Online Appendix

Dynamic Pricing under Debt:
Spiraling Distortions and Efficiency Losses

A Model with Nonzero Limited Liability

Our base model assumed zero liability under debt, so that the DM’s objective was given by E[(%’(p) —
B)+]. In practice, failing to repay the debt often carries negative consequences for a borrower due to,
e.g., recourse by the lender (Wells Fargo, 2016), or bankruptcy/reputation costs when the firm goes
into default. To capture this limited (but nonzero) liability, we now assume that a DM faced with a

debt payment B maximizes the following objective function:
E[(%Z(p) — B)"] —kE[(B— Z(p))*], for some k € [0, 1].

The parameter k controls the severity of the penalty when the DM fails to repay the debt. A choice of
k = 0 recovers our familiar model, and k& = 1 corresponds to maximizing the total revenues Z(p).

In this context, the recursion characterizing the DM’s problem is given by:

Vi(b,y) = max {A(p)ffm(b -py—1)+(1- A(p))féﬂ(b,y)} ,oy=2Lit=1...T  (Ala)

Vi(0,0) = Vrpq(b,y) = (=b)T —kbT,  t=1,..,T+1,y>0. (A-1D)

Let p¢(b,y) denote the DM’s price in period t. Following similar arguments to our analysis in §3, it can
be readily shown that the DM always charges the revenue-maximizing price once the debt is covered,
ie, pi(byy) = p*(y), Vb < 0. Furthermore, the following proposition provides certain structural

properties for the DM’s value function.
Lemma A.1. We have that
i.) Vi(b,y) is convex, decreasing in the outstanding debt b and decreasing in t.
ii.) b+ Vi(b,y) is positive and increasing in b, and b+ w is positive and decreasing in b.

iii.) Vi(b,y) is decreasing in k.

Proof of Lemma A.1. Note that Vi, (b,y) = max(—b, —kb) readily satisfies both properties. Assume
by induction that these are also satisfied at time ¢ 4+ 1. We have that:

Vilb.y) = max (AP)Vir (0= p.y = 1)+ (0= AV bw) . y>1
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To show (i), note that since the maximand is convex and decreasing in b for any p, V, will also
retain these properties. Also, V;(b,0) > V41 (b,0) readily holds for y = 0; for any y > 1, we have
Vit1(b,y) < Vip1(b — p,y — 1) holding for at least some p € P, so that Vi(b,y) > Viy1(b,y) follows.

Assuming that 88—% and 6‘3}? L are well defined, and that —1 < 6‘3}? L < —k holds by induction, we then

readily obtain that —1 < %—‘Zﬁ < —k by a direct application of the Envelope theorem. Part (iii) readily
follows by induction. O

As with our base model, the DM’s value function decreases with the outstanding debt b, and
additional units of debt reduce his payoff by a diminishing amount. Reflective of the non-zero (but
limited) liability, the payoff always decreases at rates faster than k, and can now become negative.

As expected, this new model retains the analytical complexity of our earlier model. To characterize
the DM’s pricing policy and the impact of the nonzero liability, we thus restrict attention to the special
case of asset selling discussed in §5. Furthermore, since Y = 1, we limit attention to the interesting
case when b < p, so that the DM has a fractional probability of covering the debt. The following result
characterizes the DM’s policy in this setting.

Lemma A.2. Under Assumption 5.1 and for all b > 0,

i.) there exist thresholds 0 < BT < BT_l <... < Bl such that the DM’s pricing policy and value

function are respectively given by:

) m(b+ Vi (b)), fO0<b<By Vie1 (D) + h(b+ Viga (b)), if0<b< By
pe(b) = 5 Vi(b) = 3 3
jo if By <b<p —kb + kV4(0), if By < b < p,

where () := argmax,cp A\(p)(p — v) and h(x) := max,ep A(p)(p — ).

ii.) at low debt values (i.e., b < B,), the DM’s price py(b) is higher than the revenue-mazimizing

price, and is increasing in the debt b and decreasing with the penalty k.

iii.) at large debt values (i.e., b > B;), the DM’s price py(b) exactly corresponds to the revenue-
mazximizing price, and is thus unaffected by the debt b or the penalty k.

Proof of Lemma A.2. The DM’s problem in period ¢t € {1,...,T} is given by:

Vi(b) = Vir (0) + max A(p) [Vrsa (b= p) = Vi ()] (since Vi (b) = max(=b, —kb))
= Vi (b) + maX{g}gg f(p.b), max fi"(p, b)},

where  f{(p,b) ;= Ap)[p—b— Vi1 ()] f*(p,b) := A(p)[k(p — b) — Viga (b)].
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We analyze each of the problems above separately. First, recall from Proposition 5.1 that for z > 0,
we have 0 < 7/(z) < 1. Therefore, since b+ Vii1(b) > 0 and b+ V,41(b)/k > 0 by Lemma A.1, we have
g; (b) := argmax f{(p,b) = 7 (b+ Vg1 (b)), q;"(b) := arg max f;"(p,b) = 7T<b + VH—Tl(b))

peEP pEP
By Lemma A.1 and since 7'(z) > 0, we have that ¢ (b) is increasing and ¢["(¢) is decreasing in b. To
determine the DM’s optimal price p;(b), we distinguish two cases, depending on the sign of f/}+1.
o If Vi1 (b) >0, then b < gf(b) < g/*(b), so that p(b) = i (b).
o If Vi 1(b) <0, then ¢/™(b) < ¢{(b). We claim that the optimal policy involves a threshold, such that
qf(b) is charged for b below the threshold, and ¢/*(b) is charged for b above the threshold. First, note
that f;(b) = qf(b) for b < ¢/*(b), and p;(b) = ¢i*(b) for b > qf(b). Let us define

g0(b) = S (" (0),0) — f (4; (9),b) = kh(b+ Vi1 (8) /) — h(b + Visr (1),

where h(z) := max,ep A(p)(p — z). To show that the policy is a threshold one, we first argue that g
is monotonic increasing. This follows since h(zx) is decreasing, and by Lemma A.1, b+ Vi1 (b)/k is
decreasing and b+ V4 (b) is increasing in b. Furthermore, ¢,(0) < 0 since V;41(0) > 0, and g;(b) > 0
if b > gf(b) (which holds at large b, since 7’ < 1). Thus, there exists a threshold B; > 0 given by:

9¢(B) =0
price above such that the DM’s pricing policy is exactly given by

¢ b), ifb<B

pe(b) = ~

We also claim that B; > By, Vt € {1,...,T — 1}. To see this, note that g;(b) < gi41(b), Vb > 0,
since TN/H_l(b) > f/}+2(b), by Lemma A.1. Thus, since g; and g;11 are increasing, B, > Bt+1-

To complete the proof, note that the expression for p;(b) and f/t(b) for the case b < B, follows from
the arguments above. For b > By, we prove by induction that for any ¢ € {1,...,T},

V,(b) = —kb + kV,(0), Vb > B,.

First, note that this trivially holds at t = T'+ 1 with BT+1 := 0, since VTH(b) = —kb, Vb > 0. Assume
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by induction that the property also holds at time ¢t 4+ 1. We have:

~ m - s = —kb+ kViy1(0 - §
Vo> B : q"(b) =7(b+ Vir1(b)/k)= (since By > Byy1) = 7T(b—|— - el )) = 7(Vi41(0)) = pj.

Replacing this in the expression for f/t(b), we obtain
Ti(b) = —kb+ kT2 (0) + ko (Vi1(0)) = — kb + KT;(0),

which completes the induction and the proof of parts (i) and (iii).
To prove (ii), it can be readily seen that p;(b) = ¢*(b) is increasing in b for b < By. Since Vi(b) is
decreasing with k£ by Lemma A.1, so is O

The result suggests that the presence of a non-zero liability carries certain nontrivial implications
on the DM’s pricing policy, depending on the required debt repayment b. Two regimes emerge. When
the debt is not too large, the DM charges prices that increase with the debt, and exceed the revenue-
maximizing price. Qualitatively, this exactly corresponds to the main distortion documented in our
base model, whereby the DM shifts risk by charging high(er) prices. However, prices now decrease with
the magnitude of k, which confirms the intuition that transferring more liability to the DM successfully
reduces his risk shifting incentives.

Interestingly, when debt is sufficiently high, the DM’s price exactly equals the revenue-maximizing
price. This occurs when the debt exceeds a certain time-dependent threshold By, and the switch is
sudden: the DM’s price exhibits a downward jump, from a value that exceeds B; to Py < B,. Once
the switch occurs, the DM then continues to follow the revenue-maximizing policy for the remaining
planning horizon (since B, > B., V1 > t). Qualitatively, in this regime the DM effectively acts as if
he were unable to repay the debt, and therefore relies on a strategy that seeks to minimize his losses,
or equivalently maximize revenues. (In fact, since b > p} holds here, following the revenue-maximizing
policy actually yields a “self-fulfilling prophecy,” guaranteeing bankruptcy.) This regime is new, and
is entirely caused by the non-zero liability, which acts as a severe threat for the DM. We note that
the debt required to generate this regime is very high: B, > V}(O), so that the debt repayment would
exceed the expected revenues that could be generated over the remaining horizon.'"

Regarding the time-dynamics of the pricing policy, similar arguments to those in Proposition 5.2
can be used to confirm that when the DM still relies on the risk-shifting strategy, he would reduce
prices over time, but the markdowns would always be lower than the revenue-maximizing ones, and

would decrease with the debt. Thus, the pricing distortions and efficiency losses would again compound

5Since loans might not be issued under such unfortunate circumstances, it would be interesting to study whether this
regime survives in equilibrium, once the debt repayment is endogenized. We leave this interesting analysis for future
research.
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over time, leading to a spiraling behavior.

To summarize our findings, the presence of the non-zero (limited) liability successfully reduces some
of risk-shifting incentives driving the DM’s decisions. However, unless the entire liability is transferred
to the DM (i.e., k = 1), the pricing distortions and the associated efficiency losses persist, albeit with

a diminished magnitude.

B Numerical Experiments on Multi-unit Case

In our experiments, we considered several demand functions that all yielded consistent findings—
including ones that do not satisfy the requirements in Assumption 5.1. Below, we present the case of
a logit demand function A(p) = e!™P/(1 4 ' ~P).

Pricing policy. In Figure B-1, we depict the DM’s price p:}_ 4 and the revenue-maximizing price

P74 as functions of the outstanding debt, for two starting inventory levels, y = 5 and y = 3. Consistent
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Figure B-1: The DM’s pricing policy structure. The demand curve is A(p) = e!™P/(1 + e!~P), and
the time horizon is T = 5.
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with our findings in §4, we observe that the DM’s prices are piecewise increasing in the debt; but with
many units in inventory and many periods, there are now multiple discontinuity points, as we alluded
to in our earlier discussion.

