", it follows that

ho 1 B 1
Q"= 24 (aPXP)2—2pah NP +4ah NP (r42¢) 2 4 ah A aP Ah44r46¢
4(r+9¢)(r+2¢) 2(r+¢)  2(r+2¢)

Also, from (A.16) in the proof of Proposition 3 (Appendix A in the paper),

504y . PO(d) r+¢
' L 2(r+¢) + Ma+ )’

(S.7)

Since Q°(¢)) = P°(¢), the desired inequality holds if and only if

"N "M A+ 60 AMa+B) Aol M+ Ar + 66 > AMa+ f).

2(r+¢)  2(r+2¢) r+o < 2 2(r + 2¢) \(f)/

Now, using the equations that define o and " we obtain

(r+rx+¢)(a—1) and al\ _ (r—i—li—i—gb)(l—ozh).

\ =
af 2 ah

Also, using that § = B(¢,a) = —a?(r +2¢)/[2(r + 2¢)a — (r + £ + ¢)(a — 1)], it is easy to

see that
a+tp _o(r+2¢)— (r+r+0)(a—1)

of —a?(r + 29)
The inequality (*) then holds if and only if

(1—aM2(r+ K+ ¢)(1 —a) + (4r + 6¢)a"] . (1—a)[(r+r+0)(1—a)+alr+2¢)]
2(am)2(r + 2¢) a?(r 4 2¢) '

24



Since a > o, we have that 2(1 — a")?a?[r + k + ¢] > 2(1 — a)*(a”)?[r + K + ¢]. It therefore

suffices to show that

(1—a"a?(dr +6)a" > (
& [1—aMa?(2r +4¢)a" +2[1 — a’]a?(r + ¢)a” > (
& ada— o] +2[1 — aa?(r + ¢)a" > 0

1 —a)(a")?a(2r + 4¢)
1 —a)(a")?a(2r + 4¢)

which is always true.

To establish the ranking of prices, we introduce the following:

Lemma 3. A sufficient condition for P"(¢) > P°(¢) is

hs o?(r + 2¢)
a(r+2¢) + (1 —a)*(r+ £+ )

(S.8)

Proof. From (S.6) in this Appendix, and using that 8(r + ¢)(r + 2¢) + (a" \*)? — 2¢a" A" +
4"\ (r + 2¢) = 4(r + @) [a" N + 2(r + 2¢)] + (a"\")? + 2¢a" A" > 0, we can write
1

P"(¢) = 9 AP A [aP AP+ 24]
+ 2(r+¢)[2(r+2¢)+al \h]

As a result, using (S.7),

_ aP X a4 20

P°(¢) < P"(¢) & 5 2(r+2¢)+ah/\h<)\(a+ﬁ)'

Using again that o \* = 2(r + k + ¢)(1 — ") /a", X = (r + £ + ¢)(a — 1)/[af], and

a+f  alr+2¢) —(r+r+9¢)(a—1)
af —a2(r + 29) ’

The inequality of interest becomes

A2(r+20)(1 —aM[a"\N' +2¢] < (1 —a)a"[a"\' +2(r + 20)]
X[a(r +2¢) — (r+ K+ ¢)(a—1)]
S (r+20)[a" N +2¢] < (1—a)a"[@"\'+2(r +20)|(r + Kk + ¢)
—2a2a"(r + ¢)(r + 2¢)
ol a(r 4+ 2¢) [\ 4 2(r + 2¢)]
S (r+20) [N+ 20 4+ 20" (r + ¢)] < (1 —a)’a"[a"\' +2(r 4+ 20)|(r + K + ¢)
+ala(r + 20) [ \' + 2(r 4 2¢)].
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But since o < 1, the left-hand side is less than o?(r + 2¢)[a"A" + 2(r + 2¢)]. Inserting the
latter expression on the left-hand side and dividing by o\* + 2(r 4+ 2¢) > 0, we conclude
that the desired inequality is equivalent to o®(r +2¢) < (1 —a)?a”(r + Kk + @) + a"a(r +2¢).
This concludes the proof of the lemma. 0

Let s = 0¢/o5. We first write the equilibrium condition for o as in (A.19) in the paper,

and obtains an analogous expression for o’ in the hidden case. Specifically,

(0 =D+ +8)(k+a(h+r+30)+7+6) alk—als+r)+7+0)

0= a3(r + 29¢) ad + ks(k —ar+r+¢)’
0_2(ah—1)(/<:+7’—|—¢) o (k—a(k+7)+7r+9)
N (ah)2 (@) + ks (k—atr +r+¢)

Solving both equations for s, we obtain the following expressions

B (a? (=k(k+71)+2r¢ +30%) + a2k +7)(k + 1+ @) — (k+ 1+ ¢)?)

°T (I=—a)r(+r+o)(s+r(l—a)+d)(k(l —a)+alr+3¢)+r+¢)’
So(@):=
. ("3 (k — (k414 2¢) + 1+ )

26(a"=1)(k+r+¢)(k—arr+r+¢)

Sh(ah):=

In particular, observe that since o’ > [r + k + ¢|/[r + £ + 2¢], S"(a") is increasing.
Now fix a = a(¢) and consider the difference S°(a) — S*(AF(a)), where is the AT () is
the function defined by the right-hand side of (S.8). After simplifications, we obtain

§°(a) — S"(A"(a))

5%(@)

=[(k +7(1 —a) + ¢)(k(1 —a) + alr + 3¢) +r + ¢] 5

2
(k—ar+r+¢)(k+a(—k+r+30)+1r+90)
(k+02(k4+71+¢) — a2 +7) + 74 ) > a(r + 2¢)3
(—ak+agp+r+r+0)(a®((k+0)* +26r) —ar+r)(k+71+¢)+ (k+7+¢)%) ]

X

Finally, it can be verified that the term in parentheses is strictly positive for all « € (0,1)
and for all (k,¢,7) € R3—see scores.nb on our websites. Because in equilibrium we must
have S°(a) = S"(a") = s, it follows that a”(¢) > AP(a(¢)) for all ¢. This concludes the
proof of the proposition. 0
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Before turning to the proof of Proposition 9, we need expressions for consumer surplus

and firms’ profits that are analogous to the ones derived in the beginning of Section S.2.3:

Lemma 4. For all ¢ > 0 and o¢ > 0,

cst(e) = Valoget (1- %) +(=c'mip)) (- |5 - 5| (-<'Ein))
oG] e
o) = ~CE(PY]

where E[P,] = p[6" + o] /[—2¢"] and G"(¢) = A(¢, o (¢), —a/(4)/2).

Proof: Consumer surplus always takes the form E[Q:[0;—P,—Q;/2]]. Using that Cov[0;, M;] =
Var[M;] = Var[0;]G"(¢), it is easy to verify that

" h 2 o 2
E[Q:0,] = — - ta [Var[0;] + 1] —7\[\/&1"[615]6? (¢) + 1]

=E[6?] E[0: M)

= 2 (6h ; ah) + a"Var[f,] — %hvar[et]Gh(¢)

st = (%) ol 41+ () Narie o) +
sttt = T [ P Va6 (0) + 1)
_ 2 (5h u O‘h)Z + [P Var[6)] S[Zh]QVar[Qt]Gh(qﬁ)
mar) = o (%) - 580 L (%Y mertbicte) 44

Collecting terms that accompany Var[0;], Var[0;]G"(¢) and p? yields

h _ hi1_ h h —a" 3" o
CS"(9) Var[f,]a" [1 — " /2] + Var[0,]G"(¢) 5 + g + ACH

w (5 - () (57
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But since E[P] = u[6" + o] /[—2("], we can write

(252) (5 4) (52)] - comm o 8] enm)

As for the profits expression, it follows from II" := E[P"Q?] and E[Q?|Y;] = —¢" P! O

Proof of Proposition 9. From section S.3.3, the equilibrium variables of the observable
and hidden cases are of class C' over (¢,07) € (0,00) x [0,00). Thus, to study the noiseless
limit case, we set o = 0 in the solutions of the observable and hidden cases (the former
literally understood as a noiseless case, while the latter understood as the C! extension of
the equilibrium variables to o = 0). Letting ('S} denote the consumer surplus as a function

of £ > 01in case x € {o, h} in this case, we have that

2 (r +¢)(r +3¢)
2(2r 4+ 3¢)% '
1 1]E[Qf}]) :MQ(r+¢)(r+2¢)[r + 57 + 8¢7]

h h h — |z - =
C% = Co% = MQt](“ {2 ¢h 8[r2 4 4r¢ + 4¢?)?

osp-csy = Eier) (n- i) - and

where the last equalities follow from the expressions for E[Q¢], E[Q}] and ¢" when ¢ = 0

(section S.3) After straightforward manipulation of terms, if u > 0,

CSo —Csy>CSh—CS)
& 4(r 4 30)[r* 4 24r2¢* + 8r3¢ + 32r¢® + 16¢"]
> (2r 4+ 30)[r® + 6r%¢ + 18r¢? + 16¢7].

