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History of Linear Optimization (“LO” or “LP”)
S

1947

[George Dantzig, 1947]
75+ years ago

1984

Interior Point
Method

[Narendra Karmarkar, 1984]
40 years ago



Presenter Notes
Presentation Notes
We have several powerful and successful classical methods for solving linear programs, including simplex methods and interior point methods. Simplex methods work by moving along the vertices of the polyhedron, while interior point methods follow a central trajectory towards the optimal solution. Both of these methods have been extensively studied over the decades and have had a profound impact on the entire field of operations research, leading to numerous successful extensions. For instance, interior point methods have been extended to solve quadratic programs, conic programs, semi-definite programs, and general nonlinear programs. Similarly, simplex methods have been applied to mixed-integer programs, which are widely used in various industrial applications.
�
However, despite their strong theoretical foundations and practical success, both methods face limitations with the rise of big data. As problem sizes increase—whether in terms of the decision variable dimensions or the number of constraints—the computational cost of each iteration grows superlinearly. This is because the bottleneck lies in matrix factorizations, whose expense scales superlinearly with problem size. Furthermore, these factorizations are not well suited to modern computational architectures, such as GPUs, which rely heavily on efficient parallel computing. Unfortunately, matrix factorizations are inherently difficult to parallelize.
�
Therefore, if there is to be a next transformative method in the field, I believe it will likely be one that is specifically designed to solve large-scale problems by leveraging modern hardware and computational techniques.








Simplex and IPMs require expensive matrix factorizations

Consider an LP instance with n decision variables and > linear constraints,

whose constraint matrix has sparsity = 0.05

Number of Cost of one IPM
variables (n) iteration

Hence the emergence of FOMs for solving

huge (and also not-so-huge) P instances




Recent Advances on Huge-Scale LP Solvers in the Industry

]
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We are witnessing a dramatic shift from
classic methods to first-order methods



Huge-Scale ILP Research
- ______________________________________________________________

SCS: Operator splitting/ ADMM [O'Donoghue, Chu, Parikh, Boyd, 2016]

ABIP+: ADMM-based interior-point method
[Lin, Ma, Ye, Zhang, 2021] & [Deng, et al., 2022]

Semi-smooth Newton augmented Lagrangian [Li, Sun, Toh, 2020]

Primal-Dual Hybrid Gradient (PDHG) with restarts, applied

directly to the primal-dual saddle point problem [Applegate, Hinder, Lu,
Lubin, 2023] & [Applegate, et al., 2021] (2024 Beale-Orchard-Hays Prize)

GPU implementations of PDHG in Julia and C
[Lu and Yang, 2023] & [Lu et al., 2023]

Guarantees for PDHG for LP using “Limiting Error Ratios” and
LP Sharpness [Xiong and F 2023]

Guarantees for PDHG for CLP — using level-set geometry
[Xiong and IF 2024]
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Presentation Notes
It should be noted that PDHG is not the only first-order method proposed for solving large-scale LP, but it currently appears to be the most promising one. It has various implementations on both GPU and CPU, using different languages like Julia and C. Additionally, it also has some theoretical guarantees and extensions to general Conic LPs. 


This talk 1s based on material from three papers

For LP and conic optimization:

* New computational guarantees based on problem (sub)level-set
geometry

Xiong, 7., and Freund, R. M. (2024). The Role of Level-Set Geometry on the
Performance of PDHG for Conic Linear Optimization.

For LP with unique optima:
* C(losed-form iteration bound
* 'Two-stage performance of PDHG

* “Average-case” polynomial-time complexity guarantee

Xiong, Z.. (2024). Accessible Theoretical Complexity of the Restarted Primal-Dual
Hybrid Gradient Method for Linear Programs with Unique Optima.

Xiong, Z.. (2024). Probabilistic Analysis of Restarted PDHG for Linear Programming
Problems (working paper).


Presenter Notes
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In this talk, I will mainly focus on this work that includes both new theory and new practical approaches.