In contrast with the two-period case depicted in Figure 1, it is no longer possible to exactly associate
strategies that rely on selling & units to cover the debt with prices that lie between b/(k — 1) and b/k.
The reason is that, with more than two periods to go, strategies become increasingly complex, as they
also need to account for multiple future contingent strategies that possibly rely on more or less units,
depending on sales realizations. This precisely illustrates how the underlying combinatorial structure
dramatically increases the complexity of the DM’s pricing policies in the general case, defying an
analytical characterization.

In Figure B-2, we depict the time-evolution of prices on sample paths where no sale occurs, for
different levels of debt. Similar to the analytical results in §4, the DM’s policy always entails slower
markdowns than the revenue-maximizing policy, and actually may prescribe markups. Furthermore,
price distortions increase monotonically over time. However, due to the discontinuities in the DM’s

price as a function of debt, price distortions are not monotonic in the debt level.

(a) Optimal prices (b) Price distortions
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Figure B-2: (a) Price evolution for the revenue-maximizing policy and the DM’s policy under A(p) =
e!™P/(1 4 e'7P), for T =5 and y = 3, and for different levels of debt: ‘low’ b, = p%/2, ‘medium’
b, = P, and ‘high’ by, = 1.5 x pZ. (b) Evolution of price distortions over time.

Finally, Figure B-3 depicts all possible sample paths corresponding to the evolution of the DM’s

price over time, as well as the corresponding expected prices. We observe that when inventory is ample,
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Possible evolutions of pI (B, %)
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Figure B-3: Efficiency loss evolution under A(p) = e =P /(1+¢e*P), for T =5, y = 5 and b = 1.75 X p%..
Each edge in the tree depicts a possible evolution of pI (%, %;). The width of the edge is proportional
to the probability of the edge. The dots on the dashed line depict E[pz(,%’t, @t)]

as in the case depicted, the expected price increases over time. Furthermore, the range of possible price
values also significantly expands, particularly on the paths on which few sales to date occur, where the
DM becomes more and more aggressive with pricing decisions as time progresses.

Efficiency losses. In Figure B-4, we explore the evolution of .%; and the various paths that may
be taken. In particular, consistent with all our analytical results thus far, we observe that the expected
efficiency loss L; is increasing over time, and the “variability” of ., also increases over time, with a

wide range of possible outcomes in the last period ¢t = 5.

C Endogenizing Debt

In this section, we formulate a model where debt is endogenously determined. We base our analysis on
the setup in §4, but assume that the DM is no longer endowed with inventory; instead he can purchase
an inventory bundle of Y = 2 units at a cost of ¢, before the start of the selling season. The DM has
limited available equity € that he can use to pay for the purchase. To exclude uninteresting cases, we
assume that the optimal revenues that could be generated from this purchase would exceed the costs,
i.e., J* > ¢, and that the DM’s available equity is insufficient to cover the purchase, i.e., € < c.

If the DM decides to proceed with the purchase by investing e < € of his own equity, he may be able

to obtain a loan for the remaining amount ¢ — e from a lender. We make the standard assumption that
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Figure B-4: Efficiency loss evolution under A(p) = e!™?/(1+e!™P), for T =5, y = 5, and b = 1.75 x p%..
Each edge in the tree depicts a possible evolution of .%;. The width of the edge is proportional to the
probability of the edge. The dots and dashed lines depicts L;.

the debt market is perfectly competitive Tirole (2006, page 115). That is, when the borrowed amount is
c—e, the lender would set the required repayment B (of principal plus interest) at the loan’s maturity so
as to break even. More precisely, using the terminology and notation of §2, the lender would anticipate
that if the required repayment were set to B, the borrower would follow a pricing policy pf(B,Y),
which would yield an expected repayment (i.e., a debt value) of D(B,Y) := E[min{B, Z(p'(B,Y))}].
The lender would then set B so that

D(B,Y)=c—e. (C-2)

Note that this equation may not have a solution B for particular values of e, in which case the lender

would be unwilling to extend a loan. Intuitively, this could occur if the expected revenues are low and
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the borrowed amount ¢ — e is high.
By not pursuing the inventory purchase, the DM would achieve a profit of zero. Alternatively,
by injecting equity e, borrowing ¢ — e, and facing a repayment of B, his profit would be given by

Vi(B,Y) — e. His decision problem before the start of the selling season can then be formulated as:

maX{O, max Vi(B,Y) —e } (C-3)
0<e<e
D(B,Y)=c—e
Several outcomes are possible. If the inner optimization problem is infeasible (i.e., when (C-2) is
infeasible for any e), we say that lenders refuse to lend. If the inner optimization is feasible, but has
a negative optimal value, we say that the DM finds the purchase unprofitable. In both of these cases,
the DM generates zero profit. Finally, if the optimal value in (C-3) is strictly positive, we say that the

inventory purchase goes through.

C.1 One-Period Case

We first analyze the one-period case under a linear demand model, i.e., T'=1 and A(p) = a — Sp, for
some « € (0,1] and B > 0. Using our analysis from the proof of Proposition 4.1 (with b = B to retain

the familiar notation), it can readily be seen that the lender’s expected collected payment is equal to
t 1
D(b) = AMpy(b,1))b = §b/\(b)'

The break-even equation (C-2) yields Sb* — ab + 2(c — e) = 0. Consequently, lenders refuse to lend

unless
> 042
e C— —
Y )

where the right-hand side can be interpreted as the minimum equity level that lenders expect the DM
to inject. When the DM injects more than this minimum level, lenders set the repayment amount to
a—+/a?—8(c—e)s

ble) = 5 ,

and the DM’s profit can be expressed as

a <a +/a? —8(c— e)ﬁ) —4(c+e)p
83 ’

Vi(b(e), 1) —e =

It can be readily checked that Vj(b(e),1) — e is increasing in e. Thus, the DM injects all available
equity e. The inventory purchase is then profitable for the DM as long as Vi (b(e),1) —e > 0.
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Figure C-5: Outcomes for T'=1, ¢ =1, a = 1 and different values of 5 and e. Cyan means that the
inventory purchase goes through; Yellow means that lenders refuse to lend; Red means that the DM
finds the purchase unprofitable.

To summarize our findings for the case of T' = 1: the DM always injects € and achieves a profit of
Vi(b(e),1) — e, unless his available equity € is low. In particular, if € < ¢ — g‘—;, the lenders refuse to
lend and if V1(b(€),1) — e < 0, the DM finds the purchase unprofitable.

We illustrate the above cases graphically in Figure C-5, for fixed values of ¢ = 1 and o = 1,
and all possible values of € and 8, namely 0 < e < 1 and 0 < § < i.m We observe that for small
values of  (namely < %), no minimum equity is required for the inventory purchase to go through.
For intermediate values of 3 and above (namely > %), lenders always require some minimum equity
to be injected in order for them to lend. For higher values of 8 (namely > 1%), even if the DM
has the minimum equity that lenders require, he might still find the inventory purchase unprofitable.
Intuitively, this is because as 3 increases, the revenues that can be extracted decrease. Thus, for
intermediate 8’s and above, lenders refuse to lend high amounts. For high §’s, even if they agree to

lend, it is possible that they charge a prohibitively high interest that makes the inventory purchase
unprofitable for the DM.

C.2 Two-Period Case

We now consider the two period case we analyzed in §4, i.e., T =2 and Y = 2 and A(p) = o — Bp,

for some o € (0,1] and f > 0. In this case, the break-even equation (C-2) becomes a fourth-order

16The upper bound on g follows from J* > c.
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polynomial equation in b, when the DM prices so as to cover the debt in one period. In case he prices
qm SO as to cover the debt in two periods, it also involves square root terms as in the definition of
Gm, see (E-6). Consequently, we were unable to obtain closed-form expressions and tackle the DM’s
problem (C-3) analytically. Instead, we performed a numerical study for fixed values of ¢ = 2 and
a = 1, where we considered various possible values for 0 < e < 2and 0 < 8 < %. Figure C-6(a) depicts

the outcomes. We distinguish the following cases, depending on the value of 3:

e For small values of ’s (namely < 0.133), lenders set a low enough repayment amount b, so that

the DM prices to cover it in one period, for any value of e.

e For intermediate values of 4’s (namely 0.133 < 5 < 0.211), if € is too low, lenders might refuse to
lend (yellow region). If € is slightly higher, then lenders set a high enough repayment amount b,
and the DM prices to cover it in two periods (magenta region). If € is even higher, then lenders

set a lower repayment amount b, and the DM prices to cover it in one period (cyan region).

e For high values of f’s (namely > 0.211), if € is too low, lenders refuse to lend (yellow region).
If e is slightly higher, then lenders set a high enough repayment amount b, and the DM finds
the purchase unprofitable (red region). If € is even higher, then lenders set a lower repayment

amount b, and the DM prices to cover it in one period (cyan region).

These results are in line with our findings in the one period case above, and bear a similar inter-
pretation. Importantly, however, they demonstrate that both pricing strategies of covering the debt in
one or two periods (discussed in §4) could arise. Put differently, the discontinuity in the DM’s pricing
strategy we elicited in §4 (see Figure 1) could arise. This is further illustrated in Figure C-7 where we
plot the optimal price p4._,(2) (green) and the DM’s price pTT_l(b, 2) (blue) for fixed € = 0.4, as we vary
5. We observe that for high enough values of 3, the repayment amount increases to the extent that
the DM switches his pricing strategy, resulting in a discontinuity point. The dashed line corresponds
to the repayment amount b, and helps to highlight the strategy switch.

An important feature that arises in the two period case is that the DM’s profit V;(b,2) — e is no
longer monotonic in the equity injected e. In other words, the DM may find it profitable to only invest
a fraction of his initial equity, which would lead to larger profits than choosing whether to invest the
entire equity.

