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5. Online Appendix - Proofs

Proof. (Polynomial Time Algorithm Theorem 4)
Theorem 7.1 of Begen and Queyranne (2011) implies that Fs(-) can be minimized in
O(o(n) EOn*log([h/2n])) where o(n) is the number of function evaluations required to minimize
a submodular set function over an n-element ground set and EO is the time needed for an expected
cost evaluation. We find the expected cost for F5(-) in O(nN) by computing the total cost for each
realization (takes O(n) time) and then taking the average of N total cost realizations, i.e., sample

average approximation. Finally, Theorem 4 of Orlin (2007) shows that o(n) = O(n?). O

Proof. (Lemma 6)

The proof is by induction on |F|. Let 1 <k < |F| and

Y. = { ‘Probp{Ok(p)} — Probf){Ok(p)}‘ < e’}.
For F =2 the result holds since

Prob{Y1NY3} = 1— Prob{Y:NY3}
=1-Prob{Y,UY,}
> 1— (Prob{Y,} + Prob{Y,}) (since Prob{Y,UY5} < Prob{Y;}+ Prob{Y,})

>1-20 (since Prob{Y,}, Prob{Y,} <&).
Suppose the result is true for |F| =k, i.e., Prob{ ﬂle Y;} >1—ké'. Let Y = ﬂle Y;. Then,

Prob{Y NYy 1} =1—Prob{Y NYi. 1}
=1-Prob{YUY,}
> 1— (Prob{Y}+ Prob{Y, 1}) (as Prob{Y UY, ,} < Prob{Y} + Prob{Y;,.})

>1—(k+1) (as Prob{Y'} < k&' and Prob{Y, ,} <?d').
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Therefore the result is also true for |F| =k + 1, and hence the proof is complete. t

Proof. (Lemma 7)
Since A is an optimal appointment vector for Fg there exists X €O such that i ()A(,K)ﬁ =0 for
all 1<k<n+1. If \gk(X,K)p — gk(f(,;&)ﬁl < € K’ then this implies that |gk(}A(,_/AX)p -0l <€K',
and hence there exists g € 8FP(K) such that |gx| < €K’ for all 1 <k <n+1. We now show that
|gk(}A(,:&)p - gk()/i,;&)ﬂ < ¢ K'. We start by taking the difference |g;,(X, A)p — (X, K)f,| term by

term and factoring out X terms by using equation (2).

196(X, A)p — (X, A)p)| =

Y Xh <Pmbp{1j =S} — Probs{I;, = S})

. Se P*([5])

—oor Y (Probp{fk =S} — Probs{I,_ 1_S}>

Se P*([k—1))

+25] X <Pr0bp{l> S} — Probs{I; = })

Jj=k Se P*([5])

— B Z (Probp{l,f_l =S} — Probg{I; ;= S})

Se P*([k—1])

+ Z B > XiT (Probp{fj_ =S} — Probs{I; = S})

= Se P*([5])

B Y Y XA (Probp{lk—1:S}—Probf){lk_1:S}>

Se P*([k—1]) €S

> Y X;>(S)(Pmbp{1> S} — Probe{I> = })

j=k  SeP*([5])

— Ye—1 E (Probp{l,f_l =S} — Probs{I;_, :S}>

Se P*([k—1])

- i%‘ S XMA(SU{i+1} <Pmbp{1; =S} — Proba{I; = s})

j=k  SeP*(5])

=Y (Probp{fk—l =S} — Probs{I; |, = S}) ‘

Se P*([k—1])

The term —au-1) gcpr(p_1) (Probp{fk 1 = S} — Probg{ly_1 = S’}) disappears since
doseprhor) Probp{li-1 = St =1 =3 g pep_y) Probp{lk-1 = S}. By using the triangular

inequality we obtain
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195X, A)p — g1(X,A)p)| <

Z a Y. XE(9) <Probp{Ij =S} — Probs{I; = 5}) ‘

=k SeP({j])