Conic Linear Optimization (“CLO” or “CLP”)
-4

CLP lﬁ Staﬁdafd f()rm Decision variables
<pﬁma1> ( du a}) = x € R™ (for primal problem)
- CTX - bTy " y € R™ (for dual problem)
st. Ax=b| st c—A'yek
x e K

CLP saddlepoint formulation

- i i T
min max ¢ x—y Ax+ b y
xelkl vy




Primal-Dual Hybrid Gradient Method (PDHG)
-9 0 00000000000___

Conic Optimiztion in
Saddlepoint Form

minmax ¢c'x+ b’y —yT A
xXeEX vy

e PDHo
xk+1 «— Proj:K (xk — T(C — ATyk)2
Gradient wir.t. X
yk+1 . yk n O'(b . Axk+1) . O'A(Xk+1 . xk)
\ Gradient wit.t. yk /
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PDHG is the method designed for directly solving the saddle point problem. Looking at the saddle point problem, it involves minimizing over x and maximizing over y. A naive updating scheme is to iteratively update x and y. When updating x, we move in the downhill direction. When updating y, we move in the uphill direction, hoping it will converge. However, in practice, we often find that this approach does not converge.

PDHG addresses this issue by slightly modifying these schemes. To be specific, when updating y, instead of using  x_{k+1} , we use  2x_{k+1} - x_k . This introduces a momentum-like term that helps push the iterates towards the stationary point, allowing it to finally converge.






Primal-Dual Hybrid Gradient for Conic Optimization
-9

4 PDHG )

x**1  Projy (xk —1(c— ATyk))

k+1 k_l_ b—A k+1) _ A k+1 _ .k
\y <Yy O'( X ) 0} (X X))

* Inexpensive iterations:
Only requires matrix-vector multiplications

* “Fast” convergence rates:
Adaptive restarts based on average iterates yield global linear
convergence on LP [Applegate, Hinder, Lu, Lubin, 2023]

We use “PDHG” to denote “PDHG with adaptive restarts”
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Overall, if we look at these updating schemes, they only require simple matrix-vector multiplications and have a straightforward, easily proven sublinear convergence rate. But, of course, a sublinear rate isn’t always satisfying enough. However, by applying adaptive restarts—essentially restarting from the average rates frequently—we can actually achieve linear convergence for this method. This was proven by XXXX

Later in this talk, I will use the term rPDHG to denote the PDHG with restarts. However, for simplicity, I may just use the term PDHG to mean the version with restarts by default.

Tips for Pronouncing “Spiral”
�
Break it Down:
• “Spi” – sounds like “spy”
• “ral” – sounds like “rul”
“Spi”: /spaɪ/
• “ral”: /rəl/




Motivation for Restarts for PDHG: “Visualization”
e

last iteration
6 | average iteration
restarted average

3_

min max x - y
X y > 0
-3}
-6

*tigure courtesy Hathao Lu 1
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Challenge I: Variability in the Performance of PDHG
-4

* PDHG uses many more iterations than an IPM

makes sense, 1t 1s a first-order method ... IPM iterations are hugely

expensive while PDHG iterations are very cheap
* Some small problem instances require a very large number of PDHG

iterations
a real challenge for PDHG

Iterations

IPM Iterations needed for
LP relaxations from MIPLIB 2017
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PDHG iterations
LP relaxations from MIPLIB 2017
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A seemingly easy LP instance
-4

For y € (0, g) define: %
min sin(y) x; — cos(y) x5 o
X1,X2
P(y): st sin(y)x +cos(y)x, =1 ’

x120,x220

P(y) 1s always easy for the simplex \
method and interior-point methods

However, when y is very small, PDHG requires at least 1,000,000
iterations. What conditions of P(y) make it so hard for PDHG?
14




Challenge II: Loose/unworkable computational guarantees

Existing computational guarantees:

Theorem [Applegate, Hinder, Lu, Lubin, 2023] PDHG computes an &-optimal
solution within

0 ((le*ll + 1y 1D - 11A]] - H(K) .1og<||x I+ ly ||>>

iterations. /

v
H(K) is the global Hoffman constant of the matrix K of the KKT system
A
_A 1
K = H(K) ~
T - ¥
A JeL, zmtn+1)min (%))
¢’ —bT

Likely way too loose, and very hard to compute/validate/analyze.



Challenge 1I: Loose/unworkable computational guarantees

Existing computational guarantees:

Theorem [Applegate, Hinder, Lu, Lubin, 2023] PDHG computes an &-optimal
solution within

0 <<||x*|| + 11y 1D - 11A]] - H(K) .1og<||x I+ ly ||>>

iterations.

Key question:
* What conditions of the problem actually drive the performance of

PDHG?