To appreciate this point, it is useful to compare Figure C-6(a) with Figure C-6(b). In Figure C-6(a),
the DM can choose what amount of equity to inject, i.e., e € [0,€]. In Figure C-6(b), the DM is only
allowed to choose whether to inject all his available equity, i.e., e € {0,€}. The critical difference
between the two figures occurs at intermediate values of £, namely 0.15 < 8 < 0.211. In this range,

there are particular values of the initial equity € such that the inventory purchase goes through when
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Figure C-6: Outcomes for T'=2,Y =2, ¢ = 2, a = 1 and different values of 8 and available equity e.
In (a), the DM chooses how much equity to invest (e € [0,€]). In (b), the DM chooses whether to
invest all equity or not (e € {0,e}). Cyan (Magenta) means that the inventory purchase goes through,
and the DM prices so as to cover the debt in one (two) periods; Yellow means that lenders refuse to
lend; Red means that the DM finds the purchase unprofitable.

price at T'— 1

0.1 0.12 0.14 0.16 0.18 0.2
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Figure C-7: Optimal price p4_,(2) (green) and DM’s price p;_l(b, 2) (blue) as a function of 3, for
T=2c=1,a=1,e=04. The dashed line depicts the associated repayment amount b.
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Figure C-8: Optimal injected equity e as a function of the available equity e, for T'=2, ¢ =1, a =1,
B = 0.175. Solid yellow means that lenders end up refusing to lend; Dotted magenta (dashed cyan)
means that the inventory purchase goes through, and the DM prices so as to cover the debt in two
(one) periods.

the DM can inject a fraction of the equity—corresponding to the magenta region in Figure C-6(a)—
but the inventory purchase does mot go through when the DM only chooses whether to inject the
entire equity—corresponding to the red region in Figure C-6(b). To further illustrate this, Figure C-8
considers the case = 0.175, and plots the optimal equity e € [0, €] that the DM would invest as a

function of the available equity e. Note that three regions emerge:
e For e < %, the DM injects all his equity, but lenders refuse to lend (solid yellow line).

e For e > %, the DM injects all his available equity, e = €, and the debt he raises induces him to

price so as to cover the debt in one period (dashed cyan line).

e For % <e< %, the DM chooses to inject only e = %, i.e., he does not use all available equity and
e < e. In this case, the amount of debt he raises induces him to price so as to cover the debt in

two periods (dotted magenta line).

This highlights the same phenomenon as our earlier discussion: at intermediate values of equity—when
% <e< %—the DM would prefer not retain some of his equity, and only invest e = %. To understand
this preference, note that investing a lower equity requires the DM to raise a high debt; in turn, this

higher debt allows him to credibly pre-commit to a pricing strategy that clears the debt in two periods.
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Such a strategy is less risky, by relying on lower prices, as we discussed in §4. Consequently, this allows
the lenders to charge a lower interest, with the DM eventually benefiting.

This discussion illustrates the strategic role that debt could play in our setting. Thus, the appropri-
ate selection of capital structure leads to a better alignment of incentives, so that the DM implements
an ex-ante higher-value pricing policy. This strategic use of debt as a pre-commitment mechanism is
akin to other papers in the finance literature, e.g., see Titman (1984). More broadly, a positive effect of
debt on firm value has also been documented in several other papers in the corporate finance literature,
see, e.g., Brander and Lewis (1986) and Chemla and Faure-Grimaud (2001).

D Proofs for Section 3

Proof of Lemma 3.1. i.) If y = 0, Vi(b,y) = (=b)" is clearly convex, decreasing in b. If y > 1,
Vrii1(b,y) is similarly convex, decreasing in b. Assuming that so is V411(b,y) for some t = 1,...,T,
then the recursion (2) yields that

Vi(b,y) = max A@WVir1(b—p,y = 1) + (1 = A(p)) Ver1(b,y) } -

For any p € P, the maximand above is convex, decreasing in b because it is a convex combination of
two such functions. Thus, V;(b,y) is also convex, decreasing in b.

To show that Vi(b,y) is decreasing in ¢, note that it is immediate for y = 0, since V;(b,y) = (—=b)*.
For y > 1, by the recursion (2) it suffices to show that V;(b,y) < Vi(b— p,y — 1), for some p € P, for
all t =1,...,T + 1. We shall show it for p = p. At T + 1, we get Vry1(b,y) = (=0)T < (p—-0b)*+ =
Vry1(b — P,y — 1). Suppose that it is true at ¢ + 1. Then, for y > 2

Vilb=p,y—1) = max APWVir1 (b =P —p,y —2) + (1 = A(P)Vit1 (b =Py — 1)}

> max A@Virr (b —p,y — 1) + (1 = A(p))Vit1(b,y) }

A similar argument can be employed for y = 1.
i1.) For b < 0, it suffices to show that Vi(b,y) = =b+ V;(0,y), t =1,..., T+ 1. At T+1, Vpi1(b,y) =
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(=b)" = —b=—=b+ Vr41(0,y). Suppose now that it is true at some ¢ + 1. Then, (2) yields

Vib,y) = max {A(p) (¢ = b+ Vi1 0,y = 1)) + (1 = Ap) (=0 + Vi41(0,9))}

=-b+ I;lg{)\(p)‘/tﬂ(—p,y — 1)+ (1= Xp)Vis1(0,9)}

= —b+ Vi(0,y).

For b > 0, it suffices to show #ii.) below.
i11.) At T+ 1, or for y =0, Vi(b,y) = %V}(b, y) = 0 and the probability of covering the debt is 0.

For y > 1, at T' the DM generates no revenue and fails to cover the debt with probability 1, unless he
charges p'(b,y) > b. Consequently, if 5 < b, we have that p'(b,y) < P < band Vp(b,y) = %VT(Z), y)=0.
Otherwise, if p > b the DM charges pf(b,y) € [b,p] and covers the debt only if he makes a sale, i.e.,
with probability )\(pTT(b, y)). Also, by the Envelope Theorem

0

D == g OO =200

Thus, Vr is differentiable with respect to b and —%VT(b, y) is the probability of covering the debt.

Assuming that Vi1 has the same properties, we can apply the Envelope Theorem to the recursion for

t to obtain

0

o Vilb) = = 5 AVt (b~ py = 1) + (1= A Vira09)

p=p] (by)

(= p(0,),5 = 1)~ (L= A 6,0)) T

Vit

= A} (b)) 5

(b,y).

By the law of total probability (applied depending on whether a sale occurred at t), it follows that
—%Vt(b, y) is the probability of covering the debt at t. O

E Proofs for Section 4

Proof of Proposition 4.1. To facilitate exposition, we first attend to parts ii.) and iii.).
i1.) Since there is only one period left p}(b, y) = pTT(b, 1), which is shown to be increasing in b in the
analysis of the one-unit case, Proposition 5.1.
i11.) The fact that pTT_l(b, 1) is increasing in b follows again from Proposition 5.1.

Next, we analyze pr}_l(b, 2), which involves the solution of the optimization problem in (2), for
t =T — 1 and y = 2. To this end, a characterization of Vr(b,y) is required.

Consider first the case of b < §. Clearly, V7(b,0) = 0. For y > 1, Vr(b,y) = Vr(b,1). Thus,
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by the analysis of the one-unit case, for b > 0 (F-22) yields that pif(b, 1) =1 (% + b). Substituting

into (F-25), we get that Vp(b,1) = %(ﬁb)-

Vr(b,1) = —b+ V7(0,1). Summarizing then,

For b < 0, as we argued in the proof of Lemma 3.1ii.),

A2(b

. b>0,y>1
Vr(b,y) =< —b+Vp(0,1) b<0,y>1

0 y = 0.

Substituting for Vp(b,y) using the above equation, the maximand of (2) for t = T — 1 and y = 2

becomes

V(b 1) + fe(p) = Ap) (p = b+ Vr(0,1) = V(b 1)) p e (b, §]
A

fm(p) == Ap) (Vr(b—p,1) = Vr(b,1)) p €0,

.

We next analyze the problems MaXpe (s, 2] fe(p) and maxy,cgp) fim(p) separately. We show that they
have unique optimal solutions, denoted by py(b) and p,,(b), and optimal values denoted by F,(b) and
F,,,(b) respectively. If we let AF(b) := Fy(b) — F,(b) we have

pe(b) i AF(b) >0
Pha(b:2) = (E-4)
pm(b) otherwise.

e For MaXpe (b, 4] fe(p), note that f, is concave, quadratic attaining its maximum at

1
qe(b) == 5 <b + Vp(b,1) — Vp(0,1) + %) . (E-5)
The value ¢;(b), which is quadratic in b, is bigger than b if and only if b < by := % — 0‘254_2

Thus,
qe(b) b€ 0,b]

b be b, gl.

pe(b) =

e For max,c(oy fm(p), note that f,, is cubic. By solving the quadratic equation (f) (p) =0 we
_ \/_— .
2Bb—at 462;? 100854702 1t can be readily checked that for b € [0, 3)

obtain the stationary points

the point

_28b—a+ /4522 — 10aBb + Ta2
- %

is non-negative and a local maximizer, whereas the other point is non-positive and a local mini-

Qm(b) : (E'G)

mizer. Thus, f,, is increasing in [0, ¢,,(b)] and decreasing in [g,,(b), 00). Since we are interested
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in p € [0,b], note that g,,(b) < b < 38%b* — 12aB8b+602 < 0 < b > by, := (2— \/5)% Combining

the last two observations,

pm(b) =

We use these results to simplify (E-4). In particular, we consider different values for b.
e For 0 < b < by, < bp,'™ we have AF(b) = Fy(b) — Fpu(b) = fe(qe(b)) — fn(b) > fo(b) — fm(b) = 0.
e For by, < by < b < 3, we similarly get AF(b) <O0.

e For b,, < b < by we have that AF(b) = fo(qe(b)) — fm(qm(b)). Using tedious algebra, one
can show that (AF)’ is increasing in b and negative at by. Thus, AF is decreasing in b. Since
AF(by) > 0 and AF(by) < 0, there exists a unique b € (b, be) such that AF(b) > (<)0 for

o~

b < (>)b.

By combining the above we obtain that

p:rf_l(b’ 2) = ~

For b € (3,25], we have that Vr(b,y) = 0 and thus

ph_y(b,2) € arg max {A(p)Vr(b—p, 1)} .
pE[O,%}

The objective function above, denoted by f}, evaluates to 0 for b — p > % Thus, we consider only

prices p > b — % Then, f}, is cubic. Its stationary points are _’\B(b), which is a local minimizer, and

b «
b) ===+ —
which is a local maximizer. It can be readily checked that gy (b) € [b— 3 %] and as a result p}_l(b, 2) =
qn(b) for b € (F,25].
Having characterized the three pricing regimes for pif_l(b, 2), it suffices to show that ¢, ¢, and
qp are all increasing. In particular, g, is increasing by Lemma 3.1¢:.). To show that ¢, is increasing
note that
d 2 45b — ba d? o?
B 4 = 2 ’ L) - e
db 3 31/482p2 — 10apb + Ta? db (452b% — 10aBb + Ta?)2

"1t can be readily checked that b,, < b, for a < 1.