It is then easy to verify that the strict inequality holds component-wise across all different
exponents as long as ¢ > 0, with equality at ¢ = 0.
On the other hand, the comparison between the remaining components can be obtained

by studying consumer surplus when p = 0, namely, C'S§ — C'S}. One can show that

CSy —CSy = Varl)fi(é,r, k) {252(5 —r)r(k+7r)(A—r)
+ér[267%(20r — A) + 7297 + A) + £*(—6r + 8A) + k*r(13r + 17A)]
—Q—f2<7’, 9257 ’i)}

where A = 1/(2¢ + 1r)(6¢ + ), and where f; and f, are strictly positive functions (as we
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show in the Mathematica file scores.nb). Thus, it suffices to show that

r[A0KT> + 12 (9r + A) + 1P (=67 + 8A) + k*r(13r + 17A)]
> 26%(r — K)r(K + 1) (A — 1) + 20K 1A,

Since A > r, the inequality is trivially satisfies when x > r, as 2k%(r —g)r(k+7)(A—71) <0
and 2¢K*r?A < 17¢x3rA in this case. Suppose now that » > k. Using that A% — r? =
®(12¢ + 8r) the inequality can be written as

k(A +7)[40kr° + 729 + A) 4+ k3 (=61 + 8A) + k*r(13r + 17A)]
> 26%(r — k)r(k +7)(12¢ + 87) + 262> A(A + 7). (S.9)

Notice first that,
40623 (A + 1) > 40623 [V12¢ + 1] > 26713 (120 + 8r) > 262 (r — K)r(k + 1) (126 + 87).

On the other hand, we can write xk3(—6r + 8A) = 6x*(A — r) + 2xk*A, each term being

positive. Thus,

(A +7)[rPA+26°A +176%rA] > 2622A(A +7)
& k(A +7)A[r? 4+ 26% + 17k% — 267%] > 0
& k(A +7)A[r(r* =26 +176%) +26%] > 0

which is clearly true. Since the remaining terms of the left-hand side of (S.9) are all positive,
we deduce that C'S$ — CS? > 0 for all ¢ > 0.

To prove (ii), set again o = 0 in the equilibrium objects and outcomes of both models.
We proceed in an analogous fashion, letting Hﬁ(gb) denote profits at ¢ > 0 as a function of

i >0 when = € {0, h}. Using the expression from section S.3 in this online appendix,

o o _ 2 (71 + (b)Q
HM — HO = u (2?”_'_—3¢)2, and
u2—component of IT°
T = 2 20+ o)+ 30
- — (r+3¢)[2(r + ¢)(r + 30) + 207
u2—component of IT"
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Straightforward manipulation then shows that, if > 0,

Iy — 105 > 10, — 11
4[(r+ @) (r +3¢) +¢** > (r+20)(r+3¢)(2r + 3¢)*
S 4(r+20)° > (r+30)(2r + 30)%

which is true for all ¢ > 0.
We now show that I1§ > TI} for ¢ large enough. Indeed, using that in the observable case

a?(r + 2¢)
2(r+2¢)a— (r+x+¢)(a—1)’

B 2(r+ K+ 9) L
a*r+2m+\/(r+2¢)(r+6¢) and § =

el _m> On the other hand, o = (r + x +

$)/(r + K+ 2¢) — 1/2 as ¢ — co. Thus,

() = Varlgl (T B ERIAY )

o, al0) = Vet B) <¢§<3+¢§)) - and
b B r+3¢ (ah)?¢ 3

Jim To(9) = Var[0]4(r+2gb)¢+ﬁ/2 BED)

it is easy to see that lim («a,f) = < 1
p—o0

Thus, d)lim I15(¢) — ME(¢) > 0, and hence, there exists ¢ such that, for all u > 0, we
— 00
have that I19(¢) > II(¢) for all ¢ > ¢ when 0 = 0. (Observe, moreover, that since the

expressions involved are continuously differentiable functions of (¢,0¢) € (0,00) x [0, 00),
uniform convergence of [C'SS — C'S"](o,-) and [I13, — II}!](a, -) as o¢ \, 0 holds over compact
sets of levels of persistence—refer to Section S.3.3 for the details.)

Finally, we turn to (iii) and set o = 0 again. Let us begin with the comparison of
consumer surplus levels with the terms that do not depend on u. For both the hidden and

the naive case, we consider the following expression

o 0o (je(t+3)-1)

o— — + ,
2 ¢+ 5
where in the hidden case, a = Qijifr and ¢ = —gii;, while in the naive case « =1 = —(.

Letting p := r/k, the difference in these terms is given by

h naive __ ¢2<p(¢ - 4) B 4¢ - 2)
O = O = g (ot 20)(p + 26+ 1)
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which is negative for all ¢ if p < 4.

Now consider the terms proportional to u?. We have

(CS" — C8h) — (OSmaive — O gmaive) — Y0 forall > 0.
8 ’ 8 ’ 8(p+2¢)°

Combining terms, we obtain

(p+20)(p(d —4) =46 —2)

Crsh_csnaive 2
g o XK (20 +1)(p+2¢ + 1)

Evaluating this expression at ¢ = 0, +00 we obtain two necessary conditions for the above

expression to be negative, i.e., u < fv 55 and p < 2V rotl) p(2p+1 . The file scores.nb shows these
conditions are also sufficient. 0J

Further properties.

1. o’ is decreasing at a non-concealing point. From the proof of Proposition 7, a" € (0, 1)
is defined via (r +x+¢)(a —1) +aH (¢, a") = 0 where H(¢, o) := A, a, —ar/2)[cr/2]
satisfies H, > 0. Thus, the sign of [’ is given by the sign of 1 —a”(¢) — H}(¢, o/ (¢)),
as in the proof of Proposition 5. In particular, replacing B, by 0 in (A.20) in the paper
yields that, at any ¢*" satisfying (19) in Section 5 (with 8 = —a/2),

Oéh —Oéh
sign([1 — "(6) — a"(6) Hy (6,0 (9))]lmgr) = sign ([1 —a'+ %] W,h) -

2. The non-concealing score in the hidden case exists, is unique, and has more persistence.

Existence and uniqueness follows from identical arguments as those used in the proof
of (i)—(ii) in Proposition 5. Now, since a°® + B(¢,a°) > a°/2 and a® > ", it follows
that v°(¢) > v""(¢); therefore, ¢*° > ¢*" as each v crosses the identity from above.

3. Quasiconvexity of o and arg max G (¢) == G(¢, a(p), —al(¢)/2) < ¢*". They follow

identical arguments as the ones used in the observable case (Lemma A.4 and Proposi-

tion 4 in the paper).
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S.2.5 Appendix A: Omitted Proofs
Proof of Lemma A.5. We start by showing (ii). To this end, recall that when o > 0 and

£ < 0, the quadratic in A
(S.10)

_ aoj(¢ — BA)
%0} +02k(¢— BA+E)

has a unique strictly positive root, which we denoted by A(¢, «, 5). It then suffices to show

that ay()/of > 0 solves the previous equation.
To this end, we omit the dependence of v on («, ) and of v on « in what follows. Rewrite

(S.10) at ¢ = v as —koZ BN + AP0 + kof (v + k) + aog f] — aojv = 0. However, using that
Meog (v + k) = Akog (2/@ + g [ + 5]) and aojv = ao; </£ + % [ + ﬁ]) ,
3 3

we obtain
2, 2
0 = X0 +26%02A + 26X’y + kAay S — kN 07 8 — aogk — a ;00 [+ 8] + aoh BA
3
3.2 2, 2
= \a’o; + 2%202/\ + KAy — aojk — a 0’Y2‘70 + B | KAy — /4;)\202 _— ;09 + aag)\] .
3 3

Setting A\ = ay/ ag, the first and last term of the first line in the second equality cancel out,

and the last bracket vanishes. Thus, we are left with
2.2
!
oy + 2 ] |
Te

v~

=0

0 = 2Kk«

which is true by definition of ~.
We now prove that v(«, ) is an extreme point of ¢ — G(¢, a, 3), and verify (i) in the

process. For notational simplicity, we again omit any dependence on variables unless it is

al
G=——-—.
¢+ k—PA

strictly necessary. Recall that
Thus, G4 = 0 if and only if Ay(¢ + k) = A. We first check that this equality is satisfied at

(v(e, 8), a, B).
From (i), A = ay/0¢ at the point of interest; hence, the claim reduces to showing that
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Ag(v(a, B), o, B) = ay/o(v + k). However, it is easy to check that

_agj[l = BAy|[e*of + Ko
* [0%0f + rod(9+ n — BA)E

Also, v + Kk — BA(v(a, B),a, B) = 2k + a’y/of = 03/7, where the last equality comes
from the definition of 7. Thus,

:Uﬁag, by def. of v
o\

~

osla®y + ko?)? oala? (o®y? + 2ky0?) K20
[0*0f + koi (¢ + Kk — BA) ™ ol p el — olo”( ~ e) el
og0¢[a’oy + K2 og]
72 '
We conclude that at (v(«, 5), «, B),
A :72a[1—BA]$A [0302 +v?af] =7*a= Ay = e x;
¢ 52 o? ¢ ¢ 1999%¢ ¢ o} 2 + av[:;m ’
=2ky0¢+y2a?+42af A(V(?g)/a 8 N £
e 1/(v+k)

which shows that v is an extreme point of ¢ — G(¢, a, [3).