Sublevel-set Geometry



Sublevel-set geometry and new

performance guarantees for PDHG

17
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此处8分钟比较合适


Primal-Dual Slack Space
S

Primal Dual
min ¢ x max b'y
X v,S
s.t. Ax = b s.t. Aly+s=c
x €K seK”

The “primal-dual slack-space variable” is w :

w = (x,s) are primal/dual feasible slacks

Duality gap: Gap(x,s) =c'x —b'y

(which 1s a linear function of x and )
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Presentation Notes
in order to discuss this quantity, I first need to define the level set. If we look at the primal and dual problems we’ve discussed before, the primal variable is x, and the dual variables are y and the slack s.

There’s a common approach in conic programming, which is to study the conic variables instead of the dual variables. In this case, the conic variables refer to the primal variable x and the dual slack s, as both x and s lie in the non-negative orthant (the cone).

Furthermore, in the dual problem, the linear equality constraints ensure that y and s correspond one-to-one. This means that studying s is essentially equivalent to studying y. Therefore, to find the optimal solution, we need to find the primal-slack space variable w, which is made up of x and s, that is feasible and achieves a duality gap of zero. The corresponding duality gap of x and s is defined by the duality gap between x and its corresponding y, which is c^T x - b^T y, where y satisfies A^T y + s = c.


The feasible primal-dual slack-space variables

]
min ¢ 'x max b'y
X VS
st Ax=b s.t. ATy+s=c
/ x & K seK” )
(x, S) in the primal and dual cone (x, s) lies in an affine subspace
for CLLP
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Now, if we look at the slack space variable, what is the feasible set? It turns out that the feasible set is actually the intersection of an affine subspace and a non-negative cone.

On one hand, x and s must lie in the non-negative orthant, which is the cone. On the other hand, they also need to satisfy the primal linear constraints, Ax = b, and the dual constraints, A^T y + s = c, which corresponds to a translated linear subspace.

So, overall, the feasible set is the intersection of the non-negative orthant and this translated affine subspace. In the illustration, this feasible set is represented by the triangle with dashed lines.


Primal-Dual Slack Sublevel Set
S e

w is primal/dual feasible

=< w:= (x, ) Gap(w) < &

Note:

21
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Now, within this feasible set, what is the optimal solution? It is the point where the duality gap is equal to zero. As we know, zero is the minimizer of the duality gap, so the optimal solution is also the point where the duality gap is minimized. Since the duality gap is a linear function, finding the optimal solution is essentially a linear minimization problem.

The sublevel set is defined as the set of feasible solutions where the duality gap is less than or equal to a certain value,  \delta . We denote this sublevel set as  W_{\delta} . In the illustration, the sublevel set is the yellow region where the duality gap is less than or equal to  \delta . The sublevel set corresponding to a zero duality gap represents the optimal solution, since the optimal solution has a duality gap of zero.


Worst-case complexity of PDHG (under unique optima)
N

Theorem [Xiong and F 2024]: Suppose w* is unique. PDHG computes

an &-optimal solution within

[  Ds (1
Olk-lim —-In|—
0—0 rs E
iterations. Y. \_\
Matrix condition number of A: “Sublevel-set geometry”

K = O-max(A)/O-mln(A)



D 5: Diameter of §-sublevel set Wy

W*
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On this sublevel set, we define three different condition numbers, which are represented by three different colors. The first one is the diameter of the sublevel set, denoted by D, and marked in red. This is purely a geometric quantity, and as \delta decreases, the diameter D also becomes smaller.


I 5: “Conic Radius” of Wy
-9

rs. = max r
r=0, wWeWg

st. B,(r)cK xX"*

T's 1s the radius of the maximum ball inscribed in
K X K™ and centered at a point in Wi

------
. .
|

‘e

*
*
* “ \
* *
o .
' - 3 S >
A ] RS0 -
------ ® -
= g
= * -
auy 6 -
-
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The second quantity is called the conical radius, which is the radius of the largest ball that can be inscribed in the cone, with its center in the sublevel set. In the case of an LP, this is essentially finding the point with the minimum component in the sublevel set maximized, and this minimum component corresponds to the conical radius, denoted as r_{\delta}.