App 17



Thus, dg—;:(b) > dg—gl(O) =2- 3i\ﬁ > 0. gp, is linear and clearly increasing.
i.) By parts i.) and 4ii.), we get that for b > 0, pif(b,y) > pr}(O,y) = pp(y) and pr}_l(b, 1) >
pTT_l(O, 1) = p4(1). For pTT_l(b, 2), we consider the three regimes. For 0 < b < b, p}_l(b, 2) = qu(b) >
2(0) = ph_1(0.2) = pp(2). For b< b < 3, phy(0.2) = 4u®) > 4ul0) = Y515 > & = pp_, (2).
Finally, for § < b < 23, note that pr}_l(b, 2) = qn(b) 2 qn(3) = am(F) > pp_,(2) since gy, is increasing,
and the proof is complete.

We also note that the DM’s price pif_l(b, 2) is higher than the debt b for 0 < b < g, and lower than
the debt for b < b < 2%. To see this, note that for b < b we have that p:}_l(b, 2) = q¢(b), which by its

o~

definition is greater than b. For b € (b, %] we have that p}_l(b, 2) = qm(b), which by its definition is

less than b. Finally, our claim follows for b > % since prices are less than % O

Proof of Lemma 4.1. We consider three cases, depending on b.

Case 1. When b € [O,g], the DM’s pricing policy in period T —1 is given by p}_l(b) = q¢(b), where
qe is given by (E-5) (refer to the proof of Proposition 4.1). Expressing L; = 1 — %, it can be readily
checked that:

O?Ly  o?[(4+38b)2 — 12(1 + Bb)a + 207

= >0

0b? 8a2 -

0Ly _ F0(Bb(48 + 98b —8a) + U4 — )] _

da? 1604 -

O*Ly  b*[(4+3Bb)* — 12(1 + Bb)a + 2a7] -0

0p? 8a? -

OLy  B?b[368%b* + 66b(2 — a) + 2(4 — a)(2 — )] -0
ob 8a2 -
OL1 _ B*b[Bb+4(4 — a) +4(8 — 3a)] <0
oo 1603 -

OLy  Bb*[358%b* + 66b(2 — a) + 2(4 — a)(2 — )] -0
op 8a? -

The inequalities readily follow in each case, by recognizing that «;, 3,6 > 0 and o < 1. This shows that
L1 is component-wise convex in b, a, and [, and has the desired monotonicity.

To prove the lower bound on Ly, we let y := I%, and define

_ b

gy o) = 2 — 128 — 32(3 — y)ar + (4 — y) (4 — 3y)a2‘

yr 512
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—8(2—a)

Note that g, is convex and quadratic in y, reaching its minimum at —5— < 0. Therefore,

(4—-a)2- a)'

The latter function is convex and quadratic in «, reaching its minimum at a = 3. Thus, it is decreasing
on [0,1], so we can conclude that Ly/y* = g¢(y, @) > g¢(0,1) = 2 ~ 0.093.

Case 2. When b € @, %], by the proof of Proposition 4.1 we have that p}_l(b) = ¢m(b), which is
given by (E-6). The efficiency loss can be written as

Li(b,a, B) = — [123%b* + 165°b° — 240a8b — 283°b*a + 1068a° — 28°a’b + 1880+

5402

(418%b + 8% — 4080 — 46%ab — 98a2) /45252 — 108ba + 7a2] .

As such, it can be readily checked that testing the positivity or negativity of a first-order or second-order

partial derivative of Ly with respect to b, o, or 3 is equivalent to showing that

fola, B,b) >0, Y (a, B,b) € X :={(a, 3,b) € R : fi(a,3,b) >0,i=1,...,m},

where {f;}I", are polynomial functions in the variables b, o, 5. This problem falls in the general class
of polynomial optimization problems, which require testing the positivity of a polynomial objective on
a feasible set given by a finite number of polynomial equalities and inequalities. Exact computational
methods are available to produce certificates in such problems, using sum-of-squares (SOS) methods
(see Parrilo, 2003 and references therein for details). We use these for every derivative above, and
confirm that BabL21 >0, %1’21 >0, % BL21 >0, aaLbl >0, %zl <0, %Lﬁl > 0 always hold. Details are omitted
for space considerations, but are available upon request.

To prove the bounds on Lq, we can again write L1 = g,,,(y, @), where y := 1% and

636 — 480y + 123y + 184 — 108y — 12y%a + 8ya+

(=240 + 96y — 64a + Sya + 8y2a)\/y2 — 5y + 7} .

gm(yaa) = ﬁ

Before proceeding with the argument, it is useful to derive a set of bounds on the value of y. To
this end, note that b > Z, and by the proof of Proposition 4.1, b> b = (2 — \/5)% Thus, we have
Y= %ﬁb > 4 — 24/2. Furthermore, since b < 2, we also have y < 2. Using SOS techniques, it can then
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be readily checked that for any (y,a) € [4 —2v/2,2] x [0, 1],

Ogm
< -
o < 0 (E-7a)
% gm
> 0. _
57 2 0 (E-7b)

By letting y := 4 — 21/2, we can therefore conclude that

(E-7a) (E-7b) Agm(y, 1
in:) 2 o) 2 gy )+ 2 d)

which yields the desired bound when substituting the values.

Case 3. When b € (%, 2%], by the proof of Proposition 4.1 we have that p}_l(b) = qn(b) = nga.

The efficiency loss can be written as

—26%% — 6aBb + (15 — 8a)a? + 6(1 + o) 22
2702 '

Ll(b7a75) =

As such, we have:

OLy _ 2B[Bb(2 + 20 — Bb) — o

>0
ob 9q? -
OLy 80’ +6(2+ a)B%b* — 45°0° — 6aSb <0
da 2703 -
OL;  2b[Bb(2 + 20 — Bb) — qf
= >0
ap 902 -
2 2
Ly _ 48 (1+a—pBb) >0
Ob2 92 =
%Ly 4Bb[Ab(3 + a — Bb) — a
= >0
0o 9ot -
&Ly 4% (1 4 a — fb)
op? 902 ’

where each of the inequalities follows by using the fact that o < b < 2a < 2.

To prove the bound on L;, we can again write L1 = gp(y, @), where y := 1% and

gn(y, @) = % [6(y* — 2y +10) — a(y +2)(4 — )?].
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Since b € (%, 2%], we always have y € (2,4], and it can then be readily checked that for any such y,

Ogn __(4=9)*Q2+y) _

Da 108 =0 (E-8a)
g 2—aly—2)

= > 0. _
5 20 (E-8b)

Therefore, we always have:

(E-8a) (E-8b) dgn(y, 1
mra) = o)) = a0+ I g vye 2
y=2
and the proof is complete. O

Proof of Proposition 4.2. i.) We use the expressions for pI(b, 2),t =T — 1,T derived in the proof
of Proposition 4.1. We deal with the three regimes separately.
For 0 <b < Z, we have that

E [ph(%r. 27)] = b1 (6:2) = Mac®)ph(0,1) + (1 = Mg )Pk (6,2) — :(0)

~ Bv*(2(1 — ) + Bb)
N 16 ’

which is clearly positive and increasing in b.

For b < b < %, we have that

E [ph(%r, 97)] = Dh_1(6,2) = Mam®)ph (b = an(0),1) + (1= Mam (B)Ph(5,2) = 4 (b).

and for % <b< 2%, we have that

E [} (B, 21)| = ph_1(6,2) = Maa(B)Ph(b = ga(6), 1) + (1 = Algm(®))p} (5,2) = aa (b).

Substituting for ¢, qn, and pr}, and using similar arguments as in the proof of Lemma 4.1, one can show
that the above differences are positive and increasing in b. Details are omitted for space considerations,
but are available upon request.

i1.) The result follows from analysis of the one-unit case, Proposition 5.2.

i11.) We use the expressions for pI (b,2), t =T —1,T derived in the proof of Proposition 4.1. We show
that g(b) := pif_l(b, 2) —pif(b, 2) is decreasing. For b € [0,b], ¢'(b) = (q¢)'(b) — 1 =12vr(b,1) <0,
where the inequality follows from Lemma 3.14ii.). For b € (b, 31, 9'(b) = (am)'(b) — 3 < (gm)'(5) — ;=
% — % < 0, where the first inequality follows from ¢,,” being increasing and positive, as argued in the
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proof of Proposition 4.1. For b € (F,25], g'(b) = (qn)'(b) — & = § — 3 < 0. We finally need to check the
difference at the point of discontinuity b. We have lim, 7 g(b) = qm(g) - pr}(g, 2) < qg(g) - pif(g, 2) =
lim, 7 g(b), where the inequality follows from Proposition 4.1. To complete the proof, note that for

y > T —t it can be readily seen that the revenue-maximizing policy is to charge the same price in both
T — 1 and T, thus pl_, (b,y) — ph(b,y) < p§_1(y) — Pi(y) = 0. 0

Proof of Proposition 4.3. For y = 1 the result follows from analysis of the one-unit case, Proposi-

tion 5.3. For y = 2, according to Proposition 4.1, the price pTT_l(b, 2) takes different expressions for b

in [0,5], @, %] and (%, 2%] We argue for these cases separately. Note that in all cases, it can be readily

shown that following the revenue-maximizing policy would result in pricing at arg maxpep{p)\(p)} = %

. . 2

in both periods. Thus J* = 255\(55) = 53-

e Forb € [0,5], according to Proposition 4.1, pif_l(b, 2) = qp(b) > b. Thus, in case of a sale at T'—1,
the DM covers his debt and charges p:}(O, 1) at T. Otherwise, he charges p:}(b, 1). Combining

these observations we get
It = Mae(®)) (ae(®) + A (P10, 1)) 10, 1)) + (1 = Mae @) (P06 1)) ph (6, 1):

I

We now derive an expression for the expectation E [ /*} . Using the law of total expectation, in
T

a similar fashion as in the proof of Proposition 5.3, we get

E

ﬁ] = Mqe(b QZ(b)—l-)\(p}(O,l))p}(O,l)
A = L X e ) D

+ (A (P1-1(2)) — Mae(0))) pe

A (pif(b, 1)) pif(b, 1)
A (pr(1)) p3(1)

~

By substituting for all the prices in the expressions above and setting x := b € [0, 8b], after

some tedious algebra we get

T 2
' It *__a:(2—a) 72 o — 46 — o
J E/%]J— 7645(%&)(3 +8(2 — )z — 4a(6 — a)) > 0.
I <0

<0
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To see that the second multiplier above is negative, note that it is increasing for = > 0. Since

ﬁg < a, we can upper bound the multiplier by evaluating it for x = «, which yields —a(8+«) < 0.

For b € <§, %], according to Proposition 4.1, pTT_l(b, 2) = qm(b) < b. Thus, in case of a sale
at T — 1, the DM still fails to cover his debt and charges p}(b — qm(b),1) at T. Otherwise, he

charges pif(b, 1). Combining these observations we get

Tt = A(@n(®) (am(®) + A (PL 0 = 4 (®), 1) L = 4 (®), 1)) +1=Mam DA (P16 1)) ph (0, 1).