On the other hand, it is easy to verify that at an extreme point ¢,

a a0y Agy(9 + k)
7 9k [p+ K — BAZ

Since a > 0, the sign of Gy is determined by A4y at that point. We now show that
Agp(p, o, 8) < 0 for all ¢ > 0, @« > 0 and § < 0, and hence, that any extreme point of
¢ — G(¢,a, ) must be a strict local maximum. But this is enough to guarantee that
¢ — G(¢, a, B) has a unique extreme point, and hence that v(«, ) is a global maximum.

Recall that A(¢, o, B) = [\/(2(¢, o, B) — 4r(0¢09)?Bad—L(¢, o, B)] /[ —2k0Z 5] where £(¢, v, ) 1=
aogla+ f] + koZ (¢ + k). Thus,

A 1 ﬁ0§€(¢,a,ﬁ)—2m(0509)25a 2 and so
* T [~26028] | /(6,0 B) — dr(ocog)2Bas  C|
=K
Moo = K@) {(roD)(E(0.0,8) — Ar{0e0u)?Bag) — (ko2((6, . B) — 2n(oco)*a)?) |
J(6)=

where Ky(¢) == K1 /[(*(¢, a, B) — 4k(0c09)? Bag]®/?. Since 8 < 0, we have that K; > 0, from
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where K5 > 0. Moreover,

J(¢) = —4m3aga§ﬁa¢ + 4&20§o§ﬁa€(¢, a, B) — 4K*(ocog) ! f2a®
= —4ktolotaB koo — U6, B) + oifa] < 0,
>0, ;Sr/3<0 :7042037/{205 ;;def. of £(¢p,a,)
concluding the proof. 0

Proof of Lemma A.6. Recall from Proposition 5 and its proof show (i) « is decreasing
at any point satisfying ¢ = v(a(¢), 5(¢)), and (ii) a point like that is shown to exist via a
simple application of the Intermediate Value Theorem. Importantly, neither step (nor the
derivation of the lower bound x for ¢*) relies on knowledge of [a + (]’, which is used to
establish the uniqueness part of the proposition only.

That arg min o > & follows from the proof of the same proposition. Also, arg min o < +00
follows directly from v € [1/2,1], lim « =1, and « being continuous.

’ ¢»—0,+00

To prove the last two parts, omit the dependence of o and 3 on ¢ and write

B B a(r + 2¢) N
b=l - e rtrr a1 — A&
Thus, [a + £]'(¢) = o/[h + ah,] + ahy, where
ho(a, &) = ala —1)(r + 2k) “o

2(r +2¢)a — (r + K+ ¢)(a — 1)]?

We will show that h + ah, > 0 over [k, 00), which implies that a +  must be decreasing
over [k, arg min «, and hence, at any point satisfying ¢ = v(a(¢), 5(¢)).
To this end, notice that

h+ahy >0 < [2(r+2¢)a— (r+r+¢)(a—1)][(r+20)a—(r+r+¢)(a—1)
—a(r+2¢)2(r+2¢)a— (r + £+ ¢)(a — 1)]
+a?(r +20)[2(r +2¢) — (r +x+¢)] >0
& 2(r+20)2”+ (r+k+¢)2(a—1)*—aBa—2)(r+2¢)(r +r+¢) > 0.
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If > K, however,

2(r +2¢)’a® — a(3a = 2)(r +20)(r + £+ @) + (r + &+ ¢)*(a — 1)°

N

>0
> a(r+29)2(r+2¢)a—3a(r+k+ @) +2(r+r+ ¢)]
>r+k+¢
> a(r+20)(r+k+¢)2—a] >0,

and the result follows. As a final step, observe that since ¢ > 0 and a < 1,

2(r 4+ 2¢)%a* — a(3a — 2)(r +20)(r + K+ @) + (r + £+ ¢)* (o — 1)?

"

-~

>0

> a(r+2¢)a(¢ —r —3k) +2(r + £+ ¢)]
> a(r+2¢)[—r —3k+2(r+ k)] =alr +2¢)[r — x|

which is non-negative when r > «. This concludes the proof.
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S.3 Noiseless Case

In this section we state the expressions that the equilibrium objects and outcomes take when
we set 0¢ = 0 in the solutions of the observable and hidden cases (section S.3.1). After this,
we explain how the expressions in each case can be obtained with minimal modifications
of the arguments used in the corresponding o > 0 counterpart (section S.3.2). Finally,
we establish regularity properties of all the equilibrium variables at o, = 0 (section S.3.3).
Importantly, recall that the solution of the hidden-scores model when o = 0 should be
understood as a vanishing-noise limit of the hidden case with non-trivial noise: the reason is
that, when o¢ = 0, the consumer can always keep track of her score (so this one is effectively

observable).

S.3.1 Equilibrium Objects and Outcomes when o = 0

From an operational perspective, the only substantial change is that the equation that A
satisfies ((7) in the paper) is greatly simplified. This, in turn, allows us to find analytic
expressions for the signaling coefficient v in both the observable and hidden case. We state

below all the relevant expressions used in the paper; their derivation is straightforward.

Observable scores.

2(r + K+ ¢) E(l )

T Tt V1201 69)  \V3
b= ‘2<r+2¢)aa—2({r++2f)+¢><a—1>E(‘%’°>
V= s
5P = ity (Careaars) € (55)
E[Q) = E[P]
¢ = T <:¢+:A—5A>E<O’”
n = u2%+\/ar[0](a+ﬁ)2a¢+f&+ﬁ> (= E[P?] 4 Var[P])

2

0S = Varlfla (1 - %) +E[P] (ﬂ - gE[PO + Var[f)] {% +8— ;(a + 82| G
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Hidden scores.

r+ K+ 20 2’
ol
Bh = —7 <0
A= % >A>0
a
oo (L ey (2
r+ 3¢ 2(r + 2¢) + ah A\ "3
o r4or+30) ! .
Pl = gt +s0 22 | " an e =
ho_ (r+¢)(r+2¢) __hmiph
Gh _ ¢ah <: Ozh)\h )
pal + kal /2 ¢+ kK — BN
ho_ or +2¢ (r+o)(r+39¢) ? T+ 3¢ e @
W = o o s a0 caw) VI e @
(= —¢"E[(P")?] + Var[P"])
Cst = Varlfa® (1 - %h) T (—C'E[P)) (ﬂ - B - H (—ghE[ph])>
—_—— ¢
Q")
h
+Var[f]a” {% (; + C—lh) - %] G"<CS

S.3.2 Equilibrium Analysis when o, =0

Existence of Linear Markov Equilibria in the Observable Case. The steps taken

in the equilibrium analysis performed when ¢ > 0 (Lemma 2, Lemma A.1 and Theorem 1)

have direct counterparts when o¢ = 0. Specifically:

1.

2.

Lemma 2 (Monopoly Price) does not change.

Lemma A.1 (Stationarity and Beliefs). It is easy to see that the long-run stationary
variance when o, = 0 can be obtained by directly evaluating I' at that value. This
does not alter the stationarity condition ¢ — S\ > 0, but it changes (7) to

acg(p — BA)

2 42
a0y

A=

Proof of Theorem 1.
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Displays (A.3)—(A.6) remain unchanged.