Target: €-optimal solution
- ______________________________________________________________

(x,s) is an &-optimal solution if:
* distance to each type of constraint is no larger than € , and

* the duality gap is not larger than &

(x,s) is an &-optimal solution if:

e Dist(z,{zx|Ax =0b}) <¢

e Dist(x, ) <
e Dist(s,{s|TFy s.t. Ay +s=1c}) <
e Dist(s, £*) <

oec'z—b' (AAT)_lA(c —s)<e



Worst-case complexity of PDHG (under unique optima)
N

Theorem [Xiong and F 2024]: Suppose w* is unique. PDHG computes

an &-optimal solution within

[  Ds (1
Olk-lim —-In|—
0—0 rs E
iterations. Y. \_\
Matrix condition number of A: “Sublevel-set geometry”

K = O-max(A)/O-mln(A)



.. Dgs .
Local Geometry of and glng) r—a in the case of LP
—0 7§

When w”* is unique and § is sufficiently small, W is a slice of a pointed cone at w*.
q y 8 p

rs /
Dg N
()
% * * Dé‘

w w w
Very small 1 Intermediate g Intermediate 1

Intermediate D g Intermediate D g Very large D g
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Worst-case complexity of PDHG (under unique optima)
N

Matrix condition number of A: k = o,x(4) /0,5, (4)

Theorem [Xiong and F 2024]: Suppose w™ is unique. PDHG computes

an &-optimal solution within

1 m —
5 -0 Tg
iterations.

Matrix condltlon number T.ocal geometﬂc condition




Another example
_

D51 )
- —= is very large/bad
rs, (due to the small 14, )

smaller/better
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The second quantity is called the conical radius, which is the radius of the largest ball that can be inscribed in the cone, with its center in the sublevel set. In the case of an LP, this is essentially finding the point with the minimum component in the sublevel set maximized, and this minimum component corresponds to the conical radius, denoted as r_{\delta}.


; D i ..
Is lim =2 the only geometric condition?
0—0 T§

Suppose we want an £-optimal solution:

W*

Intuition: The very-local bad geometry should not have a
significant impact when the iterates of the algorithm have not
yet reached the local neighborhood.
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Presentation Notes
The second quantity is called the conical radius, which is the radius of the largest ball that can be inscribed in the cone, with its center in the sublevel set. In the case of an LP, this is essentially finding the point with the minimum component in the sublevel set maximized, and this minimum component corresponds to the conical radius, denoted as r_{\delta}.


.. D : .
Is lim =2 the only geometric condition?
5-0 T

We will need a third geometric measure designed to capture “being
close to W*”’

dg = max Dist(w, W¥)
WEW5

Hausdorff distance from Ws to W*
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Presentation Notes
The second quantity is called the conical radius, which is the radius of the largest ball that can be inscribed in the cone, with its center in the sublevel set. In the case of an LP, this is essentially finding the point with the minimum component in the sublevel set maximized, and this minimum component corresponds to the conical radius, denoted as r_{\delta}.


Our General Conic Optimization Computational Guarantee

Theorem [Xiong and I 2024|: The number of PDHG iterations
required to compute an E-optimal solution is upper bounded by:

N D; 1\ df |
O | k - max In(—], — (1 + Dist(0, W™))
)

Tr E
for each 6 > 0.

v Y
How good the geometry of W is How close Wy is to W™

Implication: If there is a 0-sublevel set that
(1) has good geometry and (1i) 1s close to the optimal solution set,

then PDHG may converge faster.

Remark: This result holds for LLP with multiple optima, and for general
conic optimization too.

D s: Diameter of ... rs: Conic radius of ... d¥ : Hausdorff distance ...




B
Our General Conic Optimization Computational Guarantee

Theorem [Xiong and I 2024|: The number of PDHG iterations
required to compute an E-optimal solution is upper bounded by:

5 D; 1\ df |
0, (K  max - In (—), ~ (1+ Dlst(O,W*))})

rs E
for each 6 > 0.

! N\
Small when Wy has good geometry  Small when Wy is close to W™

: D
Q: Can we improve r—‘s and d} ?
5

A: Yes, by using Hessian Rescaling

D s: Diameter of ... Ts: Conic radius of ... dg : Hausdorff distance ...
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Consider the generic case of LP: LPs with unique optima

Matrix condition number of A: k = o,x(4) /0.5, (4)

Theorem [Xiong and F 2024]: Suppose w™ is unique. PDHG computes

an &-optimal solution within

1 m —
5 -0 Tg
iterations.