Using the law of total expectation as above we get

4m(8) + A (P16 = am(8), 1)) P = m(0), 1)
P12+ 2 05(1) p1(D)

* A (ph0.1) P, )
+ (A (Pr-1(2) = Agm (b)) i1 (2) + A (p%(1)) p(1)

E

AT

ﬁ] = Agm (b))

By substituting for all the prices in the expressions above and setting x := b € (B/b\, al, after

some tedious algebra we get

T
2 -«
JT_E[Q] 7= g | ) Vi~ o0+ T 4 (o) |
T
S—— <0
<0

where g1(z) := 822 + (4a + 48)z — 4a(4a + 15) and go(z) := 1623 + 4(a + 12)2? — 20(27c0 +
120)z + o?(46a + 159). To see that gy (z) is negative, note that it is increasing for > 0 and
evaluates to —4a(a + 3) < 0 for © = a. Thus, it suffices to show that

g5 (x) — g3 (z)(42* — 100z + 70?) = 27(a — x) w(z) <0,
—_——
>0
or equivalently that w(z) < 0, where w(z) = 32z* + (8a(1 + 2a) + 165)z3 — a(4a + 315)x? +
a?(3 — 44a(a +4))z + a3 (4a(11 + 3a) + 3). The derivative of w is cubic in x and can be readily

maximized over [0, @] to obtain that w'(z) < 0. Since w is then decreasing, we can upper bound

it as follows
w(z) < wbB) < wbwB) = w((2 — V2)a) < 0.
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Note that w((2 — v/2)a) depends only on a and be readily maximized over (0,1] to obtain the

last inequality above, which concludes the proof for this case.

e For b € <%,2%], according to Proposition 4.1, pTT_l(b, 2) = qp(b) < % < b. Thus, in case of a
sale at T — 1, the DM still fails to cover his debt and charges pTT(b —qp(b),1) at T. Otherwise,

it becomes infeasible for him to cover the debt. Combining these observations we get

U= Man(®)) (an(6) + A (P56 = a4 (6), 1)) (6 = 4a(8),1))

Using the law of total expectation as above we get

L[] <b>+A(pT<b—qh<> 1) ph(b — an(b), 1)
/T] _)‘(Qh(b)) pT 1 +/\(pT ) (1 .

By substituting for all the prices in the expression above we get

1| o 2= a)(Bb+ a)(Bb - 20)(b — 2a —3)
= [/ﬂ J 27602 + ) 20,

since Bb — 2o — 3 < b —2a < 0 for b < 2%. O

i

F Proofs for Section 5

Proof of Proposition 5.1. To show i.), we follow the steps below.
Step 1: We first show that for all 0 < z < p, A(p)(p — =) admits a unique maximizer in p over P,
equal to 7(x), such that 7(z) > =.

To this end, note that no p < = can be a maximizer of A(p)(p — ) in p over P. This is clear if
x < p. For 2 > p and for all p such that p < p < x <P, we get that A(p)(p — ) <0 < A(P)(P — z).
Our claim that 7(z) > « follows.

To show that A(p)(p — =) admits a unique maximizer over [z A p,p], it suffices to show that it is
unimodal. If it has no stationary points in (z Ap,p), this is clearly the case. Otherwise, let p € (zAp,p)
be a stationary point, i.e., p solves the FOC

SO -0} = NG~ )+ \G) =0 (F-9)
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The second derivative at p evaluates to

1
N (p)
N—_——

>0

2
Cg‘l—pgwm(p ~}| =N @)+ 2N ) =

(N'(DAP) — 2N (9)?) <0, (F-10)

<0

where the second equality follows by substituting for p —z from the FOC (note that if X'(p) = 0, we get
A(p) = 0 from the FOC, a contradiction since p € (z A p,p)). The negativity of the second multiplier
above follows from log-concavity of A, which yields 0 > X" (p)A(p) — (N (p))? > N (p)A(D) — 2(N (p))>.
As such, all stationary points are local maxima. Thus, there exists a unique local maximum, which
has to be the unique global maximizer.

Step 2: We show that 0 < 7/(z) < 1. To this end, note that from (F-9) for p — x the derivative
of A(p)(p — x) becomes positive. Thus, if it has no stationary points in (z A p,p), it is increasing and
m(x) = P, which trivially satisfies our claim. Otherwise, m(x) is equal to the unique solution of the
FOC. We calculate its derivatives using the Implicit Function Theorem. In particular, by taking the
derivative of the FOC with respect to = we get

7T/(33‘) )\/(7'('(1')) _()‘/(ﬂ-(f

— B ) )2 ]
" V(@) @) —2) F V@) | V@A) >0, ()

)

2N (m(x)))*

where the second equality and the inequality follow from (F-10). Showing 7'(x) < 1 is equivalent to
N (7(x))A(m(z)) — 2(N (7(x)))? < 0, which follows from log-concavity of .

Step 3: We now complete the proof of i.) by deriving the DM’s price. For b > P, as we argued in
Section 5.1 we can take pz(b) = P without loss.

For b < P, we have that pI(b) € argmax {A\(p) [p — (b+ Vi+1(b))]} for all t = 1,...,T. Note first
pEP,p=b
that posting a price p < b+ e < P (for € > 0 appropriately chosen) ensures a non-zero probability

of covering the debt since A\(b + €) > 0. Thus, —V/(b) < 1 for all ¢t = 1,...,T by Lemma 3.14.).
Consequently, b+ Viy1(b) is strictly increasing and b+ V;11(b) < D+ Viy1(p) = p. By our result in Step
1, we get that p(b) = (b + Vi1 (b))

Finally, we also remark that for b < p, we have that pz (b) > b. To see this, note that if b < p,
clearly p;r(b) > b. Otherwise, for p < b < p note that for p = b, the maximand above is less than equal
to zero, whereas for p = b+ Viy1(b) + ¢ < P (for € > 0 small enough) it is positive. Hence, again
pI(b) > b and the proof is complete.

To show 4i.) and iii.), we argue as follows. For b > P, i.) suggests that pI(b) = P, which is trivially
increasing in b. For b < p, we have that pI(b) = 7m(b+ Vi41(D)), which is increasing in b since b+ V;11(b)
is increasing in b (by Lemma 3.14.)) and so is 7 (by 4.)). The proof is complete by recalling that

p}(0) = p}. O
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Proof of Proposition 5.2. We first show that m(x) is concave. To that end, using (F-11) and dif-

ferentiating, we obtain:
() = (N (m ()] = N (7 (@)X (7 () (7 (2) — 2)7’ () + (1 — 7' (2))N (7 ()X (7())
(N(7(@)) (7 (x) — @) + 2N (7 (2)))?
x (W(x@)]2 = N (r @)X (x(@))) (x(z) —a)7'(x) + (1—'(2)) X(x(@)N(x(x)) < 0.

<0, by =\’ log-convex >0, by Proposition 5.1 >0, by Thm. 5.1 <0, by A convex

To show i.), first note that for b > p, Proposition 5.1 suggests that pI(b) = pIH(b) = p, and thus
their difference is trivially decreasing in b. For b < P, we express the prices p;r(b), p;r 4+1(b) using the

function 7 and take the derivative of their difference. We obtain

& (B0) = pha ) = (4 Vit (0) 70+ Vit () — (1 4+ Vo) (04 Vira(0).

Note that V;(b) is decreasing in ¢ (Lemma 3.1), and 7’ is positive and decreasing. Thus,
7' (b+ Vira(b)) > 7'(b+ Vit (b)) > 0.
Also, since —V/(b) is less that one and decreasing in ¢, we get

1+ Viy(0) = 1+ V4 (b) > 0.

Based on these two inequalities and the expression for the derivative above, we conclude that pz(b) —

pi 41(D) is decreasing in b.

To show ii.), simply recall that pI(O) = p; and that pi(b) > py. For #ii.), we have that

plb) _ Gl0) =l () + 0l (B) @ 0 —pE) +pla () ¢ L)
* =

Yo (ry — p:+1) + i (ry — p:+1) + i N Piiq

9

where (x) follows from part i), and (*#) is true since 0 < pj,; < erl(b), by Proposition 5.1. O

Proof of Proposition 5.3. Similarly to Jj , we define J; as the expected revenues under the revenue-
maximizing policy at the beginning of period ¢, conditional on no sale in periods 1,...,t — 1. For
clarity, we explicitly highlight the dependence of JtT on the debt, i.e., we write JtT (b). We first show
that L1 < Lo, or equivalently that

. {E[@(pwwq | F12)

Jo) - g [/J
e 7
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We condition on the value of #] in order to express the right-hand side above using the law of total
expectation. In particular, since pI(b) > p} by Proposition 5.1, we consider the events & = {#] < pi},
E={p) <M < p];(b)} and & = {pJ{(b) < #1}. Under &1, no sale occurs under either the DM’s or
the revenue-maximizing policies. Under &, a sale occurs only under the revenue-maximizing policy,
whereas under &; a sale occurs under both policies. For the revenue-maximizing (DM’s) policy, expected
revenue equal J3 (J;r(b)) when no sale occurs, and p} (pJ{(b)) when a sale occurs. Combining all these

facts, we get that

E[2(p)|o(# 3. TE[%(ph)|o(#,
& | B e ) = L [Eraeor |5 e
t T T
=200 a6 + 2P ) - 2o + B2l 0)
2 P P1
=ueAM»Q%—é £@+%ﬁ@,

where the last equality follows from Jf(b) = )\(pi(b))p];(b) +(1— )\(pi(b)))JzT(b). Thus,

AO) o122 i (Lo NA®) (L1
JflﬂfJ_%@Kﬁ ) e -0 (5|

;
Thus, the inequality in (F-12) is equivalent with <L - L) O (1 — X(pY)) (%2* - p%) > 0. For

JE p1) Jie)
b = 0 the inequality holds with equality, since the two policies become the same. For b > 0, it suffices
1
to show that the left-hand side is increasing in b. This is indeed the case since leEZ; is increasing in b,
2

and J; < p7, p] being the largest price charged under the revenue-maximizing policy.
J{ ()

T is increasing in b, one can show that for all
Ji11(b)
t+1

Using identical arguments and the fact that
t=2,...,T -1
Ji (b)
JE

> E

A

where the conditioning event in the right-hand side ensures that no sale has occurred under either

T
/m'%:_”:%_l:o]’ (F-13)

policy up until and including period ¢ — 1.
We now show that for any t = 2,...,T — 1 we have that L; < L;,1, or equivalently that

;
%} . (F-14)

A

E
A

> E
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We condition again on the events {&;};=1 2,3 to express the left-hand side as follows