Lemma A.2. As in the o, > 0 case, we cannot have a linear Markov equilibrium
with o = 0: in this case, the score does not covary with the type, and so M; = u;
but this implies that a = 1 at all times. Thus, from the equation for A\, we obtain
(o + B)X\ = ¢. Since ¢ > 0, we have that a+ 5 # 0 and A # 0. We conclude that

¢

The cases a < 0 and o > 1 can be ruled out using the same arguments as in the
proof (with obvious modifications that employ the new expression for A and that,

by stationarity, ¢ — S\ > 0 & % > 0.)

(A.7) is unchanged and (A.8) changes to A = A = ﬁ > 0.
We can replace the new expression for A in (A.9) to obtain the equation
paB(¢, a)

a+ B(¢,a)
=Xaf

(r+r+o)(a—-1)— = 0.

It can be easily shown that this function is strictly increasing in [0, 1], and hence,

that is has a unique root. Rearranging terms, we obtain the quadratic
?[3¢° + 2r¢ — rk — K]+ afr + £+ @|[r + 2k] — [r + & + ¢]> = 0,

which admits as a root

B 2(r+ K+ 9)
a_r+2m+\/(r+2¢)(r+6¢) €01, ¢>0.

Hence, an analytic expression for « is obtained.

The function D(¢, ) that defines § does not change, so the new intercept in the
quantity process is obtained by inserting A = ¢/(a + () in the same expression.
The remaining coefficients of the value function, as well as the transversality and

admissibility conditions, are obtained via identical arguments.

Setting o = 0 in the equilibrium objects and outcomes of the hidden case. Recall

that the proof of existence of linear Markov equilibria when ¢ > 0 in the hidden case follows

from identical steps as those performed in the observable counterpart (the only changes being
that 3 = —a/2, that ¢" < —1 is endogenous, and that the equation defines § is modified;
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see the proof of Proposition 7 in section S.2.4 for details).

Given 1-3 above just discussed, it is easy to see that all the equilibrium variables
(a, B,6,A,G) in the hidden-scores model admit an evaluation at o = 0 and can be ob-
tained using the same arguments used in the o¢ > 0 case. In particular, since " = —a"/2,
it follows that A" = ¢/(a” + 8") = 2¢/a”, from where o must satisfy

—ah):():}ah_ T+ K+

2¢
(T+H+¢)(@h—1)_ah<_)( B T r 4 R+20

ah

Deriving the rest of the terms in S.3.1 is straightforward from the results in section S.2.4.

Further properties of the equilibrium coefficients and outcomes when o, = 0.
When o¢ = 0, both in the observable and hidden cases:

e « is strictly decreasing, with Er% a(¢) =1land lim a(¢p) > 1/2 (moreover, lim a(¢p) >
—

¢—+0oo ¢—+oo -
1/4/3 in the observable case);

e [E[P,] is strictly decreasing in ¢, taking values in (/3, 11/2) (moreover, E[P;] € (311/8, 11/2)
in the hidden case)

e v(a, ) = +oo follows from v(a,B) = Kk + M(aa(gﬁm, a?,(za) =1 ( K2 + 0525—(3 - fi);
¢ ¢ \ ¢

and from o € [1/2,1] and a + B € [1/4,1] (a € [1/v/3,1] and o + 3 € [~1/2v/3,1] in
the observable case, ). Clearly ¢*(o¢)  ¢*(0) = oo as o¢ N\, 0. Intuitively, a score

that decays infinitely fast essentially the “last purchase” while a”” bounded away from

zero uniformly in ¢ > 0.

o lim G(¢)=1.

¢p——+o0

S.3.3 Continuous Differentiability of the Model at o = 0

We address some continuity and limit properties of the model at Jg = 0, which allow us to
directly evaluate at o, = 0 when examining the noiseless limit case for every fixed ¢ > 0,

and to extend results at that point to O’? > ( by continuity.

(1) In the observable case, the equilibrium variables («, 3,4, A\, G) are continuously
differentiable functions of (¢, 0¢) € (0,00) x [0,00). We already know from Lemma A.3
in Appendix A in the paper that a(¢,d¢) is of class C'' over the open set (0,00)*, and so
are the rest of the variables, as these are continuously differentiable functions of (a, ¢, ag).

It remains to show their continuous differentiability at points (¢,0), ¢ > 0.
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To show this, we can equivalently look at the system (A.17)—(A.19) in the paper. In par-
ticular, using (A.19), the signaling coefficient a(¢, 0¢) € (1/2,1) satisfies F/(¢, 0, a(¢, 0¢)) =
0 for ¢ > 0, where

(a-Drtr+d)sto(-rtr+3)+r+¢) alk—alk+r)+r+9)
a?(r + 2¢) o+ kx(k —ar+r+¢)/oj

F(p,z,a) :=

The notation simply emphasizes the system’s dependence on the variable x that replaces ag,
and that is now allowed to take negative values.

Observe that given any compact set [¢, @] C (0,00), we can always choose € > 0 small
enough such that F(¢,z,q) : [¢,¢] x [—¢, €] x [1/2,1] = R is of class C*. Moreover, from

. 2(r+/§+¢) _ . . .
section S.3.1, F(¢,0, . \/(H%)(Mw)) 0 and its is easy to verify that

OF <2/f+7“—|—\/(r+2¢)(r—|—6¢)>2

da 8(r+2¢)(k + 1+ ¢)?
X (r2 + 26/ (1 + 20) (r + 60) + 8r¢ + 14/ (1 + 2¢) (r + 6¢) + 12¢2) > 0.

at the same point. By the Implicit Function Theorem, therefore, we conclude that a(g, ag)
can be extended to a continuously differentiable function over the desired set; the same

conclusion holds for the rest of the variables by composition of functions of class C*.

(2) In the hidden case, the equilibrium variables (o, 3, 0, A, G) admit a continuously
differentiable extension to {(¢,07)| ¢ > 0, 0f = 0}. The argument is identical to the

one in the observable case, but instead using

2(a"=1)(k+r+09) N o (k—aMk+71)+ 71+ )

h 2 _hy._ -
FY¢,0¢,a") == (ah)2 (ah)® + kx (k — abr + 1+ ¢) Joi

that o € [1/2, 1] always satisfies, that a(¢,0) = % (stated in section S.3.1) and that

CETETI

r+r+¢\  (k+r+20)°
Fa(¢’0’r+m+2¢>)_

The decision to refer to an ‘extension’, as opposed to a property of the equilibrium coeffi-
cients over the domain under study, is because the hidden model is discontinuous at o¢ = 0,

in the sense discussed in Appendix C in the paper.

(3) Uniform convergence of equilibrium variables over compact sets as ag N\ 0.
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Consider any compact set [¢, ¢] C (0,00) and a sequence (0,,) N\, 0. Let f(¢,0,) denote any

continuously differentiable function of the equilibrium variables. Then,
(i) Pointwise convergence: for all ¢ € [¢, @], f(on, @) — f(0,0) as n — .
(ii) Equicontinuity. 3K > 0 independent of n s.t. |f(on, ¢1) — f(on, d2)| < K|p1 — ¢al.

(Part (i) is by continuity, and (ii) follows from g—f;(qb, o) being continuous over the compact
set [¢, @] x [0,max{o, : n € N}].) We conclude that (f(cn,))nen converges uniformly to
f(0,-) over [@,E], i.e., for all € > 0, there is N > 0, s.t., for all n > N, | f(0,,0) — f(0,0)| < €
for all ¢ € [, ¢]. This uniform continuity can be used in the proofs of Propositions 8, 11
and 12 to strengthen the statements to hold in neighborhoods of o = 0 for compact sets of

levels of persistence.

41



S.4 Discretized Model and Limit Demand Sensitivity

This appendix introduces a sequence of discrete-time counterparts of our continuous-time
game that allows us to refine the concept of stationary linear Markov equilibrium by choosing
a sensitivity of demand equal to -1. More specifically, we will show that, along such sequence,
-1 is the limiting value of the sensitivity of demand arising from the consumer’s best-response
problem as the period length shrinks to zero.

Fix A > 0 and consider a consumer who interacts with a sequence of short-run firms
in a stochastic game of period length A. Specifically, at each t € T := {0, A,2A,3A, ...}
the consumer shops for a product that is supplied by a single firm (firm ¢). The timing of
events over [t,t + A) is as in the baseline model: first, firm ¢ posts a price; second, having
observed this price, the consumer chooses how much to buy; third, the purchase is recorded
with noise, and subsequently incorporated into the score. The same sequence of events then
repeats at [t + A, t 4+ 2A), but now with the next firm.