Matrix condltlon number T.ocal geometﬂc condition

[Xiong, 2024]:
* This bound has a closed-form expression
* PDHG has local fast convergence in a small neighborhood of w*

+ This bound is 0 (n?S - In ()) with high probability



Iterations Bounds in Closed Form of the Optimal
Basis/Solution

35



.

Dy . . . .
A formula for lim — using the optimal basis/solution
— o

_
Strict Complementary Slackness (under unique optima):
Let B := supp(x*) and V' := supp(s*). Then (B, N') is a partition of {1,2, ..., n}.

CCALY

We use “=~” to denote being equivalent up to an absolute constant (2).

Lemma [Xiong 2024]
Under unique optima, let B := Ag, N := Ajr. Then

D B7IN);.||+ 1 BIN). ;|| + 1
lim—Sz(||x*||1+||S*||1)-max{irg[% IEZ Wi+, JETM JP\

* g *
§-0 T XB() J/E el SV ()

—

1 + norm of the i—th row of (B™1N)
i—th component of xj

= max
l

£1-norm of the optimal solution

= max

( 1 + norm of the j—th column of (B‘lN)>
J

j—th component of s3

B~'A = (I, B71N) is the simplex method tableau
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This result implies that the overall complexity of PDHG can be computed by only solving the original LP problem. This is much cheaper than computing the Hoffman constant. 


D

A formula for llrr(l) r—‘s using the optimal basis/solution
60 T35

Strict Complementary Slackness:

Let B := supp(x*) and V' := supp(s*). Then (B, N') is a partition of {1,2, ..., n}.
We use “=” to denote being equivalent up to an absolute constant (2).
Lemma [Xiong 2024]
Under unique optima, let B := Ag, N := Ajr. Then
D B7IN);.|+1 B™IN). ;|| + 1
i 22 = ety + ls* 1) - max | ax [EZ0ul 21y JEZ0.]
6-0 T4 i€[m] xB(i) jE[n—m] SN(])
Furthermore, (lslrr(l) I:— has a simple upper bound:
-0 75
Ds 1711 + IIs™lly
lim — <2- - [|B~1A]|
6-0 T'g min x; + s;
i€[n]
‘/;—( ;l
Ratio of €4-norm to the Norm of the simplex tableau

smallest nonzero at the optimal solution



S
An iteration bound using the optimal basis/solution

Theorem |Xiong 2024]: PDHG computes an €-optimal solution
within;
- x*|4 + ||s™ 1
of e s (_)
min x: + S; &g
ieln] * !

The smallest nonzero (rél[lrﬁ x; +s; ) plays a key role in other methods as well:
lein

|Guler and Ye, 1993] [Ye, 1992] [Mehrotra and Ye, 1993] [Ye, 2011] ...

[l P (el |

min x; +s;
ie[n]

[Potra, 1994][Anstreicher, J1, Potra and Ye, 1999] ...

The product of ( ) and a norm of B™1A also appears in IPM complexity:
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Florian: FLOOR-ee-un (with the emphasis on the first syllable “FLOOR”)
Potra: PO-tra (with the emphasis on the first syllable “PO”)


• Anstreicher: AHN-stry-ker
• AHN: as in “on” but with a slightly nasal “a”
• stry: like the beginning of “striker”
• ker: as in the end of “striker”



Validation Experiments on random LP instances
- ______________________________________________________________

Iterations Required to solve LP instance to € = 1078

@ LP Instances ®
——Regression Line

Regression line:
log,o(PDHG Iteration)
= log1o k® — 1.078

mber of Iterations
=
(e»]
1

R

0

200 random L.P instances . . . .
with m = 60,and n = 120 10

Value of k - lim —=
0-0 Ts

) ) ) ) D
1. Fairly obvious linear dependence on k - lim =2
00 Ts

2. Although K - (lsir% ? can be extremely large in practice (or not), the random LP
—~0 Ts

. . . D .
instances typically have smaller values of K - glrl(l) r—6 . More on this later...
~0 75



Regarding the two-stage performance of
PDHG on LP instances with unique optima

40



Two-Stage Performance ot PDHG

- ______________________________________________________________
Two-stage performance of PDHG on general LP [Lu and Yang 2023]

Typical convergence performance of PDHG

[w* —w||
106
0 1000 2000 3000 4000
Iteration
Stage I Stage II:

Finite-time basis identification Fast local convergence



Two-Stage Performance of PDHG (under unique optima)

Theorem (Stage I: Finite-time basis identification) [Xiong 2024]:
Let wk = (x¥, s%) denote the k-th iteration solution. The solution x* identifies the optimal
basis B (i.e. supp(x¥) = B) for all k = Tpgis, where :

Thasis == O (K - lim ﬁ)

60—0 Ts

Theorem (Stage II: Fast local convergence)[Xiong 2024]:

Once the optimal basis has been determined, PDHG computes an &-optimal solution within an
additional

~

3 1
Nocal =0 |B~|[|A]] - In E

IB~L||I|A]|: Only matrix condition numbers.