A
'

T T T
E [jﬁ}] =20, gty + 2D () - i) +E

b1 Py

7 < pf] (1= A(p)),

where we used the fact that E [ /f ‘ W < pﬂ is equal to J;f (b) by definition. We can now use the same
approach in order to express the expectation in the last term above, by conditioning on the value of

#5. In particular, we get

t i 1
. [/t ] = 20\t ) + 2 () - A e)

I Pl pi
T T T
1-A@D) (pjg)w;(b)) n Jjgéb) (AB}) — ABL()) + E ZZ} Wi < pl Wy < p;] (1- A<p§>>> |

By applying the same approach recursively we obtain

£ =1 t t t
E [;f}] =3 6 [p; Dawton + 22000 - 2o | + o2

T
Wi <y Wior < p:_l] = 252 and ¢ =1, ¢ = [T, (1 = A(p)) for

7 > 1. If we use the same expression for the right-hand side of the inequality (F-14) we want to show,

;
where we used that E [ﬁ*

we can express the difference of the two sides as

f f f f f I
Lin _ ﬁ] = b (MA@I o) + 220 () - 2} <b>>>) v 2a® g A0

E

Fr A ; o - -
G T (0 Ta®) e
= b1 ]i*)A(pI(b)) + S ONF) — Al (9))) + (1 — App) HEE — (*)
b bt t+1 J
f i
Jy (b)
:(bt_l E tj—l %::Wt—l:o - t* §07
( [/t—i—l J}
where the inequality follows from (F-13) and the proof is complete. 0

Proposition F.1. Suppose that the demand function is either linear or exponential. Then, JJ/J;_I

is increasing in b for any t =1,...,T — 1.

Proof of Proposition F.1. Throughout this proof, 2’ will denote the derivative %:p. To ease nota-
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tion, we suppress the superscript T and the dependence on b, e.g., p; = p;r(b), etc. Also, let
A= Apl(), t=1,...,T.

We also define w; to be the probability of failing to cover the debt under the DM’s policy at the

beginning of period ¢, given that no sale has occurred until then. That is,
wrir =1 and wp:= (1= N)weyr, t=1,...,T. (F-15)
Using our notation, Lemma 3.14ii.) can be expressed as
l—w=-V/, t=1,....,T+1. (F-16)
Also, the expected revenue can be expressed as
Je=Apt + (1= )Jep1 =Vi+ (1 —wp)b, t=1,...,T+1. (F-17)
By differentiating (F-17) and using (F-16) we get
J=—bw;, t=1,...,T+1. (F-18)

We treat the two cases separately.
Case (1): A(p) = e @, a > 0, p € [0,00).'® Using our notation, Proposition 5.1 yields that p, =
m(b+ V1), forall t = 1,...,T. Using the fact that argmax,>,e P (p — z) = 142 and (F-17), we
get that
pt:é+b+m+1:é+bwt+1+Jt+1, t=1,...,T. (F-19)
In conjunction with Lemma 3.14.), this also shows that p; is decreasing in t. By diffentiating (F-19)
and using (F-16), we get that
pr=wir1, t=1,...,T, (F-20)

which also yields
)\; = (e_apt)/ = —ozp;)\t = _awt+1)\t7 t=1,...,T. (F—Ql)

18The proof can be generalized to the case where A\(p) = ape™ P, ap € (0,1), in a straightforward manner.
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These allow us to express

Ji-1\ _ A—1pi—1 + (1 = No1) e '
Jt Jt

_ At—1Pt—1 — -1t '
Ji

!/

)\ !/
= —2 (Pt—1 — Jt))\t LT, + Pt 1 Jt — pe—1Jj

o
L

pt 1—Ji) Oépt 17t —i—pt 1t — pt_lJé) [by (F—Ql)]

< ! ——+pt 1 — JO)pi_1 e — pt—1J2>

%\mw%
= M»—A i

= —abwipy_Jy — pr—1J}) [by (F-19)]

_ )\t_1 —abw Ty + bwlpe by (F-20) and (F-18
J2
t

N )\t_lwtb wé

= Jtz < atht—i-tht—l )

forallt = 2,...,T. Thus, it suffices to show that the inequality :j—i > %ﬁ{f holdsfor allt =2,...,T+1.
We will use induction. It is trivially true for T+ 1, since w41 = 1 and Jry1 = 0. We hypothesize now
that it is true for some ¢ + 1. Then,

w =— A Wit [by differentiating (F-15)]
Wi =X wipr
/
> — At Wit St [by the induction hypothesis]
=N\ Dt
At Ji+1
> — by (F-21
> awn (125 + 221 by (F-21)
wr  Apr+ (1= M) e
= by (F-15
T—MN (1= Ae)pe by ( )
Oétht
=__ 77 by (F-17
TESWED [by (F-17)]
> aweJi [since 1 — A\ < 1 and p; is decreasing in ¢]
Pt—1

and the proof for this case is complete.

Case (2): A(p) =a —Bp, € (0,1}, >0,p€[0,3]. Let b < 3. As before,

1/« 1/«
pt:ﬂ'(b"i_‘/t-i-l):g(E"’_b"’_‘/t-i-l):§<E+bwt+l+<]t+l>a t=1,....,T, (F-22)
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which also shows that p; is decreasing in ¢ and that

1
p:f:iwt—i-h t:177T

)\:e:_/@p:e:_gwt-i-la tzlauT

By substituting for p; in the main recursion V; = A¢(p; — b) + (1 — A\;) V41, we obtain

A (b
Vt=Vt+1+5t<%—Vt+1>, t=1,....T,

which in conjuction with Lemma 3.13.) also shows that

%_Wﬁ-lzoa t:17’”7T7

Also, forallt =2,....T

(1 — )\t)2/\t < (1 — /\t)/\t [Since 1-M< 1]
=M1 — (Am1 — M) — A
= N1 — g (Vi1 — Vi) — A2 [since \y = a — Bpy and (F-22)]
= v = 5t (Vi - 2) - by (F-25)]
A b 4
At—1 — % (V;f+1 - % + B)\t>
= M\_1 — % (V}H —2Vii1 + %) [since \y = a — Bpy and (F-22)]
= At—1 — % (% - Vt+1>
< A1 [by (F-26)]
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These allow us to express as above

J—1\ 1
(%) = ﬁ ((pt—l - Jt))\:f_ljt + /\t_1p2_1Jt - )\t—lpt—lJé)
t t

1 1
<—§(pt_1 — Jt)tht + §At_1wtz]t + )\t_lpt_lbw£> [by (F—24), (F-23) and (F-lS)]

_ At—1Pt—1bwy <[1 _ 5(1%—1 - Jt):| Ji 4 W_{e)
Jtz At—1 2pi—1b Wt
1
Ne—1Pi—1bwy 5(3)\15—1 + bwy) A W)
= - 1-— — by (F-22) and (F-17

_ At—1Pt—1bwy <_ BwiJy + w_é)
J? 2A—1p—1 wi )

2
for all ¢t = 2,...,T. Thus, it suffices to show that the inequality w; > % holds for all ¢ =

2,..., T+ 1. We will use induction. It is trivially true for T'+ 1, since wry1; = 1 and Jpry1 = 0. We

hypothesize now that it is true for some ¢ 4+ 1. Then,

wy = (V) [by (F-16)]
=(=M+ 1=V, [by the Envelope Theorem applied to (4)]
= —Awit1 + (1= A)wipy [by (F-16)]
/ Bwi 1 i1 . ) )
> —Mwer1 + (1 — )\t)Ttpt [by the induction hypothesis]
B o Bwi i Ji
== 1—N)———— by (F-23
2wt+1 + ( t) NP [by ( )]
ﬁwfﬂjt
= F-1
e by (F-17)
BW?Jt
= by (F-15
2(1 - )\t)2)\tpt by ( )
2
= %, [since (1 — /\t)z)\t < A\¢—1 and p; is decreasing in t|
and the proof is complete. O

G Proofs for Section 6
Proof of Proposition 6.1. Claim 1: J' = JP. We first deal with contracts with early repayment

option. The DM’s problem at 7' is the same with the one we analyzed in Section 4. Thus, the DM
charges pTT(b, 1), and the value function V7 (b,y) is as in Proposition 4.1. At 7' — 1, the DM can follow
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a strategy of covering the debt either in one, or two periods. We analyze these separately.

e When the DM plans on covering the debt in one period, his problem can be expressed as

max_f7’(p, ),
pe(1d, 5]

where ff(p, v) = Xp) (p — b+ Vp(0,1) — Vp(b,1)) in this case. The price he charges then is
aF(b,7) =13 (71) V(b 1) — Vir(0,1) + %>.

Having characterized the DM’s pricing policy, we can now express the debt value

D({B,7}) = AaF (B,7)) - ¥B + (1 = \(¢f (B,)) - A(ph(B, 1)) - B,

where the first term corresponds to the expected (discounted) debt payment the debtholders

receive if the DM makes a sale at T'— 1, and the second term in case he makes a sale only at T.

Similarly, expected revenues are

T{B:AY) = Maf (B,))(af (B,7) + Vr(0,1)) + (1 = Maf (B,7))) - Aw}(B, 1)) - pl(B, 1),

where the terms have similar interpretation as above (see also the proof of Proposition 4.3 for

similar derivations).

By equation (6b), note that B is essentially a function of 4. In case this equation has multiple
positive roots, we assume that the smallest one is always preferred; this is because higher debt
repayment B will lead to higher efficiency losses for the regime where the DM charges a price to
cover the debt in one period (see, for example, Figure 2 and the discussion in that Section). It

can also be readily checked that

p((0)) =0 ({25.2}) =0

OD({B,7})
o8 =

is a necessary condition for the smallest positive root of (6b).

which implies that
0

We now argue that expected revenues J({B,~}) are non-decreasing in 7y, implying that v = 1

would be an optimal early payment discount. In particular note that

dJ({B,v}) _ 9JUB.1}) | 9J({B,}) dB
dry oy 0B dry’

App 33



where the derivative of B with respect to v can be obtained using the Implicit Function Theorem
for (6b)

0D({B,~}) N OD({B,"}) dB _

One can then readily verify, using sum-of-square techniques, that the set

0.

. dJ({B:1})

{6870 - 2142 9D, ))

<0, D({B’/y}):d’ 0B

>0,8€ (0,1, B> 0,7 e (0,1 d>o}
(G-27)

is empty.

e When the DM plans on covering the debt in two periods, we follow a similar approach. In

particular, his problem can be expressed as

E
max ),
Jmax fm (DY)

where fZ(p,v) := \(p) <VT(B — %, 1) — Vp(b, 1)) in this case. The price he charges then is

_ 28y +o(1-29) + Va2 + 2a(a — Bb)y + 4(a — Bb)2+2

E .
G (b,7) 35

m

Having characterized the DM’s pricing policy, we can now express the debt value

DB, YY) = AGE(B.7)) - [qﬁ(B,fy) i (p; <b - @ 1>> <b ) @ﬂ

+ (1= A\g2(B,7))) - Aph(B,1)) - B.