+ iﬁj > )?,{f(S)(Pmb {I7 =8} — Probs{I> = 5})‘

j=k  SeP (5]

B D <Probp{Ik>1 =S} — Probs{I; , —S}>‘
D

Se P*([k—1

+ Z B > XiT (Pmbp{fj =S} — Probs{I; = S}> ‘

=k SeP*(li])

+| Br-1 Z Z X};C_ 1 (Probp{fk__l =S} — Probg{I,_, = S}> ‘

Se P*([k—1]) i€ S

+§n:7j > X,§>(S)<Pmbp{1> S} — Probs{I7 = })‘

j=k  SeP*([5])

Hmor Y (Probp{f,j_l =S} — Probs{I; , = S}> '

Se P*([k—1])
+ Z’y] Z X SU{]+1})<Probp{I_ S} — Probs{I; = S})‘
= Se P*([5])
oY (Pmbp{l,;l =S} — Probs{I; , = S}) ' (3)
Se P*(lk—1])

We now find an upper bound for |g; (X, K) —gn(X, A) )| by obtaining an upper bound for each |- |
term in equation (3). We do so by using the fact that X €0 and rewriting some of the probability
terms. Note that we will show this for the first and the third terms as the remaining bounds are
obtained in a similar manner to either of the first or the third. We start with the first term in
equation (3). Let P=([j]) ={S € P*([j]) | Probp{I; =S} — Probs{I; =S} >0} for j=1,...,n and
P<(l5]) ={S € P*([j]) | Probpy{I; =S} — Probs{I; =S} <0} for j =1,...,n. Then by the definition
of P=([-]) and P<([]) (equation (4)), the triangular inequality (equation (5) and equation (8)), and

the fact that X’,@(S) =0if k¢S (equation (6)) and 0 < X',CL](S) <1 (equation (7)) we obtain

zn: a; Y. XE(S) (Probp{fj = S} — Probg{I, = S}> ‘

j=k Se P*(5])

ia» > Xk <Pmbp{1j:S}—Probf,{Ij:S})

j=k SeP=([4])

+ Z a > XE(S) (Probp{lj =S} — Probs{I,; = 5}> ‘ (4)

j=k  SeP<(lj])
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<D Y XEB) <P7‘obp{Ij:S}Probﬁ{lj:S})‘
J=k Se P2([4])
Y oy > XE(S) (Probp{lj — S} — Probg{I, = S})’ (5)

=k SeP<(liD

Yoy > XE(S) <]1{k € S}Proby{I; = S} —1{k € S} Probs{I, = S}> ‘

i=k  sePz([j)

n

Yooy Y XE (]l{k;eS}Probp{I =S} —1{k € S}Probs{I; _S}>‘ (6)

Jj=k Se P<([5])

+

n

dag Y (m- € S}Proby{I; =S} — 1{k € S} Probs{I, = S}> ‘

i=k  sePz(lj)

+ En: a; Y (IL{k € S} Proby{I; =S} — 1{k € S} Probs{I, = 5}> ‘ (7)

=k SeP<(liD)

<

iaj <Probp{k €L;, 1, € P=([j])} — Probs{k € I;, I, € P>([j])}> ‘

+ Zaj <Probp{k el I, e P<([j])} — Probg{k € I,,1; € 77<([j})}> ‘

=k
<) q (Probp{kelj,fjep>([ 1)} — Probs{k € I;,I; € P=([j }D
j=k
+30a| (Probyti € 1,1, € P=(D} - Probyti e 1,1, € P} (5)
=k
< Zaje’ + Zaje’ < 2€ Opax -
=k ik
Similarly,

Probp{I; =S} — Probs{I; = < 2€ Brnaxs

Sog > XE(S)

Jj=k  SeP*([1)

S Y KU

i=k Se P*([5])

Zvj > XE(S)

=k SePr(l)

Z Z X SU{]—i—l})(Probp{Ij_—S}—Probf,{Ij_—S}> < 26" Ymaxn-
i1)

j=k Se P*([j

Proby{I; = S} — Probs{I; = < 26 Vimaxn,

/\/\/‘\

Prob{I; =S} — Probs{I; = S}) < 2€' Braxn,

We now find an upper bound for the third term in equation (3) by using the definition of I ;.