The discretized model consists of the dynamics

8t+A = 9t — KJA(@t — M) + \/Z€§+A
Yisa = Y= 0AY, + QA + \/ZE§+A

where ¢/ ~ N(0,03) and & ~ N (0,0¢) are independent across time, and the sequences
(€9)ier and (ef)teqr independent from one another. Finally, the consumer’s utility over period
[t,t + A) given (0;, P, Q;) = (0, p, q) takes the form

2

ut(0,p,q) = ((9 —p)g — %) A.

It is easy to see that if the firms conjecture a strategy for the consumer that is linear
in (p,0, M) with weight — # 0 on the current price, then, from their perspective, realized
prices, (P,)ier, and realized quantities, (Q)ser, satisfy P, = E[Q;|Y;]/¢, t € T. Thus, firms

set prices and conjecture past quantities according to

d+ (a+ B) M,
¢

P = and Q; =+ b, + M, t € {0,A,2A, ...}, (S.11)
respectively, for some coefficients (,a, 3 and 6. We allow this conjectured coefficients to
depends on A. However, we make two assumptions. First, we restrict the analysis to the
case ( > 0, a >0, f < 0and o+ [ > 0. Second, we assume that all the coefficients
are bounded in a neighborhood of A = 0, and also bounded away from zero. Observe that

these are minimal properties that a meaningful dynamic extension of the outcome of a static
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interaction must have. In what follows, we omit the dependence of the coefficients on the
period length.

We now proceed in three steps. First, we find an expression for the weight that the
consumer’s best-response attaches to the current price when firms both set prices and form
beliefs using (S.11). Call this weight —C. Second, we show that at any history at which firm ¢
sets a price different than the one prescribed by (S.11), the consumer optimally responds with
the same linear strategy used along the path of (S.11); thus —é is effectively the sensitivity of
demand. Third, we show that —(A goes to -1 as A N\, 0. Importantly, these steps hold under
any linear conjecture by the firms (in particular, for { # é), satisfying our requirements
on bounds. Thus, f = 1 is a limiting property of the consumer’s best-response along the

sequence of games.

Step 1. Since from each firm’s perspective the score carries past quantities that satisfy
(S.11), My := E[0:]Y;] = p+ AY; for some p € R and A > 0 (potentially depending on A). In

this case,

My — My = AYia = Vi = A[=0A(M; — p) /A + QA + \/ZeerA]
= Mya = M, — pA(M; — p) + AQA + MWAE, A, t €T,

Let V' denote the consumer’s value function when facing prices as stated in (S.11). Then,

the following Bellman equation holds:

vn) = ma{[(0- 2L o] sk ersmw e aniona))

geR C
s.t.

0 = 0—rAO—p)+ VAL
M = M—¢AM —p) 4+ AgA + MWAE.

We look for a quadratic value function, i.e., V (6, M) = vy + v10 + vo M + v3M? + v46% +
vs0 M, where we omit the dependence of the coefficients on A. Letting X := (6, M), we have
that V(X’) = V(X) + DV(X)(X' — X) + 2(X' — X)TD?*V (X' — X), and straightforward
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algebra shows that the Bellman equation further reduces to

b+ (a+B)M
G

FeAA(=[B — Vo + [~6(M — p) + MalVay + Vol AR(6 — )? + o)
LA AV (0 — p)(—bADM — p) + gAA)]
+6_TAA%VMM[¢2A(M —p)? + XA+ N07 — 20AA (M — p)q])} :

V(0,M) = max { K@ - ) q— q2/2} A+e AV (0, M)

qeR

The first-order condition of this problem reads

[1—6_TA)\2AVMM]Q = 9——5 i (Oé + 5)]\/[

+€_TA()\VM—|-A‘/9M[—/€(9—ILL))\] —VMMQbA(M—p))\),

from where the contemporaneous price has a weight equal to

- 1 1
_g N _1 — efrA)\QAVMM - 1— 267TA>\2A’U3

in the consumer’s linear best-response. As we show in step 3, ¢, which enters as a parameter

in the consumer’s best-response problem, turns out to affect coefficient v3. In particular, to

show that iirrb f = 1, it suffices that Awvs \, 0 while the rest of the terms that accompany it
%

remain bounded. We turn to the the sensitivity of demand first.

Step 2. Consider now a history at which firm ¢ posts a price p # [d + (a + B)M;]/C. Tt is

easy to see that at any such history the consumer’s problem is of the form

max  {[(0 —p)g—¢*/2] A+ e PE[V(0, M)|(M,0)]}

geR
st. 0 =0—rA0—p) + VAL
M' = M — ¢A(M — p) + M\A + MWAE.

In fact, since the deviation is not observed by subsequent firms, the consumer’s continuation
payoff given any fixed continuation strategy is unaffected by the deviation. But this implies
that her continuation value—i.e., her best continuation payoff among admissible strategies—
must be given by V found by solving the Bellman equation of the previous step. As a
result, the consumer’s optimal strategy is determined by the same first-order condition. In
particular, —é , the weight that the linear best-response attaches to the current price, is

effectively the sensitivity of demand.
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Step 3. It is straightforward to verify that vz can be found by setting the coefficient on

M? in the Bellman equation equal to zero. Such equation is
ACC AN E + 2¢u3{C[(1 — Ag)? — €27 — 2A(1 — Ag)A(a + B)} + e A(a + B)* = 0.

Letting T := ([(1 — Ag)? — 2] — 2A(1 — Ag)A(a + ), the two solutions are given by

o T+ /T2 — 4A2\2e27 (o + 5)2‘
3 2C AN

The square root is well defined for small A due to A?[¢(r+2¢)+2A(a+3)]* and 4A%N\? (a+3)?
being the terms that dominate for low A in I'? and 4A2\2e2"(a + 3)? respectively.

We now show that Avy N\, 0 as A \, 0 (but as we show below, v5 is the root associated
with the equilibrium examined in the paper). To this end, observe that A also depends on
A. A calculation presented at the end of this appendix shows that this value satisfies the
equation F'(A,\) = 0 where

_ oga(l — KA)[2(¢ — BA) — (¢ — BA)*A]
0f[26 — K2A[(¢ = BA)(1 = KA) + K] + 0502[2 — KA — (¢ — BA)(1 — KA)A]

F(A X)) =)

It is easy to verify that, at A = 0, the previous equation reduces to the quadratic function
that determines the sensitivity of beliefs in the continuous-time game analyzed (equation (7)
in the paper). Let \g = A(¢,«, ) > 0, as in the paper. By definition of Ay, F'(0,Ag) = 0.
Moreover, since < 0 and \g > 0

8_F(0 Ao) = (03042 + O'gfi[(ﬁ + K- 5)\0])2 + ﬁgga[ogQQ + I£20'§2]
ON (Ugoﬂ + g?,g[d) + K — BA])?
050’ + B + ofojar®2a + ]
e+ a2l 5~ TP

>0

where the last inequality follows from o + 8 > 0. By the Implicit Function Theorem,
therefore, the exists ¢ > 0 and a unique continuously differentiable function A(A) such that
A0) = Ao, F(A,A(A)) =0, and M(A) > 0, for all A € [0,¢].

Since A(-) is bounded in that set, and both A(-) and ¢ being bounded away from zero, we

conclude that

—T £ /T2 — 4A202(A)elr (a + B)?
2002 (A)

A/Ug:: — 0, as AN,0,

due to the rest of the coefficients being bounded and T' := ¢[(1 — Ag)? — 2] — 2A(1 —
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A¢p)A(a+ ) also vanishing in the limit. This proves step 3.
Before showing that F'(A, ) = 0 is the equation for the sensitivity of beliefs that makes

the quantity process (S.11) consistent with Bayesian updating, we make two observations.

1. It is easy to see that when ¢ = 1, then, as A \0,

L 20(a+ B) + (1 +20) £ /[2h(a + B) + (r + 20)]2 — 4)\2(a + B)2
vz — 2

the right-hand side being the two positive roots for the equation that v3 must satisfy in
the continuous-time program.!® However, an equilibrium condition of the continuous-

time model is 2A\v3 = a + 2 (last equation in (A.3)). As a result, either
20 =a+28 or 2\v; =a+ 23

must hold. However, the previous conditions reduce to

7420+ /(1 +20)2 + 4X(a + B)(r + 20) = 28,

Since 8 < 0 in the equilibrium found, only vy converges to the value of v3 in the

equilibrium studied.