Similarly, expected revenues are

1B = Nat B - [afm) + (o) (- B2 1) Y g (- 2] )]

+ (1= Aghn(B,7))) - A} (B, 1)) - ph(B, 1).

We now argue that expected revenues J({B,~}) are non-decreasing in vy, implying that v = 1
would be an optimal early payment discount in this case as well. In particular, one can then

readily verify, using sum-of-square techniques, that the set (G-27) is empty.

Since v = 1 is without loss an optimal early payment discount in all cases, we have J! = JF.

Claim 2: J' < J®. We now deal with contracts with debt relief. If » = 0, we recover the plain
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contract. If r = 1 debtholders have the option of adjusting the debt repayment at the beginning of
period 1" so as to maximize debt value. That is, if the outstanding debt is by > 0, debtholders adjust

debt repayment by solving

Ogll)zggT A(7(b)) - b.

Thus, debt is adjusted to min{p},br}. Consequently, no debt relief will take place if the outstanding
debt is low enough, by < p7.

As we shall prove later, the DM’s price at T'— 1 under an optimal contract with debt relief with
r = 1 is always such that it leads to no debt relief when a sale takes place. That is, the DM’s price at
T — 1 is always higher than B — p7..

Using the above observation as a fact, we now analyze the cases where the DM follows a strategy
of covering the debt in one or two periods at 1" — 1 separately. Note also that if r =0, or if r = 1 and
B < p%., debtholders would never adjust the debt. In other words, the contract {B,0} is essentially a
plain contract with debt repayment B, and so {B,1} when B < p}. We henceforth deal with contracts
for which r =1 and B > p}:

e When the DM plans on covering the debt in one period, his problem can be expressed as

R
max ,
R fi*(p)

where fR(p) := A(p) (p — b+ Vr(0,1) — Vp(pk, 1)) in this case. The price he charges then is
af () =5 (b+Veh 1) = Ve (0,1) + §).

Having characterized the DM’s pricing policy, we can now express the debt value
D({B,1}) = Mg/'(B)) - B+ (1= Mg/ (B))) - \(pk(p¥, 1)) - P, (G-28)

where the first term corresponds to the debt payment the debtholders receive if the DM makes a

sale at T'— 1, and the second term in case he makes a sale only at T—after his debt is adjusted.

Similarly, expected revenues are
J({B,1}) = Nal(B))(¢f(B) + Vr(0,1)) + (1 — A(¢f(B))) - Mk (0%, 1)) - ph(p,1).  (G-29)

e When the DM plans on covering the debt in two periods, we follow a similar approach. In

particular, his problem can be expressed as

R
Jnax Im(D),
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where fE(p) := A(p) (Vr(B — p,1) — Vir(p%, 1)) in this case. The price he charges then is

_4Bb —2a 4 /1902 — 16a8b + 452D
- 63 .

ah(b) :

m

Having characterized the DM’s pricing policy, we can now express the debt value

D({B,1}) = Mafi(B)) - [af(B) + A (ph (v — 4fi(B), 1) ) (b — afi(B)) |

+ (1= AgE(B)) - \ph (95, 1)) - i (G-30)

Similarly, expected revenues are

JUB, 1Y) = e (B) - [af(B) + A (o} (b~ af(B) 1) ) bl (b — 4fi(B).1) ]

+ (1= MNaE(B)) - M@ 05, 1)) - ph(ph, 1). (G-31)

We now show that JT < J® need not always hold with equality, nor with strict inequality. To

this end, consider the following instances:

— For d = 2, « = 1 and § = 0.13, by solving (6b) we obtain that {4.11} is an optimal
plain contract, under which the DM charges a price ¢; = 5.15, yielding revenues JI =
J({4.11}) = 3.26. Under a contract with debt relief (r = 1 and B > p}), by solving (6b)
we obtain B = 4.2, g% = 5.22 and J({4.2,1}) = 3.28 when the DM follows a single-period
debt-covering strategy. Consequently, JT < J({4.2,1}) < JE.

—For d = 2, « = 1 and 8 = 0.1, by solving (6b) we obtain that {3.32} is an optimal
plain contract, under which the DM charges a price ¢; = 5.97, yielding revenues JI =
J({3.32}) = 4.74. Under a contract with debt relief (r = 1 and B > p}), by solving (6b)
we obtain B = 10.2, ¢/' = 9.17 and J({10.2,1}) = 2.7 when the DM follows a single-period
debt-covering strategy; B = 13.3, g% = 9.18 and J({13.3,1}) = 2.64 when the DM follows
a two-period strategy. Thus, the optimal contract with debt relief has r = 0, in particular,
{3.32,0}, and JT = J® for this instance.

To complete the proof of this claim, we now revisit the possibility of the DM charging a price
that is lower than B —p7 at T'— 1, under an optimal contract with debt relief, 7 = 0 and B > p7..
Under such circumstances, whether the DM makes a sale at T — 1 or not, his outstanding debt
at the beginning of 7" would remain higher than p7., and thus trimmed to that level. Because
the DM becomes indifferent about the price he charges at T — 1, we assume that he charges a

revenue-maximizing price. We distinguish two cases:
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— When B — p} > p7, the revenue-maximizing price that is lower than B — p7. is precisely

p5_1(2) = p%. Thus, the debt value can be written in this case as
DB, 1Y) = Ap3) - [P+ A (ph (05, 1)) 3] + (1= M) - A@h 1)) - P
Similarly, expected revenues are
J{B,1}) = Vr(0,1) + A@p (v, 1)) - pp (0 1).

Suppose now that such a contract is optimal. It will therefore yield higher revenues than a

debt relief contract {B’, 1} that induces a price qf(B’ ) > p4. In other words,
{(8,B.B.4) - J({B,1}) > J({B',1}),

DB, 1Y) =d, B>2p5 D({B' 1Y) =d, B' > p, >0, d > o}

is non-empty, where the expressions for J and D are as in the single-period debt-covering
strategy case above. However, one can readily use sum-of-squares techniques to show that

the above set is, in fact, empty.

— When B — p} < p7, the revenue-maximizing price that is lower than B — p7. is precisely

B — p}p. Thus, the debt value can be written in this case as
D(B,1}) = X(B=p7) - |B —pi+ A (ph (95 1)) 9| + (L= A(B = p1)) - AR} (P, 1) - P
Similarly, expected revenues are

J{B.1}) = (B = p}) - (B~ p}) + APy (0}, 1)) - P (0, 1).

Suppose now that such a contract is optimal. It will therefore yield higher revenues than a

debt relief contract {B’,1} that induces a price ¢f*(B’) > p%. In other words,

{(6.8.B.d): J({B.1}) > J{B 1)),
D({B,1}) = d, B< 2% B> pt, DB, 1}) =d, B'> p, B € (0,1], d > 0}

is non-empty, where the expressions for J and D are as in the single-period debt-covering
strategy case above. However, one can readily use sum-of-squares techniques to show that

the above set is, in fact, empty.
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Claim 3: J/ < J4. We now compare contracts with debt relief and contracts with debt amortization.
We first claim that, in equilibrium, any debt amortization contract {B,6} must satisfy B < p5. To
that end, consider two contracts {B, 0} and {B’,6’} such that B < p4 < B’. The DM’s pricing policy
for a given debt amortization contract is fully characterized in Proposition G.1. When B < p7., the DM
charges a price q%(B) > B in period T'— 1, and the price p7} is always charged in period T'. Therefore,

the value of the debt and the expected revenues under the contract {B, 6} can be written as:

D({B.0}) = Ma}(B)B + [1 — A(q} (B))| A7) B (G-322)
J({B,0}) = Ma;(B))q; (B) + AMp5)ps- (G-32b)

It is worth noting that the expressions above are independent of 6.
Under contract {B’,6'}, two cases can arise, depending on whether B’ < B (see Proposition G.1):

e if B’ < B, the DM charges a price q2(B') > B’ at T — 1, and p4 < B’ is always charged at T

The value of the debt and the expected revenues are thus:

D,({B',0'}) := + [1= A7 (B") | Mp)p%
J)({B'.0'}) == Xq; (B"))a;(B') + ApF})p

Nt

As with the contract {B, 6}, these expressions do not depend on #’. Using Proposition G.1 to
express D, J, D, and J; as functions of B,6,B’,6#’, o and j3, we can then verify through sums-of-

squares techniques that the set

{(a,ﬁ,B,B’,d) L ({B',0'}) > J({B,0}), Dy({B',0'}) = d, D({B,6}) = d,
B'>py, B <ph a€[0.1], 8> 0,d>0}
is always empty, which proves that the contract {B, 0} dominates {B’,6'}.

e if B< B < %‘J‘, the DM charges a price ¢?,(B') < B’ at T — 1. Provided that this results in a
sale, the DM then charges a price plip (B’ — q%(B’ )) at T'; otherwise, the price p7, is charged. The

debt value and the expected revenues thus become:

D, ({B',0'}) = (g (B',0)) [dh(B',0) + A(ph(B' = 4 (B,0) ) - (B = (B, 0))]
)

Tn({B,0'Y) = M@ (B',0) |dhu(B,0) + A(ph (B' = (B',0) ) - pl (B = dbu(B.0) |



Note that two sub-cases can be further distinguished depending on #’, which determines ¢/, (B’,6’)

per Proposition G.1. For each case, using Proposition G.1 to express D, J, D! ,J/ as functions

of B,0,B',¢#,«a, 3 and 0, we can verify again through sums-of-squares techniques that the set

{(a,ﬂ,B,B'ﬁ',d) I ({B,0'}) > J({B,6}), D,,({B',0'}) = d, D({B,0}) = d,

B’zp},BSP},ae[0,1],5>0,d>0}

is also empty, which confirms that the contract {B, 60} again dominates the contract {B’,0'}.