Br-1 Z (P?“obp{.f,,?_1 =S} — Probg{I;_, = S}) ‘
D

Se P(k—1
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= ‘5k1 z (Probp{lkl =Sand P, 1>A,—A; :i€S}
Se P*([k—1))

—Probg{ly_1 =S and P;,_1>A,—A; : i € S}) ’

k—1

= ‘Bkl Z Z <Probp{Ik1 =5 and Bykfl > Ak — Al}]l{l S S}

Se P*([k-1]) i=1
—Probg{Iy_1 =S and P, > A, — A;}1{i e S}) ‘

k-1

= ’Bk—l Z <PT0bp{Ik_1 =5 and Pi,k'—l > Ak — Al}]l{l € S}

i=1 S P*([k—1))

—Probg{Iy—1 =S and P, ;1 > A, — A;}1{i e S}> ‘

k—1
= ’ Bk—l Z <P7'Obp{i S Ik—l and F)i,k—l > Ak — AZ} — PTObﬁ{Z S [k—l and Pi,k—l > Ak — Az}> ‘
=1

k—1
= ‘ Bt <Probp{i €I} — Probg{ic 1,3_1}> ‘
i=1

k—1

< /Bk—lz

i=1

k—1
S Bk—l Ze/ S 6/Bmaxn-
i=1

Proby{i€I; ;} — Probs{ie I, ,}

Similarly, we get

!
S € /BHIaXn7

‘ Bt > Y XIT(8) <Pmbp{f,;1 =S} — Probs{I7 , = S}>

S e P*([k—1]) i€ S

Yeor D (Pmbp{fsl =S} — Probo{I7 , = S}) ] < Ymarl,
Se P*([k—1])

Vh-1 Z <Probp{l,f_1 =S} —Probs{Il_, = S}) ‘ < € Vmax-

Se P*([k—1))

Therefore we can bound |gk()A(, K)p - gk()A(,A)f,ﬂ from above:
|gk (Xa ;&)p - gk(iv K)ﬁ” S Eln(Qamax + 6Bmax + 6'7maX) (1 S k S n-+ 1)'

Since the cost coefficients (u,0) are assumed to be a-monotone we have 0 < a; < Opax, Bi < Omax
and v; < Upax + Omax. Therefore 20,ax + 65max + 6Ymax < (140max + 6Umax) S0 we can take K’ =

N(140max + 6Umax). We also determine |F|, the maximum number of events we need to compute
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\gk(ﬁ,;&) — (X, A) )| for all k. For each k, we have (5(n—k+1)+4(k—1)) therefore at most

5n events. Since k <n+ 1 we have |F|= (n+1)(5n) =5n? + 5. This completes the proof. O

Proof. (Lemma 9)
Fix A. Let h(p) =F(Alp) =Y ,[0;(C; — Aiy1) T + u;(Aiy1 — C;)T]. We claim that h is convex.
Recall that by Lemma 3.3.1 of Begen (2010) , we can rewrite F'(A|p) and hence h(p) as

h(p)=F(Alp) = Z ;i(Ci = Ait1) + Bi(Ci — Ai1) " +7i(max{Cy, A1} — Zpk)
=1 k=1

for any a; € R (1 <i<n) where 8; = (0; — ;) and ~; = [(u; + ;) — (w41 + @;41)]. Recall that
C; = maxy<;{ Ay +._, p;} (by the Critical Path Lemma 4.1 of Begen and Queyranne (2011)) so
C; is convex in p. By a-monotonicity «;, 8; > 0. Hence the terms «;(C; — A;41) and 3;(C; — Ajq) ™"
are convex in p. Furthermore, the term ;(max{C;, A;11} — ZZ=1 px) is convex in p. Therefore h(p)
is convex.