2. In equilibrium, é’ = (. Using vy, straightforward algebra shows that this condition

becomes

(¢ —1) = —T(¢) — VI2(C) — 4A2X2(A)er2(ar + )2
ANZN(A)e™™ (a + B)?
—T(¢) + T2(¢) — 4A2X(A)e™ (a + B)%

where the dependence of I' on ( is being made explicit. For sufficiently small A,
however, (1 — A¢)? —e2" < 0 and so —I'(¢) > 0 for all ¢ > 1. The linearity of both
2(¢ — 1) and T'(¢) in ¢ then yields the existence of (* such that the previous equality
holds. In particular, the convergence to of ( to 1 along a sequence of equilibria must

be from above.

Equation for \. We conclude with the derivation of the equation that A must satisfy for

small A. For notational simplicity, we set 4 = p = d = 0, as the means and intercepts do

10This equation can be obtained as follows: first, use (A.3) to solve for (o, 3,) as a function of (vq,vs, vs);
second, insert the first-order condition (display preceding (A.3)) into (A.4); and, finally, equate the coefficient
on M to zero in the resulting equation.
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not affect the sensitivity of beliefs.

Define the matrices

1 —&gA 0
aA  1—(p—pINA

X = 0 Aa =

; B = % 0 €:= ¢
0 o €t

X(j+1)A = AAXjA + \/ZBg(jJrl)A, J € N.

Y

and notice that

The solution to this difference equation is given by

J
Xgana = AN Xo + VAAS Y T ALV BE g
i=0
To obtain a stationary Gaussian process, therefore, we impose first that X, is Gaussian and
independent of (€ja);en. Moreover, stationary requires that i := E[Xy] = 0, so as to obtain
E[X;a] = 0 for all j € N. In addition, omitting the dependence on A, let I' denote the
candidate covariance matrix of (X;a);jen. It follows that
! (J+1-1) (+1-19)
—(j+1-i —(j+1—i
Z AA J Bz(AA J )T

=0

I = ATAM T + At (AXHT, vj e N

Moreover, taking consecutive differences leads to

0 = A} {ATA] -

+AAA

N

ZA (G+1- z)BQ(A (j+1— z) _A (A]'A)T’

7j—1
ZAKJ ZBQ Aj z)
=0

:A32

and thus, I' is defined by the equation
AATAN —T+AB*=0.

Straightforward algebra leads to the following equations for the unknowns I'y; = Var[f;a],
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Flg = Fgl = COV[@jA, Y}A], and PQQ = VaI'[Y;‘A], j e N:

Fll(l - KZA)Q - Fll + AO’g = 0
FHCYA(l — H;A) + Flg(l - <¢ - ﬁ)\)A)(l - HA) - Plg =0
T11(al)? +2015(1 — (¢ — BA)A)aA +Tor(1 — (¢ — BA)A)? =Ty + Ac? = 0.

This system has as a solution

%
Tn = 2k — KZA
A aog(l — kA)
27 2k — w2A]lg — BA+ k — (6 — BAKA]
r,, — 1 5 oA N 2a[1 — (¢ — BN A]oia(l — kA)

2b— BN — (6= BV2A |7 T 2 —2A T 2k — R2AJ[6 — BA + i — (6 — BNRA]

(In particular, observe that we recover the expression for I' in continuous time by letting

A — 0 and replacing A by Ag.) To conclude, because

_ Covlfia, Yia]l _ T1a(A,N)
Var[YjA] FQQ(A, )\) ’

straightforward algebra yields

\— gpa(l = kA)[2(¢ — BA) — (¢ — BA)*A]
02[2,‘% — R2A][(¢ — BN (1 — KA) + K] +Ugoz2[2 — kA — (6 — N1 — HA)A]

This concludes the proof. 0
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S.5 Convexity Parameter in the Consumer’s Cost Func-

tion

S.5.1 Main Results

Consider a more general flow utility of the form

Q7

(et—H)Qt—¢2a¢>0~

We show that the main qualitative results of the paper still hold in this case.
Observable scores. With a flow utility as above, the static Nash equilibrium is

e M,
Qt:9t¢ ! and Pt:—t

2

Thus, the ex ante static outcome is E[Q$!4] = 1 /2¢) = E[Pgtatic] /).

We aim to characterize a stationary linear Markov equilibrium supported by a sensitivity
of demand of 1/¢. In this line, standard monopoly pricing with linear demand (i.e., the
analog of Lemma 2 in the paper to this setting) shows that the dynamic outcome (Qy, P,)

must satisfy
b = Q/JE[Qt’YH

Thus, P, = ¢[(a+ B)M; + du] if Q; = ab; + BM; + dp along the path of play.
We present next the generalized version of Theorem 1 in the paper—to highlight the
changes relative to that result, we highlight 1) in what follows.

Proposition 5 (Observable scores). There exists a unique stationary linear Markov equilib-
rium in the observable-scores model. In this equilibrium, o € (0,1/1), is the unique solution
to the equation

1 A(d,a, B(9,0))aB(6,0)

a=+ P — acl0,1/y)], (S.12)

where A is as in the v =1 case ((A.8)). In contrast,  and § become

a?(r + 2¢)
(r+20)a — (r+ &+ ¢)(a — 1/4)
(o = 1/¢) + [a +2B(¢, )][¢p — (a + B(¢, a))A(¢, o, B(¢, @))]
2(r + ¢) + (o + B(, 2))A(¢, a, B(¢, ) ’

B = B(g,a):= ~3 € (—a/2,0) (S.13)

§ = D(g.a):="
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and the ratchet effect is at play: the average price and quantity satisfy

[Pt]:ﬁ r+¢ <M
(0 V2r+ o)+ (a+B8)A 29

E[Q] = - - B[Q;"]

Proof: Refer to the proofs subsection.

In other words, the equilibrium analysis and ratchet effect are qualitatively unchanged,
as the convexity parameter ¢ essentially scales the static benchmark. Of course, introducing
1 # 1 introduces a wedge between the price and the quantity, as the static demand ceases to
have unit elasticity: as it is clear from the proposition, however, this wedge does not drive
the economics of the paper.

More critically, this convexity parameter does not affect the conclusions drawn from the
comparison of the observable- and hidden-score cases, as those are driven exclusively by the
relative sensitivity of demand across cases. The next result shows that, in the hidden case,
the equilibrium characterization is virtually identical to the 1) = 1 case, and that demand is
less price sensitive than its observable counterpart. In addition, the same ranking of signaling

coeflicients ensues.

Proposition 6 (Hidden scores). There exists a unique stationary linear Markov equilibrium
in the hidden-scores model. In this equilibrium, o € (0,1/4), is the unique solution to the
equation

1 A(¢,a,—a/2)a[—a/2]

a=+ A Y (S.14)

with A as in the paper. The sensitivity of demand is given by

2(r +29¢)

1
h _ _
= 2(r 4 2¢) + a"A(¢, al, —ah/2)

Moreover, a(¢) > a”(¢) for all ¢ > 0.
Proof: Refer to the proofs subsection.
In other words, the sensitivity of the demand in the hidden case scales down the observ-

able counterpart, 1/1, by the same function as in the ¢ = 1 case (of course the magnitude

is endogenous due to a”" depending on 1 as well).
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S.5.2 Proofs

Proof of Proposition 1. The proof for existence proceeds in the exact same way as

Theorem 1 in the paper, now with a price process of the form P, = ¢[(a + B)M; + dp].

In particular, the systems (A.3)—(A.6) are modified as follows. First, the new first-order

condition in the HJB equation reads
1
q = @{‘9 —Y[op + (a+ B)M] + vy + 2vs M + vs0]}

which leads to the following conditions on the equilibrium coefficients:

)\UQ 1 )\U5 2)\7)3
op=—-90pu+—, a=—+—, and = — (a+ B).
p mt R " (a+p)
Second, by the Envelope Theorem,
(r+o)v2 + 203M +vs0] = —U(a+ B)[op+ ab + BM] — k(0 — p)vs

+HAEp+ af + M) — (M — p + \Y)|2v3,
which yields the following system of equations

(r + @)va = —(a + B)op + Kpvs + Mo + ¢(p — AY)2v3
(r+2¢)2v3 = —h(a + B)B8 + 2v3AB
(r+k+ @)vs = (a0 + f)a + 2usAa.

(S.15)

(S.16)

(S.17)

Using that vy, v3 and v5 can be written as a function of «, 5 and du, this system becomes

(

(r+ ¢) 2L = —i(a + B)opu + Yrp5 + YA + $(p — AY)] 252

(r +2¢) 52y = ¢ [~(a + B)B + Bla + 26)]
=(B)?

(r+ 5+ )25 = ¢ [—(a+ Ba + ala +28)].