We now proceed to complete the proof that J% < J4. Based on the argument above, we only need
to consider contracts with debt amortization {B, 60} with B < p4. Consider a contract allowing debt

relief {B’,r}, with r € {0,1}. Based on the argument in Claim 2, we distinguish two cases:

e For r =1, let D'({B’,1}) and J'({B’,1}) denote the corresponding debt value and expected rev-
enues, respectively. The expressions for D’ and J’ are available from Case 2, and are respectively
given by either (G-28)-(G-29) or (G-30)-(G-31), depending on whether the DM plans on covering
the debt with one or two sales. In each case, we can use sums-of-squares techniques to verify
that the set

{(0.8,B,B',d) : ({B',1}) = J({B,6}),
D, ({B',1}) = d, D({B,0}) = d, B < pi, a € [0,1], 8> 0,d > 0}

is always empty, where D({B,0}) and J({B, 6} are given by (G-32a)-(G-32b). This proves that

a contract with debt amortization always strictly dominates one with debt relief here.

e For r = 0, the debt relief contract becomes a plain contract. Based on the analysis in the proof

of Proposition 4.1, the debt value D’'({B’,0}) for this contract is given by:

Aae(B)B' + [1— Aqu(B") A (ph(B',1)) B’ if B'<b
D'({B',0}) = § A(gm(B)) [am(B') + A(p}(B' = gm(B), 1)) - (B’—qm(B))]
+[1 = Mgm(B)) A ph(B', 1)) B, if B>,

(
(

where g¢(B’) and ¢,,(B’) are given by (E-5) and (E-6), respectively. Similarly, the expected
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revenues J'({B’,0}) are:

Aqe(B")) [qe(B') + M%)
[

T Tt if B b

FUB.0)) = +[1 = X(qe(B") | Mph (B, 1))pT(TB,1), fB' <b
)\(Qm(B )) [Qm(B/) + )‘(pT(B/ - Qm(B )7 1)) 'pT(B/ - Qm(B/)7 1)]

+[1 = Mam(B)APHB 1) - ph(B', 1), if B' > b.

For each of the two cases above, we can use sums-of-squares techniques to verify that the set

{(0.8,B,B',d) : ({B',0}) = J({B,6}),
D'({B',0}) =d, D{B,0}) =d, B< ph, ac[0,1], 3>0,d> o}

is always empty, where D({B,0}) and J({B, 6} are given by (G-32a)-(G-32b). This proves that
a contract with debt amortization always strictly dominates a plain contract, and completes the

proof of Claim 3.

Claim 4: J4 < J*. Consider an arbitrary debt amortization contract {B,6}. If B <
tion G.1, the price charged in period T'—1 will be pr_1(B,2) > p5_,(2) =

25, by Proposi-
35, and thus J({B,0}) < J*.
Conversely, if B > %, then even if the DM actually charged 5 i in period T — 1, the price in period T’

upon making a sale would be plip (B 26) > pr, so that again J({B 6}) < J*. Thus, JA < J*. O

Proposition G.1. Consider a contract with debt amortization k = {B,0}, and let by denote the DM’s
outstanding debt in period T'. The DM’s prices are given by:

phbr,y), ifbr < (1-0)B

Vy) ﬁT(bTyy) =
(1), otherwise
q;(B) ¢=i[3(2—a)+%1 , if0<B<gs
ﬁT—l(B72) = q%(B) : 453%6(40‘)’ Zf% <B< B
qgn,(B79)v B<B§2?a,
a+BB . 1 a
’ , 9 S 3+t =253
where ¢%,(B,0) :={ ¥ 103+ 355m

0B, otherwise,
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and B € [%, %] depends on o, (and 8, if 6 > % + %LB) Furthermore,

@

28

pr-1(B,2) > B, VBe(0,B)
~ 2

pr-1(B,2) < B, VB¢ (B, FO‘].

Proof of Proposition G.1. The price charged in period T is either p7.(1) (if by > (1—6)B, i.e., the DM

loses control) or pif(bT) (if the DM retains control). In the latter case, the value function at time 7'

pr-1(B,2) > pr_1(2) =

would thus be given by the (proof of) Proposition 4.1. We separate the analysis for period T'— 1 into
different cases, depending on the value of B.

Case 1. B € [0, 55]. When no sale occurs at T'— 1, the DM loses control but still achieves a positive

) 28
expected payoff of A(p4(1)) (pi(1) — b) = O‘(O‘ZigﬁB). Therefore, pr_1(B,2) € argmax,, f(p), where

fe®) = Mp)[p— B+ gA(55) - 2], pe (B3]
F0) = fn(p) = A(p) [ﬁ(fﬁ—p) _ a(aZEBB)}’ pe[0B,B)
f(p) = A(p) | 2le=2pfBrll _ alefaBl |, p€[0,6B).

We analyze each of the maximization problems separately, and compare their optimal values.

e For max,¢| B.2] fe(p), note that f; is a concave, quadratic function, achieving its maximum at

1

at(B) = § [3(2 —a)+ 2—a]

: (G-33)

Furthermore, B < ¢} (B) < % always holds, so that ¢} (B) is also the optimal constrained decision.

e For max,c(yp ) fm(p), note that fy, is cubic. By solving the equation (f,)'(p) = 0, we obtain

— 2_ 2 32
the critical points a+2ﬁBi\/7o§B L0aBB+5"B" 1t can be checked that for B € [ ,%], the critical

point given by a plus sign takes a value larger than B and corresponds to a local maximum, while

the other critical point is negative, and corresponds to a local minimum. Therefore, the optimal

decision is always p — B, resulting in an optimal value f,,(B).

e For max,c(oop) fn(p), note that f, is concave, quadratic, with a maximum achieved at % Since

% > B > 0B, it is optimal to take a price p — 0B, resulting in a value of f,(0B).

We now compare the values above. It can be checked that f,,,(B) = f¢(B), and f,,(6B) — fr(0B) =
18B%(1—0)*(a—0BB) > 0 (when B < 35)- Therefore, the DM’s price in Case 1 is always q;(B). To
complete this case, it can be readily checked that ql}(B) >pp = %, and that q}(B) > B.
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Case 2: B ¢ (25 B] When no sale occurs at T' — 1, the DM achieves a payoff of zero. Therefore,
pr—1(B,2) € argmax,, f(p), where

fop) == Ap)[p — B+ 55\(5)], p€ (B, §]
fm(p) = 22XE=D), p€ 0B, B)
fe) = Ap)ala=26(B—p) o (G-34)
fh(p) = 18 5 pE [B — ﬁ,HB)
0, pe[0,B—gp).

We again analyze the maximization problems separately, and compare their optimal values to determine

the DM’s pricing decision.

e The problem maxpe(s,4] fe(p) parallels the one considered in Case 1. In particular, note that
fe is a concave quadratic that achieves its maximum at the value ¢7(B) := %. While
q?(B) < % always holds, note that qg(B) > Bif and only if B < a(i—ga). Thus, the optimal price

and expected payoff in this case are respectively given by

2 a ad—a) (a(4+a)—4Bp)? a a(d—a)
q (B)v B € (335, ——m - Be<lm
pe(B) = v (26 18 ] Fu(B) = 643 (25 13 ]]

ad—a) « a?(a— @ a
B, Be (252, 9] oHapB) Be (245

Amlg

35)

e For max,cjpp p) fm(p), note that f,, is cubic. By solving the equation (f)'(p) = 0, we obtain the
it can be checked that the former

a

critical points B — 3 and @ (B) = a+BB When B € (g5, 3],

critical point is always negative and corresponds to a local minimum, while qm(B) corresponds

to a local maximum, and always satisfies ¢2,(B) < B. Furthermore, ¢/ (B) > 6B if and only if
0 < % + 3BLB' Therefore, f,, is increasing on [#B, ¢%,(B)] and decreasing for p > ¢ (B), so that

the optimal price and payoff are respectively given by

6% 2a—(B 3 6%
NN CEC S Rt RS 0= 5+ 5
0B, otherwise (a—65 B)(OZ_B(I_G)B B)2, otherwise.
(G-36)

e For Maxpe|p— 2 05) fn(p), note that fj is concave, quadratic, with a maximum achieved at

¢)(B) = a+2ﬁﬁB. Under B € (g5, 3], it can be checked that ¢)(B) > B — 35 always holds,
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and qZ(B) < 0B if and only if 0 > % + ALBLB‘ Thus, the optimal price and payoff are given by

1 (a—2(1-0)BB)(a—08B) 1
=% =2t am RB =1 @# o USitas
¢(B), otherwise %, otherwise.

(G-37)

We now compare the optimal values in the problems above. Letting C denote the set of constraints
{azo,ag1,ﬁ20,B2%,B§%,920,9§1}, it can be checked that:

{(a,8,0,B) : F,(B) > Fn(B), C}=0.

This requires testing three different conditions, depending on 6, and the corresponding sets can always
be shown to be empty using sums-of-squares techniques. Therefore, F,,(B) > Fj(B) always holds.

Similarly, it can also be tested using sums-of-squares techniques that:

0={(0p.0.8) s FB) 2 Fum). 212 o)

0 ={(c.5,0.B) : F{(B) > F,,(B), B< a(%a)j c}

a «
= : — ) < — > < > > <
0 ={(e.5,6) Fg<2ﬁ> _Fm(zﬁ), 0=0,a<1,820,020,0<1}
a4 —a) a4 — a)
_ : ) o Sl > <1,8>0,0>0,0<1}.
0 {(a,ﬁ,@) Fg< T )>Fm( " ) a_0,a_1,5_0,9_0,9_1}
These results imply that there exists a B such that Fy(B) > Fy(B) for B € [%,B) and Fy(B) <
Fn(B), VB € B, a(iga)]. This exactly yields the pricing policy in the statement of the proposition.

To complete the proof, note that pr—1(B,2) > 55 is immediate, and also ¢}(B) > B, ¢%,(B) < B.

Case 3: B € (%, 270‘] In this case, the DM must rely on two sales, and his payoff is always zero when

failing to make the intermediate sale. Therefore, pr_1(B,2) € argmax, f(p), where

0, p > %
2 - a
fp) i d F@) = AL pe [0B, 5]
] fulp) = Al 26@) e (g o )
JAVIE 483 y P 28>
k0, p<B-— %

The two optimization problems for f,, and fj are identical to those considered in (G-34) for Case 2.
Therefore, the price that maximizes f,, is p,,(B) and the corresponding payoff is F,,(B), as per (G-36).

Since pp,(B) < %, this remains optimal in Case 3, as well. For the problem of maximizing f3, a
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candidate price is pp(B) given by (G-37). However, in addition to the conditions in Case 2, it can be
readily checked that pj,(B) > B — g5 holds if and only if B < g—g Letting F,(B) = f5(max{ps(B), B —

%}) and using sums-of-squares techniques, it can be verified that:
2
{(a,B,O,B) . Fy(B) > Fn(B), aZO,agl,BEO,BE%,Bg%,@zo,@gl}:(ﬁ.

This requires testing three cases, depending on 6 and B; the feasible set in each case is empty. This

proves that the DM’s price is ¢,,(B). To complete the proof, note that % <pm(B) < % < B. O
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