Recall that v = min{u,us, ..., Upn, 01,09, ...,0,} and C,’s are the completion times, but they are
deterministic since we are using expected values, p;’s, for the processing times. We next show that
Fo(A) > f(A) by applying Jensen’s inequality to hA(p) and applying Lemma 3.3.1 of Begen (2010)

to F(A|D):

F(A|Ep)=F(A|p) Z i(Ci— A1) + Bi(Ci — Aipr) ™ +7:(max{C, A} — Zpk

i1 k=1
=Y [0i(Ci — Air1) ™ +ui(Air — Ci)7]

=1
> Z V[(éz — A1) 4 (A — 6i)+] = f(A)

Next we obtain A € argmina f(A). Note that f(A) >0 for all A. Set A; =0,...,Aj4q =

Z;:l ﬁja ...,AnJrl = Z?:l ﬁj s i.e., Ai+1 — Az :]3; and Ai+1 = ZZ:l ﬁk for 1 < ) <n. Then .AiJrl == Cz

foralli=1,...,n and f(g) =0. Therefore A = (0,D1, -, Z?’Zl p;) is indeed optimal for f
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We next show Fp(A) > “||A — A||; by showing f(A) > Z||A — Al,. Note that ", [(C;
At + (A — C)Y = S, I(C; — Ai11)|, and the result would follow if we show S |(C; —
A1) > A 1 — A = |Aj 0 = S0 i for all j=1,2,..,n. We now show 37 [(C; — A;p1)| >
|Aj 1 — Z{Zlﬁtl for all j=1,2,..,n. We distinguish two cases. First, suppose that 4,,; < Zleﬁt.
Since Zt D < C’ we have A, < 5']-. Therefore

i ~
D HCi= A = (G5 = A1)
i=1

j
> Y 5= Al =40 — A

The second case is where A;;, > Eizl p¢. Then

j j
Z (Ci — Aipa)| > Z(AiJrl - C;)
=1 i=1
= max( C JAi) Zpt

> Ajia = Zﬁt =441 — Al

t=1
where the first equality follows from a property shown in the proof of Lemma 3.3.1 of Begen (2010).
Hence we obtain
T (G = Aiy)| > Ay — A for all 1 < j <n.
Therefore for every j=1,...,n

> (G — Aipr)| > Ez:l (G — Air)| > | A1 — gj-i-l’
and hence

n

nf(A) = m/(Z[(@ —Ai))t 4 (A = C)T))

= ”V(Z |5'z —Az’+1|)

i=1

> v||A-AlL

as desired. Therefore F,(A) > 2[|A — A||;. This completes the proof. O
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Proof. (Lemma 12)
Let L = f(y*)/\. Consider the norm [, ball B= B(y, L), then y* € B(y,L) ={y: A|y*—9|| < f(y*)}.
The subgradient inequality at y combined with Cauchy-Schwartz inequality yields

f(@)— fy*) <ally—y*||: (since Cauchy-Schwartz inequality also holds for I; norm). We also have

g —v*lh < [g—glh + 17—yl
< f@)/A+L

= fF@)/A+ T )/

So we obtain f(y) — f(y*) < a(f([H)/A+ f(y)/A) and hence f(y) < f(y)(A+a)/(A = ). If we

choose av < \e/3 the result follows. 0

Proof. (Lemma 13)
If |gx| < ev/(3(n+1)n) for all 1 <k <n+1 then ||g||; <ev/(3n). We then directly apply Lemma 12
with f(A)=%[|A — Al (Fp(A) > £||A - A||; by Lemma 9) and o = ev/(3n) obtain the desired

result. O