—
\ =af
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and simplifying 1 on both sides:

(

(r+ )% = —(a+ B)op + rp®5 + [Nop + ¢ — AY )] 252

(r+2¢)%2 = [—(a + )8 + Bla +28)]
—(3)?

(r+ 5+ )25 = [~(a+ Bla + ala+28)].

~—
\ =af

(S.19)

From from the last two equations we obtain the expression for B(¢, «) in the proposition,
which is then inserted into the last equation to obtain the one for a. On the other hand,
the expression for A that defines A\ is unchanged, as this one is derived using a quantity
process of the form Q; = ab; + B;M; + du. It is then straightforward to verify that the
same argument used to prove the existence and uniqueness of a solution to a-equation over
[0,1] goes through for (S.12) when the domain becomes [0,1/¢] and B(¢,«) is as in (?7?)
(Lemma A.3 in Appendix A in the paper). Likewise, both the remaining coefficients of the
value function and the transversality conditions follow from identical arguments to those in
the 1 = 1 case.

To obtain the expression for the average quantity, we proceed as in the proof of (ii) in
Proposition 2. Specifically, using that the last two equations in (??) imply that (a+25)(a+
BN =(r+2¢)(a+28)+ (r+r+¢)(a—1/) + (a+ B)?A, we obtain

5 Kla—1/1) + [+ 28][¢p — (a + B)A]
2(r + @) + (a+ B)A
kla—1/1) + (a+26)¢p — (r+2¢)(a +28) — (r+ K+ ¢)(a — 1) — (a + B)2\
2(r 4+ ¢) + (a+ B)A
—(r+¢)2(a+ ) = 1/¢] = (e + B)*A
2(r+¢) + (e + B)A '

From here, it is easy to conclude that

— _ 1 M(T‘i‘(b) K _ static

due to A(a+ f) > 0. This concludes the proof. O

Proof of Proposition 2. The proof for existence proceeds in the exact same way as

Proposition 9 in the paper. In particular, since the sensitivity of demand is endogenous,
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then, given a demand function the Q(p) = du + a0 + ¢"p, the relationship

P = —E[Q:|v]/¢"

continues to hold on path. This implies, as in the ¢ = 1 case, that (i) 3" = /2 and that (ii)
we can use the price process as a state variable (the functional form of which is not directly
affected, as it depends only the previous displayed expression and on Q; = du + a0, + " M,
via the learning process). The factor v, however, will affect ¢ via the first-order condition
in the consumer’s problem.

Specifically, the new first-order condition in the HJB equation reads

al\h

2Ch

_ 1
T

|:¢9 — P — (’UQ —f- 2’03P —f- U59>:| .

As a result, we obtain the matching-coefficients conditions

5ty — Lo\ o1 [ al \h

ol 2w

_EWUQ’ ol = 5 ] vs and (" = L {—1 — ﬂvg} . (S.20)

o ¢
Moreover, by the Envelope Theorem,

al\l

Ch

S+ alph
} — 2u3¢ [P + %} — kus(0 — p),

(r + @)[va + 2v3P 4+ vs0] = q [—1 — U3

which leads to the system

al )\l

Ch

0"+ o™ p"p
] TR o

(r+¢ve = 6" {—1 — U3 + ks

hyh
2(r + ¢Jvs = (" {—1 - Ugag—j] — 23¢9
(T + ¢)U5 = ah |:—1 — 1}3%} — RUs.

Using that v,,v3 and v5 can be written as a function of 8", o and (", respectively, and

dividing by (" in each equation, we obtain the following system

—(r+¢) 26" oty + 2¢Ch+1/1/f Shutalphp + Wz(l/w—ah

al \h Aol 2¢h ah\h

—2(r + 2¢) Y = ¢h (S.21)

ah\h

(r + ¢ + 1) 20L8=a") — h,

al \h
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From the last equation in (S.4) it follows that o must satisfy A"(¢,a”) = 0, where

a

A, a) = (r+ k + ¢)(a — 1/1) — aA(¢, a, —a/2) [_5} ,

thus proving (S.14). Also, from the second equation in (S.4),

2(r +2¢) 1
C2(r 4 29) + ok Ay

("=

as stated in the Proposition. One can then prove with identical arguments that o’ is char-
acterized as the unique solution to this (S.14) over [0, 1/1], and that all the remaining steps
in the proof of Proposition 9 (analog of Lemma A.3, derivation of the remaining coefficients,
and transversality conditions) can be derived with the same ideas.

Finally, we can parallel the proof of (ii) in Proposition 10 to show the point-wise ranking

of the signaling coefficients. Specifically, we can write a and " as solutions to

—%(T+/{+¢)+a(2r+ﬁ+¢)+ah(3(¢,a);a) =0

—%(r +o+kK)+al2r+o+k)+ah(—a/2;a) = 0

respectively, where B(¢, a) € (—«/2,0) and

1/2

2
osala + v 4ojayd osala + y]
y+— h(y;a) = (GKT-FQ%I—R - :ag —QT‘g.

As shown in the paper, y — h(y; «) is strictly decreasing over R_ for each o > 0. But since
—a/2 < B(¢,a) < 0, and the left-hand sides of the two equalities are increasing functions
of a (Lemma A.3 and its hidden-case analog for ¢ # 1), it follows that a(¢) > a'(#). This

concludes the proof. O
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S.6 Sum of Two Scores

Overview. Let us start with a slightly more general specification, the justification of which

will be given after Lemma 1 below. There are two scores that obey

dYy = (Q¢— ¢1Yi)dt + Uletl
d}/gt = (Qt — (bl}/gt)dt + pUQdZtl + 094/ 1— deZtQ,

where ¢y > ¢, and where p € [0, 1] measures the degree of correlation of the shocks.

As in the baseline model, firm ¢ chooses its price based on the observation of Y; := Y7, + Y5,
only, whereas the consumer observes the history of (W;);>o."!

The first thing to notice is that (W;);>¢ is not Markov, which implies that the consumer’s

problem ceases to be recursive in (6;, W;);>o. In fact, it is easy to verify that

th = (2Qt — ¢2Wt + (Cbg - ¢1)}/1t)dt + (0'1 + pO‘Q)dZtl + 0921\/ 1-— deZtQ, (822)

so knowledge of Y7; is needed to assess the evolution of W;. In particular, this implies that
the consumer will attempt to filter the components of ¥; and Y5 from the observations of
(Wi)i>0 to forecast the evolution of prices.

To make the problem recursive, therefore, we can use as states the consumer’s beliefs
about Y; and Y5.!2 This can be done by filtering Y, from the observations of W, and
then using that W; — Y}, = Y5 also holds when (Y7,Y3) is replaced with the corresponding
posterior mean. Moreover, in order to have a stationary model, we require those beliefs to
be stationary.

Let Yy, := E[Y;| FV], where (F}V)iso is the filtration generated by (W;);=0, and observe
that (Q:)r>0 is ultimately a function of the paths of (6;, W;);>o. The following lemma is a
direct application of the filtering equations for conditionally Gaussian systems (Chapter 12
in Liptser and Shiryaev, 1977):

"The case in which the consumer observes the histories of (Y, Ya:)¢>0 can be analyzed with the same
approach displayed here, as will become clear soon.

12The fact that the consumer can filter first (Y1, Y3) from W, and then optimize using the dynamics of
the posterior mean, is a consequence of the separation principle of Wonham (1960); for an application to
a particular class of linear-quadratic control problems, see chapter 16 in Liptser and Shiryaev (1977)—the
idea in that chapter easily extends to our setting.
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Lemma 7. Suppose that beliefs are stationary. Then,

o1(o1 + poa) + 7 (P2 — ¢1)
\0? + 2poi0g + 03
oa(02 + po1) — 7 (d2 — é1)
\/0% + 2p0109 + 03

dYy = (Q;— ¢1Yi)dt + dz,

dYy = (Qp— doYor)dt + dz, (S.23)

where

V= VU + (0102)%(1 — p?) (02 — d1)? — b
(P2 — ¢1)?

is the steady state variance and b : —o3 ¢y + 05¢1 + po1o2(P1 + ¢2). Moreover,

AW, — [2Q; — ¢po2Wi + (¢ — ¢1)}>1t]dt
\/a% + 2poi09 + O’%

dZt =

is a Brownian motion w.r.t. (FV);>0.

Proof. Refer to Theorem 12.7 in Lipster and Shiryaev (1977).

Observe that since W, = 37175 + ?2,5 holds at all times, the process (6, 371, 372) carries all the
relevant information for the consumer’s decision making (i.e., the problem is recursive).