Stage II converges faster because it 1s not affected by the sublevel set geometry



Can we explain the practical performance of

PDHG using high-probability complexity analysis?

43
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HighNow, all the results we have presented are based on the worst-case complexity bound. However, in addition to the worst case, analyzing the average case or most cases is also very important. For example, it is known that the simplex method is not polynomial time in the worst case, but it often performs very well in practice. This is because it has a polynomial average-case complexity bound.
�
The same story applies to the first-order method, PDHG. Although in theory it could take a very long time in the worst case, in practice it often performs well. To answer these questions, I will present a high-probability complexity bound for it. It turns out this high-probability complexity bound is polynomial in n, which explains why it performs well in most cases in practice.



'S
Todd’s Classic Random LLP Model

Definition (Random LP Model):

Select B € [n], and |B| = m and the solution (X, $) is distributed as follows:
Xz ~ |V (0, D™, Xy =0,
S =0, Sy ~ |V (0, D™,

The random LP of the above optimal solution is distributed as follows:

A~N(O01)™",  ph=A%, c=3§.

From a classic random LLP model of [Todd, 1991].
Variants studied for IPM [Ye, 1994, [Anstreicher et al.; 1999]

We use unit variance for simplicity of result.

This LP model has unique optima with probability = 1
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The last name “Anstreicher” is pronounced as “AHN-stry-ker”. Here’s a phonetic breakdown to help:
• “AHN”: Similar to “on” with a short “a” sound.
• “stry”: Sounds like “stry” in “stryker.”
• “ker”: Similar to “ker” in “worker.”


Two-Stage Performance of PDHG
e

Theorem (Stage I: Finite-time basis identification) [Xiong 2024]:
Let Tpasis denote the number of PDHG iterations to identify the

L 1) that

con’

P | Thasis < 0 (“ ;5)] >1-38.

optimal basis. Then it holds for any § € (

Theorem (Stage II: Fast local convergence) [Xiong 2024]:
After T} 4645 1terations, let Tj,-4] denote the number of additional

PDHG iterations to compute an &-optimal solution. Then it holds for
any 6 € (0,1) that

P|Tocai <0 (5 In(2) )| 21-6.

&E

Faster local linear convergence indicated by the probabilistic analysis.



J

Theorem (Stage I: Finite-time basis identification) [Xiong 2024]:
Let T asis denote the number of PDHG iterations to identify the
optimal basis. Then it holds for any § € ( -

—con? 1) that
P | Tpasis < O (%5)] >1-6.

L

Theorem (Stage II: Fast local convergence) [Xiong 2024]:
After Ty sis 1terations, let 11,041 denote the number of additional

PDHG iterations to compute an €-optimal solution. Then it holds for
any 8 € (0,1) that

P|Tiocal <0 (5-In(3) )| 218

&

This provides a possible explanation for why PDHG works well in practice

. . . . Dg .
(polynomial-time in most cases), even though K - glrr(l) —~ may take extreme values in
—~0 Ts

the worst case.

But PDHG bound has a heavier tail compared with the two classic methods:
* PDHG has polynomial high-probability complexity

* IPM has polynomial average-case complexity. [Anstreicher, et al., 1999




Summary/Remarks
S S

* The convergence rate of PDHG for conic optimization 1s related to the

geometry of primal-dual sublevel sets measured with Dg , 75, ds

* For LP instances with unique optima, the iteration bound has a closed-
form expression

* For LP instances with unique optima, PDHG has faster local
convergence after identifying the optimal basis

* PDHG is polynomial-time with high probability

Remark:
* These results relied only on PDHG’s average iterate convergence and
non-expansiveness properties. Similar results might also hold for other

FOMs, 1n particular ADMM, EGM, ...
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