There are two important observations that follow from the lemma. First, if p = 1—i.e.,
there is only one source of noise—we have that v* = 0. In order words, if the consumer
only observes the sum of the scores, then, starting from any (non-trivial) initial degree of
uncertainty, learning is always non-stationary when p = 1.

To have a stationary model, therefore, we require p < 1. However, when p < 1, the model
just described is observationally equivalent to one in which the consumer observes a vector
(Y1,Y5) of scores subject to only one source of noise and volatilities as in Lemma 1. Thus,

in the next section we work with a generic tuple

dYye = (Qt — 1Y )dt + 01dZ;
dYy = (Q¢— ¢2Yor)dt + 02dZ;,

assuming that the consumer observes the histories of each component, whereas firm ¢ only

observe the contemporaneous value of the sum, ¢ > 0.
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Equilibrium analysis. In this context, the natural object to characterize is an equilibrium
quantity process
Qr = op+ al + 1Y + 2o

The existence of a linear Markov equilibrium can be reduced to the existence of a negative
solution for a single equation that characterizes ;.
To derive the main equation, we take the sequence of steps followed in the determination

of a linear Markov equilibrium for a single score:

1. Steady state distribution (6,Y!,Y?). Let

0; KL K 0 0 og 0 76

Xy = |Yi|, Ao = 5# »Alz -« ¢1—51 — 32 , B=10 o aZtX: Zt
Yo op —a  —=f1 P2 — 0 o9 '

(S.24)

When 3; < 0, i = 1,2 (as we would expect in this model of the ratchet effect), the

matrix A; is invertible, and we can write
dX, = A (AT Ay — X,)dt + BdZ

which is a three-dimensional Ornstein-Uhlenbeck process. Replicating the proof of

Proposition A.1 in the paper, its stationary distribution is Gaussian with mean

1
fi= Y| = A1 Ag (S.25)
Vs
and covariance matrix
I'm TI'iz TI'is
[:= |y Dy TDyy| satisfying BBY = AT’ + T AT (S.26)
'z Tag I'ss

2. Consumer’s best-response problem. Equipped with (i and I, setting up the consumer’s

problem requires determining the price process. With unit demand sensitivity (which

also holds here), the price process must satisfy

P, = E[Q:|W] = E[dp + ab + 1Y1e + oY |[Wy].
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However, the firms know that W; = Yy, + Yo, ~ N (W, Var[W;]) where

W = Yi+Y,
Var[Wt] = D99 +1'33 + 2093 (827)
Define the sensitivities
A\ COV[@t, Wt] . F12 + F13
’ Var[W] ['yo + T'gg + 213
P Cov[Yy, Wi _ [y + T3
e Var[Wt] FQQ + Fgg + 2F23
Ny = Cov[Yy, Wi _ ['yg + 'y . (S.28)
Var[Wt] FQQ + F33 —+ 2F23

Thus, from firm ¢’s perspective,

]E[Qt]Wt] = U+ )\Q(Wt - W)
E[Yi|W;] = Y1+ MW, —W)
E[Yy|W,] = Vi + Ao (Wi — W)> (S.29)

and so the price process takes the form

P, = op+alp—X(Yi+Y2)] + Si[Y1 — M(Y1 + Ya)] + Ba[Yo — M (Vi + 13))]
(g + By + BaXo)[Yie + Y
= 7o(B, . B, Ba) + (S, a, Bu, Ba)[Yie + Ya (S.30)

The HJB equation reads

rV =sup (0 —p)g—a*/2+ Vv (¢ — d1y1) + Vas(q — dayo) + Vir(pu — 0)

a€R

1
5 [05 Voo + 01 Vv, + 03 Vagy, + 20109 Vi, ] (S.31)

and we look for a solution V' = vy + v1Y] + v9Ys + v30 + v, Y2 + v5 Y3 + v60? + v Y1 Y +
vgY10 + voY50.

3. Equilibrium conditions. The FOC reads

q="0—my—mi(y1 + y2) + v1 + V2 + 204y1 + 205y2 + V7Y2 + v7y1 + vsl + Vol
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which yields the relationships

a =14 v5+ vg
B1=2v4+v; —m
Ba = 2vs +v7 — ™

Op = vy + vg — .
In particular, we have that Sy = 81 + 2(vs — v4), so we obtain
Bi = 24 +v7 — mi (¢, 1 + vs + vy, B, B1 + 2(vs — v4)) = i (va, Vs, U7, Vs, V).
By the envelope theorem, moreover,

(b1 + 7)[vr + 204y1 + V7Y +vs0] = [2v4 + v — T][0p + ab + Biyr + Boyo]
—20401Y1 — VrPaya + vgk(p — 0)
(2 + 7)[v2 + 2usy2 + V7Y +v9l] = [2u5 + v — m][6p + ab + Biyr + Bayo]
—20509Y2 — Vr1y1 + vor (1 — 0),
(K +7)[vs + 2v68 + vsy1 + voya] = [vs +vg + 1][0p + b + Biyr + Says]
+2uk[p — 0] — VP11 — Voays

so letting v = (vy, vs, V7, Us, Vg), We obtain the following system of equations for v:

21201+ r)ug = [2v4+ v M (9)] B1(9)

226 +1)vs = [2u5 +v£(j) m1(7)] o)

(01 + G2 +r)vr = [204 +:U72(j) 1 (0)]62(0)
(1 +r+rK)vs = [2v4 +v7 — (V)] [1 + vs + vo]
(P2 +7r+K)vg = [205+vr —m(0)][1+ v: + o)

«

(It is clear from here that we cannot have ; = f35: the FOC would imply that vy = vs,

and so the first two equations yield ¢, = ¢2, a contradiction.)

Since v, and vs are the coefficients on Y* and Y7, and both of these states are being
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controlled, they are strictly positive: In fact, this is implied by the first two equations:

bt

= and vy = B
2(2¢1 + 1) 2

. (202 + 1)

Thus, vy = v4(51) and

2(2¢2 4+ r)vs = B3 = [B1 + 2(vs — va)]* = [B1 — 20a(B1))* + 4[B1 — 2v04(B1)]vs + 403
—2[2B1 — 4vs(B1) — 262 — 1] £ /4281 — 4vs(B1) — 202 — 7|2 — 16[B1 — 2u4(B1) 2
8
—2[201 — 4va(B1) — 265 — 1] £ \/—16[B1 — 204(51)][202 + ] + 202 + 1]?]
8

= Vs =

= Vs =

We are seeking for 57 < 0, so both roots are positive. (As in our model, however, we
presume, that it is the smaller one that will work, in the sense that it will deliver a

negative 1.) Given a choice of root, we have vy(f3;) and vs(f1).

On the other hand, we can subtract the 4th equation from the first in the system vs—vg

above to obtain

_ 2291 + r)va(B1) — 261[v5(51) — va(B1)]

o 1+ g2t = vrlB)
Finally, from the last two equations and S = 51 + 2(vs — v4),
¢1+ 71+ K P o1 +71+ K 2[vs(B1) — va(B1)] -
= —_— — ]_ —|— g , .
Vg b +T+/161U8 be Ttk 3 ,US p(¢, Br)vs
p(6,51):=

Plugging this into the second to last equation we get

B
$1+ 7+ 8 — Bi[L + p(e, B)]
B[l + ,0(¢2 B1)] .
¢1+1r+ k=Pl + p(ﬂi B1)]

vg —

= Vg +v9 =
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All this together, we obtain a single equation for 5, given by

207 N 2(2¢1 + 1r)va(Br) — 261 [v5(B1) — va(B1)]

61 - \2(2¢1 + 7”)1 ¢1 + ¢2 +r )
—2u4 -~
g B[l + p(o, Bu)]
_ 1 _ By, 9 B
fl <¢7 " o1+ 1+ K= B[l + p(b, B1)] Ot 20 04(51)])
w($,a%:,ﬂz):
(S.32)
where
. g
! 2(2¢1 + 1)
p 2280 = 4u(B) = 265 = 1] £ /=16[B1 = 20a(B)][262 + 1] + [26 + 1T

8
Ratcheting properties.

o 3y < 31 <0: If instead 0 > By > (31, we would have 33 < 2. However, from the first

two envelope conditions

2(2¢1+7”)U _ 2(2¢2+7“)U
g g

Since ¢ > ¢1, it must be that vs < vy. But By = B + 2(vs — v4) then would imply
that B < f1, a contradiction.

e o< 1. Follows from s < 1 < 0= vs<vy4=p>0=v5 < 0= vg+v9 <0.

Finally, the expressions for I' coefficients as well as the equation for §; are in a Mathe-

matica code, and can be send upon request.
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